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Summary

Wave motion in two- and three-dimensional periodic lattices of beam members supporting
longitudinal and flexural waves is considered. An analytic method for solving the Bloch wave
spectrum is developed, characterized by a generalized eigenvalue equation obtained by enforcing
the Floquet condition. The dynamic stiffness matrix is shown to be explicitly Hermitian and to
admit positive eigenvalues. Lattices with hexagonal, rectangular, tetrahedral and cubic unit cells
are analyzed. The semi-analytical method can be asymptotically expanded for low frequency
yielding explicit forms for the Christoffel matrix describing wave motion in the quasistatic limit.

1. Introduction

Two- and three-dimensional lattices of connected beams can provide pentamode-like behavior in the
static limit (ﬁ', E). One reason for interest in such structures is that they exhibit one-wave behavior
characteristic of scalar or acoustic wave systems, while also displaying material anisotropy, so
that anisotropic acoustic effects are possible. Such scalar dynamic effective properties are perhaps
surprising since periodic lattice structures support multiple wave types yielding complex dispersion
properties described by Bloch—Floquet spectra, particularly band gaps (3, M) and anisotropic
propagation (E). At the same time, the relatively simple geometry of 2D and 3D lattices allows
for the possibility of mechanical simplifications that maintain the underlying structural dynamics of
the continuous beam elements while leading to accurate predictions for the dispersion properties.
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This article focuses on the latter aspect, as we develop a semi-analytical formalism that reduces the
Bloch wave problem to an analytically simple form while retaining the crucial mechanics of the
structure.

Two distinct approaches (ﬁ) to analyzing waves in periodic structures can be distinguished based on
the number of degrees of freedom: finite models and infinite models. The former naturally includes
the finite elements method (FEM) for which strategies have been developed that are specifically
designed to treat lattice structures. Thus, (E) developed a FEM procedure for calculating dispersion
curves of hexagonal, square and triangular lattice structures. FEM has been used by (E) to consider
waves in regular and re-entrant hexagonal lattices and by (ﬂ) to examine hexagonal chiral lattices
as phononic crystals. Infinite methods, as in this article, retain some of the characteristics of the
continuous nature of the structure at the smallest scale. A simple beam considered as a separate
entity displays an infinite number of modes; it is, therefore, no surprise that a model based on such
elements has an infinite number of Bloch—Floquet branches.

The fundamental step in deriving the dispersion relation for waves in a periodic structure is the
application of the Floquet condition on the unit cell of the lattice. Whatever approach is used,
whether FEM or semi-analytical, this step reduces the problem to a generalized eigenvalue problem
for the system (or stiffness) matrix. The main distinction between finite and infinite models is that
the former reduce to linear systems with eigenvalue equal to the square of the frequency, whereas
infinite models necessarily involve finding roots of transcendental equations. There are, however,
computational approaches adapted to this problem, such as that of Wittrick and Williams (E) based
on Householder’s algorithm.

Regarding other infinite methods for solving dynamic waves problems in lattices, we note that
an interesting alternative wave-based approach for determining the Bloch waves in 2D periodic
structures was proposed by (E). The semi-analytical method considers the explicit waves propagating
back and forth on each member, coupled by reflection and transmission matrices at joints. The
present method is similar to that of (§) in that both approaches yield exact dispersion relations
within the context of the beam theories employed (Timoshenko beam theory was used in dﬂ)).
However, the present approach is arguably simpler in that it does not require propagation and
reflection/transmission matrices for the multiple wave types. Instead, the crucial ingredient in the
present method is the dynamic stiffness matrix that relates forces at the two ends of a beam member
to the displacements at either end.

An important limit of any dynamic model is the low frequency, quasistatic or homogenization
limit. Although static homogenization theory for quite general lattice structures has been developed
by several authors, for example, (E,@), these approaches do not derive the homogenized properties
from the limit of a dynamic model. An exception is the paper by (lﬁl) who showed for a triangular
lattice that only by including the flexural wave effects is the effective mass properly modeled in the
low frequency limit. Simpler beam models which ignore flexural waves, or bending, show quasistatic
wave speeds with effective mass that is less than the total mass of the unit cell (Iﬂ). This suggests that
models ignoring flexural effects do not properly account for the distributed mass on the wave-bearing
segments of the structure, and cannot yield the correct quasistatic results.

The analytical approach used here represents the lattice members as uni-dimensional beams
supporting longitudinal and flexural waves. A strategy for implementing this was outlined by (E)
who introduced the necessary stiffness matrix relating forces and displacements at the ends of a
beam. By combining these matrices it is possible to represent any periodic lattice, in principle. The
method of (E) was used in (lﬂ) to consider lattices with triangular unit cell structure, and for square
cell lattices in (lﬁ). In this article, we develop further the approach proposed by (E) and (lﬁl). We
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present, for the first time, analysis of a general hexagonal unit cell lattice, a structure of great interest
in relation to graphene and other phenomena. Also, the method is extended into 3D to analyze the
tetrahedral unit cell lattice. The formulation is semi-analytical to the extent that all matrix elements
are explicit, the dispersion relation for square and cubic lattices are derived analytically. Although
one could obtain analytic dispersion relations for hexagonal and tetrahedral lattices using symbolic
computation (IE), direct numerical methods are employed at the final stage to perform computation.
The semi-analytical nature of the solution allows us to extract the low-frequency asymptotics, and
to find closed-form expressions for the quasistatic Christoffel matrix, as demonstrated for hexagonal
and rectangular unit cell lattices in 2D. In this sense, the present study is step in the continuation from
low-frequency (quasi-static) response governed by effective elastic stiffness and density to dynamic
effective medium models.

