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Summary

Wave motion in two- and three-dimensional periodic lattices of beam members supporting
longitudinal and flexural waves is considered. An analytic method for solving the Bloch wave
spectrum is developed, characterized by a generalized eigenvalue equation obtained by enforcing
the Floquet condition. The dynamic stiffness matrix is shown to be explicitly Hermitian and to
admit positive eigenvalues. Lattices with hexagonal, rectangular, tetrahedral and cubic unit cells
are analyzed. The semi-analytical method can be asymptotically expanded for low frequency
yielding explicit forms for the Christoffel matrix describing wave motion in the quasistatic limit.

1. Introduction

Two- and three-dimensional lattices of connected beams can provide pentamode-like behavior in the
static limit (1, 2). One reason for interest in such structures is that they exhibit one-wave behavior
characteristic of scalar or acoustic wave systems, while also displaying material anisotropy, so
that anisotropic acoustic effects are possible. Such scalar dynamic effective properties are perhaps
surprising since periodic lattice structures support multiple wave types yielding complex dispersion
properties described by Bloch–Floquet spectra, particularly band gaps (3, 4) and anisotropic
propagation (5). At the same time, the relatively simple geometry of 2D and 3D lattices allows
for the possibility of mechanical simplifications that maintain the underlying structural dynamics of
the continuous beam elements while leading to accurate predictions for the dispersion properties.
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This article focuses on the latter aspect, as we develop a semi-analytical formalism that reduces the
Bloch wave problem to an analytically simple form while retaining the crucial mechanics of the
structure.

Two distinct approaches (6) to analyzing waves in periodic structures can be distinguished based on
the number of degrees of freedom: finite models and infinite models. The former naturally includes
the finite elements method (FEM) for which strategies have been developed that are specifically
designed to treat lattice structures. Thus, (4) developed a FEM procedure for calculating dispersion
curves of hexagonal, square and triangular lattice structures. FEM has been used by (5) to consider
waves in regular and re-entrant hexagonal lattices and by (7) to examine hexagonal chiral lattices
as phononic crystals. Infinite methods, as in this article, retain some of the characteristics of the
continuous nature of the structure at the smallest scale. A simple beam considered as a separate
entity displays an infinite number of modes; it is, therefore, no surprise that a model based on such
elements has an infinite number of Bloch–Floquet branches.

The fundamental step in deriving the dispersion relation for waves in a periodic structure is the
application of the Floquet condition on the unit cell of the lattice. Whatever approach is used,
whether FEM or semi-analytical, this step reduces the problem to a generalized eigenvalue problem
for the system (or stiffness) matrix. The main distinction between finite and infinite models is that
the former reduce to linear systems with eigenvalue equal to the square of the frequency, whereas
infinite models necessarily involve finding roots of transcendental equations. There are, however,
computational approaches adapted to this problem, such as that of Wittrick and Williams (6) based
on Householder’s algorithm.

Regarding other infinite methods for solving dynamic waves problems in lattices, we note that
an interesting alternative wave-based approach for determining the Bloch waves in 2D periodic
structures was proposed by (8). The semi-analytical method considers the explicit waves propagating
back and forth on each member, coupled by reflection and transmission matrices at joints. The
present method is similar to that of (8) in that both approaches yield exact dispersion relations
within the context of the beam theories employed (Timoshenko beam theory was used in (8)).
However, the present approach is arguably simpler in that it does not require propagation and
reflection/transmission matrices for the multiple wave types. Instead, the crucial ingredient in the
present method is the dynamic stiffness matrix that relates forces at the two ends of a beam member
to the displacements at either end.

An important limit of any dynamic model is the low frequency, quasistatic or homogenization
limit. Although static homogenization theory for quite general lattice structures has been developed
by several authors, for example, (9, 10), these approaches do not derive the homogenized properties
from the limit of a dynamic model. An exception is the paper by (11) who showed for a triangular
lattice that only by including the flexural wave effects is the effective mass properly modeled in the
low frequency limit. Simpler beam models which ignore flexural waves, or bending, show quasistatic
wave speeds with effective mass that is less than the total mass of the unit cell (11). This suggests that
models ignoring flexural effects do not properly account for the distributed mass on the wave-bearing
segments of the structure, and cannot yield the correct quasistatic results.