The present analysis does not include torsion in the individual members. The beams are assumed
to have large length to thickness ratio, and hence a static applied macroscopic torsion is borne at the
level of the unit cell by flexure of the members. Bending is the dominant effect for producing torsion
in the lattice structures considered here. This can be seen a posteriori from the comparisons below
with full elastodynamic simulations, which do not display Bloch—Floquet branches with significant
torsional effects at level of the lattice member. In other words, torsion in individual members is
ignored because we are only including the dynamic counterparts of the micro-effects that lead to the
static effective medium. Note that the present model allows for rigid body rotation at the unit cell
level, which is consistent with static homogenization (E).

The format of the article is as follows. The solution method for hexagonal and tetrahedral lattices
is summarized in sectionl] where the Bloch wave condition is explicitly used to derive the dispersion
relation for Floquet modes. The detailed derivation of the system matrix for the hexagonal lattice
is presented in section Bl The low frequency asymptotics are examined in section ] where the
explicit form of the quasi-static Christoffel matrix is derived. The dynamic and quasi-static solutions
are obtained for the rectangular lattice in section [3] and for cubic lattice in section [0l In addition,
numerical examples in section [J] and section [6] compare results from the present theory with fully
elastodynamic FEM computations for hexagonal, rectangular, tetrahedral and cubic lattices.

2. Dispersion relation
2.1 Structures and structural parameters

We focus our attention on two example structures in 2D and 3D, hexagonal and tetrahedral lattices,
see Figures [I] and [ respectively. Each may be defined by two points aj, a, inside the unit cell
2 spanned by vectors e, e, (and e3 in 3D), see Fig. [[l The unit cell £ is then periodically
translated to cover the whole plane (space in 3D) and thereby make the infinitely extended lattice.
We assume that all material parameters are periodic such that the properties in any translated cell
P + ney + mey (+lez in 3D) coincide with those in &2.

Every point a; in the lattice is connected to three (four in 3D) neighboring points a; by rods [a;, a;]
with length /;; = |a; — a;| and direction e;; = ll.;. 1(a,- — a;). There are masses mp, m; with moments
of inertia /1, I at the points aj, ay. The rod [a;, a;] has axial stiffness 17, beam flexural coefficient
Ajj and lineal density p;; (these are related to the rod Young’s modulus Ejj, cross-sectional area A;,
radius of gyration «;; and volumetric density ply by wij = EjjAjj, Aij = E,inj/ci?, pij = P,-}/Aij)-
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Fig.1 The hexagonal (honeycomb) lattice

ag

Fig. 2 The tetrahedral lattice

2.2 Analytic dispersion relation

Considering the rod e;;, let u;, u; denote the displacement at the end points a;, a;, respectively. Let
f;; denote the force at point a; from the rod e;;. The precise form of the displacement and force
3-vectors (6-vectors for 3D case) will be defined in section 3] for the moment we do not need to
know their specific nature, except to note that they include both longitudinal and flexural effects.
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The equilibrium equation at point a; is then
>ty =—o’Mu;, M, = diag(m;, m;, I;) in 2D or diag(m;, m;, m;, I, I;, I)) in 3D, (2.1)
JEN

where N is the set of points connected with a;. It is notable that this approach allows concentrated
masses at the junctions which are included in the matrix M;. The force f;; may be expressed in terms
of the end-point displacements

2 1
f; = Pﬁj huj — Pﬁj u;, 2.2)

where the frequency-dependent stiffness matrices PEJ.I)(w), ngz) (w) are derived in section [
Applying the Floquet periodic conditions

u; =exp(ik - g)u;, gi=aj—aj, jeMN,

. ) 2.3)
u; =exp(ik - gjHuy, gi=a;—ay, je€ N
and using @J) and @2) leads to
2 . 1
Z (P(]j) exp(ik - gj)up — P(]j)ul) = —*Mju,
JjeN;
2 () @4
Z (sz exp(ik - giuy — sz u2) = —a)2M2u2.
jeN2
For each j € N, there is a unique j € V] such that
@) ikg _ (p@ ikg\T pl) _ p3
Pek e = (Plj-, e ,) . Py =P, (2.5)

where + denotes the Hermitian conjugation and the matrices P(li) are defined in section[3l Hence, it
is possible to express the second equation of (.4)) in terms of a sum over neighboring links of aj.
Introducing matrices

Hi=) P Hy=-) Pexpik-g) Hy=) P (2.6)
jeM jeM jeM
@4 can then be rewritten in the form
Hu = »’Mu 2.7)
with
u= <E;> , M = diag(M;,M,), H=H(w,k) = (f}llzi gi) (=H"). (2.8)

Then Floquet curves (dispersion curves) wy(k) can be found from the equation
det(H(w, k) — w?*M) = 0. (2.9)

Note that according to section[l(see eqs. @.8), GI]), GI0) and ZI3)), the matrices Hy and Hj are
real symmetric, so that the matrix H is Hermitian, in turn guaranteeing that the dispersion relation
@9 is real valued for real w, k. We will return to this equation in sectionBlafter we have described
the displacements and forces, and derived the stiffness matrices.
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3. Dynamic stiffness matrices
3.1 Longitudinal wave equation

Consider the rod e; with uniform Young’s modulus w; and density p;. Let u;;(x) denote the
component of the displacement in the e;j-direction at any point x (a one-dimensional linear coordinate
parameter) of [a;, a;]. The displacement u;; satisfies the wave equation for longitudinal wave motion
and its associated boundary conditions (BCs)

82
i 3t = —’ pyjuy, ui(0) = e i, uji(ly) = e - w;. 3.1
Solving 1)),
e;i - u; sin(s;jw(l;; — x)) + ;i - u; sin(s;jwx i
u,](x) _ Gy ( ij (lj ) ij - W ( ij )’ s = Pij ’ 32)

sin(s;jwl;) Wi
implying that the longitudinal force fj; acting on the point a; is

oujj WiiSiiw
£ wave = Mja—;’(O) e = m ejef; (uj — u; cos(sijoly)). (3.3)

3.2 Flexural wave equation

The kinematic BCs for flexural wave motion involve both the flexural displacement and the non-
torsional rotation at the ends of the rod. In 2D, define the unit vector perpendicular to the plane of
the lattice, e, = e; A €2/|e; A e2]. The flexural displacement v;;(x) at any point x on the rod e;; is

then defined as the component of the displacement in the ei-direction, where

L

ek =epney. (3.4)

The generalized 2D displacement vectors are, therefore, ‘three-dimensional’ with two components

for the longitudinal motion and one for flexural. The flexural wave equation and its BCs are, with
/

v = 9dv/ax,

oty

— x4

_ —(1)2,0[jVij» (3.5)
vi(0) = ex -y, vii(lii) = ex -w;, vi(0)=¢ep-u;, V.(li)=ep- u;
ij = i Vijlbj) = €5 - Wy, Vi = €p - Wi, Villij) = €p - Uj.

The generalized force (shear force and bending moment) at point a; due to bending is

3 2
Fvi 1 Vij

fij bending = _)‘ijﬁeij + )»ijﬁeb- (3.6)

In 3D, we extend the definition of the end-point flexural displacement by defining two non-
torsional rotation components in the directions e; and e;,, and the related shear force components
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L 1
along e i and e where

=(r,03), e =(03,¢;AT), € =(ejAr,03), € =—(037). (3.7)

Here 03 is 3D zero-vector, r = ey A €jj/|eq A €j| and €, is some (any) vector €; or €y Or €3
whichever is not parallel to e;;. Let w;;(x) denote the displacement in direction eJJJ wh = ow;;/ox,
then the flexural wave equation and its BCs for the extra dimension in 3D case can be wrltten as 33)
combined with

4
VAL S P (3.8)
ax*

L L / / / /
W,‘j(O) = eij -, Wij(lij) = eij - Uy, Wij(o) =€, - U, sz(lij) =€, - ;.
The additional generalized force term at point a; is

BWUJ_/ 8WU/

e + Aj—s- P €. (3.9)

)tlja i

/
fij bending —

In summary, the components of u; in the eJ- eJ-/ and e, eb directions are the transverse deflection

and beam rotation angle, respectively. The force components in direction e;- i and e - are the resultant

shear force while the e, and e ‘force’ components represent the bending moment Note that in 3D,
there are three displacement components and three rotation components. In this way the coupled
longitudinal and flexural dynamics of the 2D lattice are described in terms of ‘three-dimensional’
vectors for displacement and forces in 2D, and ‘six-dimensional’ vectors for 3D lattices.

The generalized forces at the two ends of the rod are related to the displacements there by the
stiffness matrix K, defined such that

el.Jj- - £ eér -
€y - f,'j €, - u; Kl K2
= —1;iK(w) , K= ( . (3.10)
L. g, y 1 . T
€; - £ € - U K; Kj
€ - fj,‘ € - llj

The bending forces (3.6) and 9) at lattice site i from rod ij, therefore, becomes

fij bending = —Aij(e ,f )(Kl( )Tlli +K2(ei§’ eb)T“j)s

(3.11)
L il T
i/jbending = _)‘ij(eij/’ 6;7) (Kl( U/’ e/) u; + K2( lj ’ e;;) uj)‘

We next derive the explicit form of the stiffness matrix.
3.3 Solution of the flexural stiffness matrix
With 3) and (3.8) in mind, consider the solution to

*w

~z Y w=0, xel0,]], (3.12)

x4
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in the form

w(x) = 2(1_;6%){[@ — cp)(cos yx — cosh yx) + (s + s,)(sin yx — sinh yx)|w(l)

1
+ —[(sh — s)(cos yx — cosh yx) + (¢ — ¢p)(sin yx — sinh yx)]w/(l)
Y
+ [(1 = ccp + ssp) cos yx + (1 — ccp, — ssp,) cosh yx + (csp, + scp)(sinh yx — sin yx)|w(0)