The analytical approach used here represents the lattice members as uni-dimensional beams
supporting longitudinal and flexural waves. A strategy for implementing this was outlined by (3)
who introduced the necessary stiffness matrix relating forces and displacements at the ends of a
beam. By combining these matrices it is possible to represent any periodic lattice, in principle. The
method of (3) was used in (11) to consider lattices with triangular unit cell structure, and for square
cell lattices in (12). In this article, we develop further the approach proposed by (3) and (11). We
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present, for the first time, analysis of a general hexagonal unit cell lattice, a structure of great interest
in relation to graphene and other phenomena. Also, the method is extended into 3D to analyze the
tetrahedral unit cell lattice. The formulation is semi-analytical to the extent that all matrix elements
are explicit, the dispersion relation for square and cubic lattices are derived analytically. Although
one could obtain analytic dispersion relations for hexagonal and tetrahedral lattices using symbolic
computation (13), direct numerical methods are employed at the final stage to perform computation.
The semi-analytical nature of the solution allows us to extract the low-frequency asymptotics, and
to find closed-form expressions for the quasistatic Christoffel matrix, as demonstrated for hexagonal
and rectangular unit cell lattices in 2D. In this sense, the present study is step in the continuation from
low-frequency (quasi-static) response governed by effective elastic stiffness and density to dynamic
effective medium models.

The present analysis does not include torsion in the individual members. The beams are assumed
to have large length to thickness ratio, and hence a static applied macroscopic torsion is borne at the
level of the unit cell by flexure of the members. Bending is the dominant effect for producing torsion
in the lattice structures considered here. This can be seen a posteriori from the comparisons below
with full elastodynamic simulations, which do not display Bloch–Floquet branches with significant
torsional effects at level of the lattice member. In other words, torsion in individual members is
ignored because we are only including the dynamic counterparts of the micro-effects that lead to the
static effective medium. Note that the present model allows for rigid body rotation at the unit cell
level, which is consistent with static homogenization (2).

The format of the article is as follows. The solution method for hexagonal and tetrahedral lattices
is summarized in section 2, where the Bloch wave condition is explicitly used to derive the dispersion
relation for Floquet modes. The detailed derivation of the system matrix for the hexagonal lattice
is presented in section 3. The low frequency asymptotics are examined in section 4 where the
explicit form of the quasi-static Christoffel matrix is derived. The dynamic and quasi-static solutions
are obtained for the rectangular lattice in section 5, and for cubic lattice in section 6. In addition,
numerical examples in section 5 and section 6 compare results from the present theory with fully
elastodynamic FEM computations for hexagonal, rectangular, tetrahedral and cubic lattices.

2. Dispersion relation

2.1 Structures and structural parameters

We focus our attention on two example structures in 2D and 3D, hexagonal and tetrahedral lattices,
see Figures 1 and 2 respectively. Each may be defined by two points a1, a2 inside the unit cell
P spanned by vectors e1, e2 (and e3 in 3D), see Fig. 1. The unit cell P is then periodically
translated to cover the whole plane (space in 3D) and thereby make the infinitely extended lattice.
We assume that all material parameters are periodic such that the properties in any translated cell
P + ne1 + me2 (+le3 in 3D) coincide with those in P.

Every point ai in the lattice is connected to three (four in 3D) neighboring points aj by rods [ai, aj]
with length lij = |ai − aj| and direction eij = l−1

ij (ai − aj). There are masses m1, m2 with moments
of inertia I1, I2 at the points a1, a2. The rod [ai, aj] has axial stiffness μij, beam flexural coefficient
λij and lineal density ρij (these are related to the rod Young’s modulus Eij, cross-sectional area Aij,
radius of gyration κij and volumetric density ρV

ij by μij = EijAij, λij = EijAijκ
2
ij , ρij = ρV

ij Aij).
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Fig. 1 The hexagonal (honeycomb) lattice