1
+ —[(scp — esp)(cos yx — cosh yx) + (1 — ccp, — ssp) sin yx + (1 — cc, + ss) sinh yx|w/'(0)},
14
(3.13)
where ¢ = cos yl, s = sin yl, ¢, = cosh yl, s, = sinh y/. v(x) and w(x) have the same form of

solution, so that the stiffness matrix is the same. According to its definition in (Z.I0Q) the stiffness
matrix K satisfies

w”(0) w(0)
—w’(0) | _ w'(0)
w'(D) w'(l)
The explicit form of the stiffness matrix then follows from Z.13)) as
) y(csp + scp) SSh —y(s+sp) cp—c
-1 -1
Y 8Sh Y~ (scp—csp) ¢ —cp Y~ (sh—9)
K - . 3.15
(@) 1 —ccp | —v(s+sn) c—cp y(csp + scp) —Ssp ©-13)
chp—c¢ Y Hsn—9) —ssp v~ Nsep — esp)
3.4 Total force and stiffness matrices
The total force at point i from rod e;; now follows from (3.3) and 3.6,
fij = fij wave(0) + fij bending(o) + fi/j bending(o)’ (3.16)
where f 19‘ bending(O) does not exist in 2D case. Set
~ ~ 1/4
g = wg/ly. i) = osgly. vy@) = (Pp/hg) "t Ay = eje;;. (3.17)

The dynamic stiffness matrices introduced in (2.2)) and (Z.3) then follow from (33}, .11 and G-16)
as

Pl(»jl) = [LjjSij cOt5; Ay + Ajj (efj', eb)Kl (eJ-‘, eb)T + Ajj (eif, e;)Kl (efj‘/, e/b)T,
P = 15 ese Ay — h(ei. e)Ka(eh e)” —aj(ed’. €))Ka(ef'. €))" (3.18)

Pf;) — ﬂljglj cot gl]Al] + )Lij (eé—, eb)K3 (e;.‘7 eb)T + )\jj (eiJj_/, e/b)K3 (efj-” e’b)T’
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where K is defined by (313) with
Y =vij, ¢=cosylij, s=-siny;lij, cp = coshyjlij, s, = sinhy;l;;. (3.19)

The identities Z3) are a consequence of the relations K2T = JK3J, K3 = JKJ, where J =
diag(1, —1). The force f;; at point a; given by Z2)) then follows from @.3), G.II) and G.I8).

4. Effective wave speeds at low frequency
4.1 Low-frequency asymptotics
The low-frequency asymptotic behavior of K defined in 313} is, using K3 = JK;J,

(1217l 6\  y*? —13171 -1
K1212< 6 41)+¥ uo _f)+ouh.
3

6

L (121" 6 yH? (—g-1 13

6 2

A.1)

implying that K(0) is positive semi-definite having eigenvalues 30 and 2 with non-normalized
eigenvectors (2, 1, —2, 1) and (0, 1, 0, —1)7, respectively. The null vectors of K(0), (1,0, 1, 0)T
and (=1, 2,1, 2)T, correspond to rigid body displacement and rotation, respectively.

The low-frequency expansions of the dynamic stiffness matrices of (3.I8) are

pl.(jé) (@) =fiyAy + 24517 (6(A,.]l. +AF) £ 3AL + APY 1+ ALY AT+ 2(A + A;’;)l,%)
_ %wzpl-jzij (A,-,- + %(78(%% +AF) £ AR + AFY + AL 1+ AL
+ 285+ ADIZ)) + O,

PP () =jiyA; + 217 (6(A,.Jl. + A+ 3AR £ ALY AR AL — (A + A;,)lg.)
+ éwzpijz,,- (45 + %(54(A,§~ + AR+ I3AL + ALY — AP — A

—3(Ay + A;,)lg.)) + 0%,

“4.2)
where
1117 1b _ LT bl _ AT Y
Aij =eje; Aij =eje,, Aij = epey Ap =epe,, 4.3)
1 1 1T 1br 11 g T bl _ . T r 0T
Aij =e;e; Aij =eje, Aij =eue; Ay =ee, . 4.4

Note that the terms with the primes are not present for the 2D lattice, and hence (@.4) applies only
for the 3D case. The zero frequency limit of the system matrix H defined in (Z.8) has the following
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form

O _gO
© _ _( HY -H} 0 Ry
H® = H(0,0) = ( H(O) HO ) + (R_ 0 (4.5)

with

0 ~ _
HY=Y" (MJ-AljJr 207 (6(A + A £ 3(AF + AP + AP+ A"+ 2(A) + A;,)llf;‘.)),
JeN

Re=) Ol ((Ah + AN+ 2AS + Afjb/)lly).

jeN
(4.6)
The effective quasi-static speeds are defined as
. w(k)
clk) =lim —, k =kk, |k|=1. 4.7)
k=0 k

We consider the following perturbation ansatz for small k,

w* (k) = ko + k*wr + O(K>) (4.8)
with associated displacement

uk) = u? + ku! + k% + O(K>). (4.9)

The asymptotic behavior of H for small @ and k is
H(w, k) = HO + kHV (k) + F’HP (k) + o’H® + O(0*) + Okw?) + O(k?). (4.10)
Substituting (@910 into 7) and identifying terms with the same power of k, yields at O(k)
HOu!' + HOW = ;M — HO). (4.11)

The matrix H® follows from .6, (.8), @2) and EI0).