Fig. 2 The tetrahedral lattice

2.2 Analytic dispersion relation

Considering the rod eij, let ui, uj denote the displacement at the end points ai, aj, respectively. Let
fij denote the force at point ai from the rod eij. The precise form of the displacement and force
3-vectors (6-vectors for 3D case) will be defined in section 3, for the moment we do not need to
know their specific nature, except to note that they include both longitudinal and flexural effects.
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The equilibrium equation at point ai is then∑
j∈Ni

fij = −ω2Miui, Mi = diag(mi, mi, Ii) in 2D or diag(mi, mi, mi, Ii, Ii, Ii) in 3D, (2.1)

where Ni is the set of points connected with ai. It is notable that this approach allows concentrated
masses at the junctions which are included in the matrix Mi. The force fij may be expressed in terms
of the end-point displacements

fij = P(2)
ij uj − P(1)

ij ui, (2.2)

where the frequency-dependent stiffness matrices P(1)
ij (ω), P(2)

ij (ω) are derived in section 3.
Applying the Floquet periodic conditions

uj = exp(ik · gj)u1, gj = aj − a1, j ∈ N2,

uj = exp(ik · gj)u2, gj = aj − a2, j ∈ N1
(2.3)

and using (2.1) and (2.2) leads to∑
j∈N1

(
P(2)

1j exp(ik · gj) u2 − P(1)
1j u1

) = −ω2M1u1,

∑
j∈N2

(
P(2)

2j exp(ik · gj) u1 − P(1)
2j u2

) = −ω2M2u2.

(2.4)

For each j ∈ N2 there is a unique j̄ ∈ N1 such that

P(2)
2j eik·gj =

(
P(2)

1j̄
eik·gj̄

)+
, P(1)

2j = P(3)
1j̄

, (2.5)

where + denotes the Hermitian conjugation and the matrices P(3)
1j are defined in section 3. Hence, it

is possible to express the second equation of (2.4) in terms of a sum over neighboring links of a1.
Introducing matrices

H1 =
∑
j∈N1

P(1)
1j , H2 = −

∑
j∈N1

P(2)
1j exp(ik · gj), H3 =

∑
j∈N1

P(3)
1j (2.6)

(2.4) can then be rewritten in the form

Hu = ω2Mu (2.7)

with

u =
(

u1
u2

)
, M = diag(M1, M2), H ≡ H(ω, k) =

(
H1 H2
H+

2 H3

) ( = H+). (2.8)

Then Floquet curves (dispersion curves) ωn(k) can be found from the equation

det(H(ω, k) − ω2M) = 0. (2.9)

Note that according to section 3 (see eqs. (2.6), (3.18), (3.10) and (3.15)), the matrices H1 and H3 are
real symmetric, so that the matrix H is Hermitian, in turn guaranteeing that the dispersion relation
(2.9) is real valued for real ω, k. We will return to this equation in section 3 after we have described
the displacements and forces, and derived the stiffness matrices.
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3. Dynamic stiffness matrices

3.1 Longitudinal wave equation

Consider the rod eij with uniform Young’s modulus μij and density ρij. Let uij(x) denote the
component of the displacement in the eij-direction at any point x (a one-dimensional linear coordinate
parameter) of [ai, aj]. The displacement uij satisfies the wave equation for longitudinal wave motion
and its associated boundary conditions (BCs)

μij
∂2

∂x2
uij = −ω2ρijuij, uij(0) = eij · ui, uij(lij) = eij · uj. (3.1)

Solving (3.1),

uij(x) = eij · ui sin(sijω(lij − x)) + eij · uj sin(sijωx)

sin(sijωlij)
, sij =

√
ρij

μij
, (3.2)

implying that the longitudinal force fij acting on the point ai is

fij wave ≡ μij
∂uij

∂x
(0) eij = μijsijω

sin(sijωlij)
eijeT

ij

(
uj − ui cos(sijωlij)

)
. (3.3)