The subsequent general analysis applies only to the 2D lattice for which the vectors u’,u!, u? are
six-dimensional. The analogous derivation for the 3D case, which involves 12-dimensional vectors,
is not considered here, although we note that some explicit low-frequency asymptotic results are
given in section

4.2 Effective speeds in 2D lattices

Consider the equation
HO (“1> —0. (4.12)
Since H(O) (H(O))+ > 0 then it is not difficult to show that the solution of @.I2) satisfies
u =u, up L e, 4.13)

Based on (@.12) and (@I3) we obtain the following result.
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The dimension of Ker H® @I2)) is equal to 2 and the basis can be chosen as
1 0
01 02
ul =22 <e01), u2 =2z (em), = lof, 2=(1]. (4.14)
e e 0 0

In summary, H® possesses an eigenvalue w = 0 with multiplicity 2. We next obtain the equation

that determines the associated pair of wave speeds. Using the properties derived previously for H©

of @3) it follows that the leading order displacement u® is spanned by {u®!, u%?}, see @14).
Using the identity A;; + Al.Jj- = diag(1, 1, 0) for any pair ij, it follows that

(1 - Hu® - u)? | = Ddiag(1, 1), (4.15)

where m is the total mass per unit cell,

m=m) +mp + Z P11 (4.16)
JeN

The appearance of the total mass is significant, bearing in mind that dynamic lattice models which
do not include both flexural and longitudinal waves are known to produce quasistatic wave speeds
with effective mass less than the total mass of the unit cell (|ﬁ|).

Scalar multiplying @I3) by u® and using HVu® - u® = 0 implies

w; =0, u' = —H)THDO, 4.17)

where (H©)~! is uniquely defined acting on the subspace orthogonal to span{u®!, u%2}.

At O(k?) we have
oM —Hu" 0¥ = HPu - 0% + HOu! u¥, j=1,2. (4.18)

Hence, we deduce that the squares of the effective speeds cgff = wy are eigenvalues of the following
2 x 2 matrix

2 . B . .
Cip = ~{HOW )7y — (@) O HOW, ), (4.19)

where m defined in @I6) is the total mass per unit cell, H? is given in @3) and

0 A . 2

JjeNI

1 (4.20)

2 0B ) 2

H? = (B+ 0), B=_ Y PO g0

jeM
The expression @I9) can be simplified as follows, with I, 3 = (%! eOZ),
1

Cop = 13 3B+BF - 24TCHY + Ry — 2HY A A 5. 4.21)
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ao®

Yoy

34.

Fig.3 The rectangular lattice cell with mass at a(, showing the neighboring masses in the adjoining cells

Introducing the matrices

~ —3AL 2
By = ) (A + 1201 Af) (g - 007,

jeN
By= ) (A + 6/\L,11—j3(2A1lj + A’{f))(gj - K), 422)
JjeN;

B3 = > (iyAy+ 3/\1j11—j3(4A1lj +2A17 + 247 + Ay)),
JjeENM

we can rewrite (@.2T) succinctly as

1 _
Cip = alg,a(l’n —BIB;'By)L 5. (4.23)

5. 2D Examples
5.1 Rectangular lattice

5.1.1 Dispersion relation. The unit cell for the rectangular lattice, shown in Fig. Bl possesses
a mass at the central node. Enforcing the equilibrium condition at the single mass and the
Bloch-Floquet condition, it may be shown that the equations of motion for this structure
reduce to

1 2) ik-g; .
Z (ng) — ng)elk gf)llo = a)zMouo, My = diag(mq, mg, Ip). 5.1
j=1,2,3,4

The derivation is entirely similar to that for the hexagonal lattice in sections2land Bl with the same
notation employed.

We assume the members are of two types: 1 for horizontal, and 2 for vertical mem-
bers, with parameters denoted by ,oj,K(j), etc. j = 1,2. Then it may be shown that GD
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becomes

[1151(cot 51 — csc 51 cosk _

S I i 0 K2 sink,

+A2(K |7 + K5 cosky) ]
(175> (cot§y — csc$p cosk - 2

0 1252( 5% (1)5‘2 > y) —ik]K&) sin ky uy= w—Mouo,
+)‘1(K1] +K13 COSkx) 2
~ - (1) 1) ~
—iszﬁ) sin ky i)»lei) sin k; MKy, + Ky, cos ky)

+ha(Kyy + Ky cosky)
) ) (5.2)
where k = (ky, ky) and ky = [1ky, ky = Lky.

5.1.2  Quasi-static effective speeds for the rectangular lattice. Using k = kk the second-order
asymptotics of (3.2) are

(k*A + °B + kD + E)(ug + kuj + k2uy) = 0 (5.3)

with matrices of the form

0 0 d
A =diag(4)), B =diag(B)), E =diag(0,0,E), D=|0 0d,|, (5.4)
d¥ df 0

where (in the following calculations we do not need exact values of Az, B3)
1 _ 1 _ _ _
A =§/,L111K)%+6)»2121K2, A2=§/L212K3+6)\1[] IK)%, E =6)11 1+6)»2[ 1,

(5.5)
1 _ e
By =B, = —5(0111 + p2la +mg), dy = 6ikal, ey, dy = —6ir1l Y.