3.2 Flexural wave equation

The kinematic BCs for flexural wave motion involve both the flexural displacement and the non-
torsional rotation at the ends of the rod. In 2D, define the unit vector perpendicular to the plane of
the lattice, eb = e1 ∧ e2/|e1 ∧ e2|. The flexural displacement vij(x) at any point x on the rod eij is
then defined as the component of the displacement in the e⊥

ij -direction, where

e⊥
ij = eb ∧ eij. (3.4)

The generalized 2D displacement vectors are, therefore, ‘three-dimensional’ with two components
for the longitudinal motion and one for flexural. The flexural wave equation and its BCs are, with
v′ = ∂v/∂x,

− λij
∂4vij

∂x4
= −ω2ρijvij, (3.5)

vij(0) = e⊥
ij · ui, vij(lij) = e⊥

ij · uj, v′
ij(0) = eb · ui, v′

ij(lij) = eb · uj.

The generalized force (shear force and bending moment) at point ai due to bending is

fij bending = −λij
∂3vij

∂x3
e⊥

ij + λij
∂2vij

∂x2
eb. (3.6)

In 3D, we extend the definition of the end-point flexural displacement by defining two non-
torsional rotation components in the directions eb and e′

b, and the related shear force components
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along e⊥
ij and e⊥′

ij , where

e⊥
ij = (r, 03), eb = (03, eij ∧ r), e⊥′

ij = (eij ∧ r, 03), e′
b = −(03, r). (3.7)

Here 03 is 3D zero-vector, r = eα ∧ eij/|eα ∧ eij| and eα is some (any) vector e1 or e2 or e3

whichever is not parallel to eij. Let wij(x) denote the displacement in direction e⊥′
ij , w′

ij = ∂wij/∂x,
then the flexural wave equation and its BCs for the extra dimension in 3D case can be written as (3.5)
combined with

− λij
∂4wij

∂x4
= −ω2ρijwij, (3.8)

wij(0) = e⊥′
ij · ui, wij(lij) = e⊥′

ij · uj, w′
ij(0) = e′

b · ui, w′
ij(lij) = e′

b · uj.

The additional generalized force term at point ai is

f ′
ij bending = −λij

∂3wij

∂x3
e⊥′

ij + λij
∂2wij

∂x2
e′

b. (3.9)

In summary, the components of ui in the e⊥
ij , e⊥′

ij and eb, e′
b directions are the transverse deflection

and beam rotation angle, respectively. The force components in direction e⊥
ij and e⊥′

ij are the resultant

shear force while the eb and e′
b ‘force’ components represent the bending moment. Note that in 3D,

there are three displacement components and three rotation components. In this way the coupled
longitudinal and flexural dynamics of the 2D lattice are described in terms of ‘three-dimensional’
vectors for displacement and forces in 2D, and ‘six-dimensional’ vectors for 3D lattices.

The generalized forces at the two ends of the rod are related to the displacements there by the
stiffness matrix K, defined such that

⎛
⎜⎜⎝

e⊥
ij · fij

eb · fij
e⊥

ij · fji

eb · fji

⎞
⎟⎟⎠ = −λijK(ω)

⎛
⎜⎜⎝

e⊥
ij · ui

eb · ui
e⊥

ij · uj

eb · uj

⎞
⎟⎟⎠ , K =

(
K1 K2
KT

2 K3

)
. (3.10)

The bending forces (3.6) and (3.9) at lattice site i from rod ij, therefore, becomes

fij bending = −λij
(
e⊥

ij , eb
)(

K1
(
e⊥

ij , eb
)T ui + K2

(
e⊥

ij , eb
)T uj

)
,

f ′
ij bending = −λij

(
e⊥′

ij , e′
b

)(
K1
(
e⊥′

ij , e′
b

)T ui + K2
(
e⊥′

ij , e′
b

)T uj

)
.

(3.11)

We next derive the explicit form of the stiffness matrix.

3.3 Solution of the flexural stiffness matrix

With (3.5) and (3.8) in mind, consider the solution to

∂4w

∂x4
− γ 4w = 0, x ∈ [0, l], (3.12)



[12:25 5/5/2017 hbx002.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 138 131–153

138 A. A. KUTSENKO et al.

in the form

w(x) = 1

2(1 − cch)

{[
(c − ch)(cos γ x − cosh γ x) + (s + sh)(sin γ x − sinh γ x)

]
w(l)

+ 1

γ

[
(sh − s)(cos γ x − cosh γ x) + (c − ch)(sin γ x − sinh γ x)

]
w′(l)

+ [
(1 − cch + ssh) cos γ x + (1 − cch − ssh) cosh γ x + (csh + sch)(sinh γ x − sin γ x)

]
w(0)

+ 1

γ

[
(sch − csh)(cos γ x − cosh γ x) + (1 − cch − ssh) sin γ x + (1 − cch + ssh) sinh γ x

]
w′(0)

}
,

(3.13)

where c = cos γ l, s = sin γ l, ch = cosh γ l, sh = sinh γ l. v(x) and w(x) have the same form of
solution, so that the stiffness matrix is the same. According to its definition in (3.10) the stiffness
matrix K satisfies ⎛

⎜⎜⎝
w′′′(0)
−w′′(0)
−w′′′(l)
w′′(l)

⎞
⎟⎟⎠ = K(ω)

⎛
⎜⎜⎝

w(0)
w′(0)
w(l)
w′(l)

⎞
⎟⎟⎠. (3.14)

The explicit form of the stiffness matrix then follows from (3.13) as

K(ω) = γ 2

1 − cch

⎛
⎜⎜⎝

γ (csh + sch) ssh −γ (s + sh) ch − c
ssh γ −1(sch − csh) c − ch γ −1(sh − s)

−γ (s + sh) c − ch γ (csh + sch) −ssh
ch − c γ −1(sh − s) −ssh γ −1(sch − csh)

⎞
⎟⎟⎠. (3.15)

3.4 Total force and stiffness matrices

The total force at point i from rod eij now follows from (3.3) and (3.6),

fij = fij wave(0) + fij bending(0) + f ′
ij bending(0), (3.16)

where f ′
ij bending(0) does not exist in 2D case. Set

μ̃ij = μij/lij, s̃ij(ω) = ωsijlij, γij(ω) = (
ω2ρij/λij

)1/4
, Aij = eijeT

ij . (3.17)

The dynamic stiffness matrices introduced in (2.2) and (2.5) then follow from (3.3), (3.11) and (3.16)
as

P(1)
ij = μ̃ij s̃ij cot s̃ijAij + λij

(
e⊥

ij , eb
)
K1
(
e⊥

ij , eb
)T + λij

(
e⊥′

ij , e′
b

)
K1
(
e⊥′

ij , e′
b

)T
,

P(2)
ij = μ̃ij s̃ij csc s̃ijAij − λij

(
e⊥

ij , eb
)
K2
(
e⊥

ij , eb
)T − λij

(
e⊥′

ij , e′
b

)
K2
(
e⊥′

ij , e′
b

)T
, (3.18)

P(3)
ij = μ̃ij s̃ij cot s̃ijAij + λij

(
e⊥

ij , eb
)
K3
(
e⊥

ij , eb
)T + λij

(
e⊥′

ij , e′
b

)
K3
(
e⊥′

ij , e′
b

)T
,
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where K is defined by (3.15) with

γ = γij, c = cos γijlij, s = sin γijlij, ch = cosh γijlij, sh = sinh γijlij. (3.19)

The identities (2.5) are a consequence of the relations KT
2 = JK2J, K3 = JK1J, where J =

diag(1, −1). The force fij at point ai given by (2.2) then follows from (3.3), (3.11) and (3.16).

4. Effective wave speeds at low frequency

4.1 Low-frequency asymptotics

The low-frequency asymptotic behavior of K defined in (3.15) is, using K3 = JK1J,

K1 = l−2
(

12 l−1 6
6 4 l

)
+ γ 4l2

35

(−13 l−1 − 11
6

− 11
6 − l

3

)
+ O(γ 8),

K2 = l−2
(−12 l−1 6

−6 2 l

)
+ γ 4l2

70

(−9 l−1 13
6

− 13
6

l
2

)
+ O(γ 8),

(4.1)

implying that K(0) is positive semi-definite having eigenvalues 30 and 2 with non-normalized
eigenvectors (2, 1, −2, 1)T and (0, 1, 0, −1)T , respectively. The null vectors of K(0), (1, 0, 1, 0)T

and (−l, 2, l, 2)T , correspond to rigid body displacement and rotation, respectively.
The low-frequency expansions of the dynamic stiffness matrices of (3.18) are