Substituting @ = ¢jk, w; = uj;, j = 1, 2 (because for w, k = 0 we have two solutions) into (Z.3)
we obtain

k0 Eujp = 0,
k' : Dujo + Euj; =0, (5.6)
k2 (A + CJZB)llj() + Duj; + Euj = 0.

Scalar multiplying the O(k%) equation by ujo and using G 4-G.8) with self-adjointness of all
matrices we deduce that

di
T 2 1 T
(ll]() llz()) (A + ¢ B)ujo — z (U10 llz()) dy (a’ik d; 0) ujp = 0. 6.7
0
Using (3.3) we can rewrite the effective equations (3.7) as
1242 124cykcy
e + T T T 2
1Ay 2 1Ty 2 Vig = mc; Vi (5.8)
. s 1ol 2 + 12« J ]
1;111+K27112 22 y }»17111+}»27112
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with, as expected (Iﬂ), the total mass per unit cell
m=my+ p1l1 + p2b>. (5.9

The equation (3.8) with constant matrix has two solutions: effective speeds cj2 and corresponding

constant displacements vjo, j = 1,2, which are eigenvalues and eigenvectors of the left matrix
divided by m.

5.1.3 Numerical example. We consider wave propagation in the x-direction (l;y = 0) in which
case the solutions of (E2) simplify as follows: (i) a quasi-longitudinal solution ug = (1, 0, O)T with
ky given explicitly in terms of w from

~ 1 sin s
coskr = cos1 + (Ra(K(} +K(3) — smow?) ==t (5.10)
2 181
Note that this mode couples longitudinal effects in the x-direction with flexural effects in the y-

direction. (ii) a quasi-flexural solution uy = (0, a, T with dispersion relation in the form of a
quadratic equation for cos ky

- 1
(Al(Kﬂ) + Kg) cosky) + fipSy(cot5p — cscsp) — §m0w2>

~ 1 ~
x (1&g + K3y cos ko) + oKy + K3 = 5100?) = (uK{y sink)® = 0. (.11

Solutions of this dispersion relation couple the flexural wave in the x-direction with both the
longitudinal and flexural waves in the y-direction.

We consider a lattice with square unit cell of size L2, with all members the same and of thickness
¢ (and, therefore, radius of gyration k = 1/+/12). The dimensions and properties used are given in
Table [l which corresponds to an example considered in (E).

Results based on (32) are shown in Fig. Bl along with a comparison against results found using
FEM (COMSOL). The two types of wave solutions defined by (31Q) and (3.1} are distinguished
in Fig. [ Based on the comparison with the FEM calculations in Fig. @it is evident that the present
theory provides an excellent match to the first six Floquet branches for waves propagating in the
x-direction.

Table 1 Parameters of the square lattice

E(GPa) v pY (kgm3) L(@mm) ¢(mm)

70 033 27-103 10 1
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(@) 160- (b) 160-
120 / L 120
A
E 80 g 80 ,/
E = = -
40 7 40 //
0 0
0 kL T 0 kL m

Fig. 4 Dispersion curves of the square lattice of Table[Ilfor k, = 0. (a) Labelling the six branches according
to increasing frequency at kxL = 1, the second and fourth (coloured blue in the online version) correspond to
quasi-longitudinal motion described by (310); the remaining branches correspond to the pair of quasi-transverse
solutions described by (311). (b) Dispersion curves calculated using FEM (COMSOL)

@ @a: a3 (b)
k,
A
a9 :
ay I = (0,0) LM
K=12(4,0) >k,
M = %.; i 1) : K
ag ay :

Fig. 5 Hexagonal lattice. (a) The unit cell. (b) The irreducible Brillouin zone (Iﬂ)

5.2 Hexagonal lattice
5.2.1 Quasi-static effective speeds for the hexagonal lattice. Consider the special case in which
the lattice is a regular hexagon with uniform properties w, A and /. It follows from @23) that

2

3] 1 1 \-1 u
2 _ 2= o . " T
Cyr = ™ [(M + 12)) diag(1, 1) + 2ICIC ] (5.12)

The eigenvectors of the matrix Cgff are then purely longitudinal and transverse, that is, parallel and
perpendicular to k, with wave speeds ¢y, and cT, respectively, where

cr=—|(—4+—
= om wo 12X

PN-1 5, 5, 3
) , cL=cT+%,u. (5.13)

5.2.2 Numerical result. We consider an example for which all members have the same uniform
properties and are arranged in a regular hexagonal lattice. The numeric computations are based on
the properties in Table[2land the path of the wave vector taken is along the perimeter of the Brillouin
zone shown in Fig.Blb).