P

(1
3
)

ij (ω) =μ̃ijAij + 2λijl
−3
ij

(
6(A⊥

ij + A⊥′
ij ) ± 3(Ab⊥

ij + Ab⊥′
ij + A⊥b

ij + A⊥b′
ij )lij + 2(Ab + A′

b)l2
ij

)

− 1

3
ω2ρijlij

(
Aij + 1

70

(
78(A⊥

ij + A⊥′
ij ) ± 11(A⊥b

ij + A⊥b′
ij + Ab⊥

ij + Ab⊥′
ij )lij

+ 2(Ab + A′
b)l2

ij

))+ O(ω4),

P(2)
ij (ω) =μ̃ijAij + 2λijl

−3
ij

(
6(A⊥

ij + A⊥′
ij ) + 3(Ab⊥

ij + Ab⊥′
ij − A⊥b

ij − A⊥b′
ij )lij − (Ab + A′

b)l2
ij

)

+ 1

6
ω2ρijlij

(
Aij + 1

70

(
54(A⊥

ij + A⊥′
ij ) + 13(Ab⊥

ij + Ab⊥′
ij − A⊥b

ij − A⊥b′
ij )lij

− 3(Ab + A′
b)l2

ij

))+ O(ω4),

(4.2)
where

A⊥
ij = e⊥

ij e⊥
ij

T
, A⊥b

ij = e⊥
ij eT

b , Ab⊥
ij = ebe⊥

ij
T
, Ab = ebeT

b , (4.3)

A⊥′
ij = e⊥′

ij e⊥′
ij

T
, A⊥b′

ij = e⊥′
ij e′

b
T
, Ab⊥′

ij = e′
be⊥′

ij
T
, A′

b = e′
be′

b
T
. (4.4)

Note that the terms with the primes are not present for the 2D lattice, and hence (4.4) applies only
for the 3D case. The zero frequency limit of the system matrix H defined in (2.8) has the following
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form

H(0) ≡ H(0, 0) =
(

H(0)
+ −H(0)

+
−H(0)

− H(0)
−

)
+
(

0 R+
R− 0

)
(4.5)

with

H(0)
± =

∑
j∈N1

(
μ̃1jA1j+ 2λ1jl

−3
1j

(
6(A⊥

ij + A⊥′
ij ) ± 3(Ab⊥

ij + Ab⊥′
ij + A⊥b

ij + A⊥b′
ij )lij+ 2(Ab + A′

b)l2
ij

))
,

R± =
∑
j∈N1

6λ1jl
−3
1j

(
(Ab + A′

b)l2
ij ± 2(A⊥b

1j + A⊥b′
1j )lij

)
.

(4.6)
The effective quasi-static speeds are defined as

c(κκκ) = lim
k→0

ω(k)

k
, k = kκκκ, |κκκ| = 1. (4.7)

We consider the following perturbation ansatz for small k,

ω2(k) = kω1 + k2ω2 + O(k3) (4.8)

with associated displacement

u(k) = u0 + ku1 + k2u2 + O(k3). (4.9)

The asymptotic behavior of H for small ω and k is

H(ω, k) = H(0) + kH(1)(κκκ) + k2H(2)(κκκ) + ω2H(3) + O(ω4) + O(kω2) + O(k3). (4.10)

Substituting (4.9)–(4.10) into (2.7) and identifying terms with the same power of k, yields at O(k)

H(0)u1 + H(1)u0 = ω1(M − H(3))u0. (4.11)

The matrix H(3) follows from (2.6), (2.8), (4.2) and (4.10).
The subsequent general analysis applies only to the 2D lattice for which the vectors u0, u1, u2 are

six-dimensional. The analogous derivation for the 3D case, which involves 12-dimensional vectors,
is not considered here, although we note that some explicit low-frequency asymptotic results are
given in section 6.