The dispersion curves in Fig.[6la) were obtained from (2Z.9) using a combination of minimum value
threshold and minimum peak finding methods for the 6 x 6 determinant evaluated on a discretized
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Table 2 Hexagonal lattice parameters

E (GPa) v pV (kg/m3) [ (mm) ¢ (mm)

70 033  2.7-10° 10 1
(a)100 ~ (b) oo S e~ e~
O \ 80 77N\
< 60 < \ T 60 » P
\E’ 40 i 40
Y n Y—
20 * A 20
. N "~ — o \/w——\
K T M K Tr M

Fig. 6 Dispersion curves of the regular hexagonal lattice with properties in Table 2] (a) The first six Floquet
branches for wave-vector along the perimeter of the Brillouin zone. (b) Dispersion curves calculated using FEM
(COMSOL). Note the almost non-dispersive one-wave behavior between 15 and 30 kHz

grid of wave vector and frequency. This provides a fast solution technique, which can be refined
by taking smaller grid steps. Figure |6l shows that the dispersion curves computed by the present
simplified theory agree well with those found using FEM. A close comparison shows some small
deviations from the FEM results (which can safely be considered as an accurate benchmark) but the
overall agreement is remarkable considering the simplicity of the present approach. The hexagonal
system displays a strong one-wave effect between approximately 15 and 30 kHz. In this range, the
dispersion is weak, as indicated by the almost straight line branches. Furthermore, the hexagonal
symmetry ensures isotropy in the long-wavelength limit, which is the original reason (E) for our
interest in this particular structure.

Note that the roots obtained in Fig. [f(a) were numerically checked using a symbolic algebra-
generated expression for the determinant of (2.9). Although significant speedup in computing time
was not observed, this was not the primary purpose and future work could use such very lengthy but
precise expressions to better computational advantage.

6. 3D Examples
6.1 Cubic lattice

6.1.1 Dispersion relations. Similar to the rectangular lattice, the equation of motion for the unit
cell of the cubic lattice, Figure[7] can be written as

3 (Pg}) - Pg)eik'gf)uo — w*Moug, My = diag(mg, mo, mo, lo, Io, Io)- 6.1)
j=1,2,3,4,5,6
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Fig.7 Cubic unit cell

We assume the members are of three types: 1, 2, 3 for the x-, y-, and z-directions, respectively,
with parameters denoted by p;, K9, etc.j = 1, 2, 3, then (&I) becomes,

{1 0 0 0 1A3Kf4) smk —1A2K14 smk
0 ¢ 0 —i)L3KS) sinlz 0 zMKh smk
0 0 & oK sinky —in KLY sink 0 5
0 sk sink. —in kP sink, & 0 0 o
—i23K sink, 0 iKY sinky 0 e 0
MoK sinky, —ini KLY sink, 0 0 0 Z
= w’Mouy, (6.2)

where k = (ky, ky, k), (ky, ky, kz) = (I1ky, oky, 13k;) and

&1 = AZ(K(Z) + K( )cos ky) + )\3(1((3> + K( )cos IEZ) + f1151(cot 51 — csc 51 cos l;x),
o= k3(K(3) Kl(g) cos I;z) + Al(K]({) + Kl(? cos ky) + [1252(cot 5 — csc 53 cos l;y),
3 = Al(K(l) + K( cos ky) + Az(K(z) + K(Z) cos l;y) + f1353(cot 53 — csc 53 cos I;Z), 63
Lo =X (Kg) + K(Z) cos ky) + )»3(K(3) + K(3) cos I;Z), ©
L5 = A (K(%) K§3) coskz) + X](K(l) K(l)cosl;x),
Lo = )»1(1(512) + Kgl) cos I;x) + Az(Kéz) + K( )cos l;y).

6.1.2 Quasi-static effective elastic moduli for the cubic lattice. Considering wave propagation in
the (100) and (110) directions of the lattice with pure cubic symmetry (/1 = I, = I3 etc.) and taking
the low frequency limit, we obtain

C11 = EA/I?, Ceg =6EI/I*, Ci1n =0, pesr = B3pAl + 3mg)/I>. (6.4)

The moduli are in agreement with known results, for example, (ﬁ), and the effective mass density
is, as expected, identical to the actual density. C1o = 0 indicates that Poisson’s ratio v = 0 which

can be interpreted as applying a displacement in the (100) direction does not cause deformation in
the (010) direction.

6.1.3 Example: wave propagation in the x-direction. We consider wave propagation along one
axis of a lattice structure with uniform material and structural properties as given in Table 3 and
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Table 3 Cubic lattice parameters

E (GPa) v ,oV (kg/m3) [ (mm) ¢ (mm)

70 033 27 x 10° 10 1

with members of square cross-section. Setting I;y = I;Z = 0, we find that the first pure-longitudinal
solution uy = (1, 0, 0, 0, 0, O)T of (&2), has wavenumber sz in terms of w as

sin §

- 1
cosky = coss + (2A(K11 + Ky3) — Emow2> (6.5)

The flexural solution ug = (0, 1, 7, 0, «, ,B)T reduces the 6 x 6 equation of motion matrix to a4 x 4
one:

B — mow? 0 0 D 1
0 B-myw? -D 0 1
0 D C—-ILo* 0 o= 6.6)
-D 0 0 C—Iw?*) \B

where _
B = 2jis(cots — cscs) + 2A(2K11 + K13(cosky + 1)),

C = 21(2K2 + Kpa(cos ky + 1)), (6.7)

D = i20Kj4 sin ky.

Then calculate the determinant to obtain the flexural dispersion relation

(A(ZKH + Ki3(cosky + 1)) + ii5(cot 5 — csc§) — %mgcoZ)
6.8)
X (k(ZKzz + Kaa(cos ky + ) — %Iowz) — (AKj4 sin sz)2 =0.

In addition to the propagating wave branches the model also displays pure resonances. These are
modes that are independent of k, and hence non-propagating, that is, with zero group velocity.
They correspond to the generalized displacement ug = (0, 0, 0, 1, 0, 0)” which represents flexural
resonances (deflection in x-direction) of the beams oriented in the y- and z-directions. The mode is
a solution of (&2) at resonance frequencies that satisfy

2(K22 + Kaa) — @?Ip = 0. (6.9)
In the case considered with Iy = 0, {&.9) reduces to

/ / l / /
(sin 7 cosh 7 + cos L sinh y_) sin A 0, (6.10)
2 2 2 2 2
where y is the flexural wavenumber of Euler beam theory. The first two lowest solutions of (&.I0)

are yl = 1.5000 and 27.
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Fig. 8 Dispersion curves of the cubic lattice of Table Bl (a) The two almost horizontal branches are flexural
resonances of the beams oriented in the y- and z-directions, see [@.I0). Labelling the other six branches according
to increasing frequency at kyL = 1, the second and fourth (coloured green in the online version) correspond
to quasi-longitudinal motion described by (&3); the remaining branches correspond to the quasi-transverse
solutions described by (&.8)). (b) Dispersion curves calculated using FEM (COMSOL)

Table 4 Tetrahedral lattice parameters

EGPa) v  p"(kg/m? [(mm) ¢ (mm)

70 033 2.7 x 103 10 0.5

The dispersion curves for the cubic lattice are shown in Fig. [§l The analytic results for the
propagating wave branches (@.3) and (&.8) match with the FEM simulation. The first two resonance
frequencies of (@10 are at 51.949 and 92.354 kHz, and are shown as flat branches in Fig.[Ba). The
first/lowest solution corresponds to the flat branch in Fig.Blb). The branch in Fig.Blb) corresponding
to the 92.354 kHz resonance shows slight variation with wavenumber, but is well approximated by
the flat branch in Fig.[Bla). We can conclude from the comparison in Fig.§lthat the analytical model
predicts the first eight branches to a remarkable degree of approximation.

6.2 Tetrahedral lattice

6.2.1 Numerical result. We consider an example for which all members are rods of radius # and
have the same uniform properties and are arranged in a regular tetrahedral lattice. The numerical
computations are based on the properties in Table dland the path of the wave vector taken is along
" — L of the Brillouin zone shown in Fig.Blb).

The dispersion curves in Fig.[[0(a) were obtained by finding the smallest eigenvalue of a positive
definite matrix, and plotting the corresponding wavenumber and frequency of the discretized grid
where the smallest eigenvalue is smaller than € (a small value). Figure [Qshows that the dispersion
curves computed by the present simplified theory agree well with those found using FEM. As with
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Fig. 9 Tetrahedral lattice. (a) The unit cell. (b) The irreducible Brillouin zone (IE)

(a) (b)
60 A¥\ 60
———— e ————
T 40 —— I w0 T~
20 20 ~
O L—— Y 0 L — Y
I L T L

Fig. 10 Dispersion curves of the regular tetrahedral lattice with properties in Table Bl (a) The first seven
Floquet branches for wave-vector along the perimeter of the Brillouin zone. (b) Dispersion curves calculated
using FEM (COMSOL). Note the clear one-wave behavior between about 5 and 20 kHz

the 2D hexagonal structure, the tetrahedral lattice displays a broad frequency range with one-wave
behavior: 5-20 kHz. The wave is almost non-dispersive, and isotropic in the long-wavelength regime
on account of the symmetry of the lattice.

7. Conclusions

Dynamic modeling of 2D and 3D lattices can be accurately modeled using a low-order model
with minimal degrees of freedom described by thin beam members. The dispersion relations
for rectangular and cubic lattices have been derived analytically by imposing the Bloch—Floquet
periodicity condition, yielding an Hermitian eigenvalue problem for the unknown frequencies.
Numerical methods were used to compute the band-diagrams for hexagonal and tetrahedral lattices.
The semi-analytical approach allowed us to extract the low-frequency asymptotics. In particular, the
closed-form explicit expressions for the Christoffel matrix in the quasistatic regime for rectangular,
hexagonal and cubic lattices were presented. Numerical comparisons of wave dispersion diagrams
with FEM simulations indicate that the beam model provides good accuracy for lower modes. The
semi-analytical nature of the present model makes it the natural extension of purely static methods
for periodic lattice structures, for example, (ﬁ). It accurately predicts the one-wave behavior in the
hexagonal and tetrahedral lattices. These particular structures are distinct in that they provide effective
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in the long-wavelength limit, and hence quasi-acoustic wave effects in the one-wave regions. By
breaking the symmetry one can extend the scalar one-wave effect to display anisotropy, an important
subject for future investigation with the semi-analytic model. In summary, our beam model provides
anovel and fast approach to calculate the band-diagrams for 2D and 3D lattices. This semi-analytical
method may prove useful in designing phononic crystals and pentamode structures.
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