4.2 Effective speeds in 2D lattices

Consider the equation

H(0)
(

u1
u2

)
= 0. (4.12)

Since H(0)
± = (H(0)

± )+ > 0 then it is not difficult to show that the solution of (4.12) satisfies

u1 = u2, u1 ⊥ eb. (4.13)

Based on (4.12) and (4.13) we obtain the following result.
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The dimension of Ker H(0) (4.12) is equal to 2 and the basis can be chosen as

u01 = 2− 1
2

(
e01

e01

)
, u02 = 2− 1

2

(
e02

e02

)
, e01 =

⎛
⎝1

0
0

⎞
⎠ , e02 =

⎛
⎝0

1
0

⎞
⎠ . (4.14)

In summary, H(0) possesses an eigenvalue ω = 0 with multiplicity 2. We next obtain the equation
that determines the associated pair of wave speeds. Using the properties derived previously for H(0)

of (4.5) it follows that the leading order displacement u0 is spanned by {u01, u02}, see (4.14).
Using the identity Aij + A⊥

ij = diag(1, 1, 0) for any pair ij, it follows that

((M − H(3))u0i · u0j)2
i,j=1 = m

2
diag(1, 1), (4.15)

where m is the total mass per unit cell,

m = m1 + m2 +
∑
j∈N1

ρ1jl1j. (4.16)

The appearance of the total mass is significant, bearing in mind that dynamic lattice models which
do not include both flexural and longitudinal waves are known to produce quasistatic wave speeds
with effective mass less than the total mass of the unit cell (11).

Scalar multiplying (4.15) by u0 and using H(1)u0 · u0 = 0 implies

ω1 = 0, u1 = −(H(0))−1H(1)u0, (4.17)

where (H(0))−1 is uniquely defined acting on the subspace orthogonal to span{u01, u02}.
At O(k2) we have

ω2(M − H(3))u0 · u0j = H(2)u0 · u0j + H(1)u1 · u0j, j = 1, 2. (4.18)

Hence, we deduce that the squares of the effective speeds c2
eff = ω2 are eigenvalues of the following

2 × 2 matrix

C2
eff = 2

m

{
(H(2)u0i · u0j)2

i,j=1 − ((H(0))−1H(1)u0i · H(1)u0j)2
i,j=1

}
, (4.19)

where m defined in (4.16) is the total mass per unit cell, H(0) is given in (4.5) and

H(1) =
(

0 A
A+ 0

)
, A = −i

∑
j∈N1

P(2)
1j (0) (gj · κ),

H(2) =
(

0 B
B+ 0

)
, B = 1

2

∑
j∈N1

P(2)
1j (0) (gj · κ)2.

(4.20)

The expression (4.19) can be simplified as follows, with I2,3 = (
e01 e02

)
,

C2
eff = 1

m
IT
2,3(B + B+ − 2A+(2H(0)

+ + R+ − 2H(0)
+ Ab)−1A)I2,3. (4.21)



[12:25 5/5/2017 hbx002.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 142 131–153

142 A. A. KUTSENKO et al.

Fig. 3 The rectangular lattice cell with mass at a0, showing the neighboring masses in the adjoining cells

Introducing the matrices

B1 =
∑
j∈N1

(
μ̃1jA1j + 12λ1jl

−3
1j A⊥

1j

)
(gj · κ)2,

B2 =
∑
j∈N1

(
μ̃1jA1j + 6λ1jl

−3
1j (2A⊥

1j + Ab⊥
1j )

)
(gj · κ),

B3 =
∑
j∈N1

(
μ̃1jA1j + 3λ1jl

−3
1j (4A⊥

1j + 2A⊥b
1j + 2Ab⊥

1j + Ab)
)
,

(4.22)

we can rewrite (4.21) succinctly as

C2
eff = 1

m
IT
2,3(B1 − BT

2 B−1
3 B2)I2,3. (4.23)

5. 2D Examples

5.1 Rectangular lattice

5.1.1 Dispersion relation. The unit cell for the rectangular lattice, shown in Fig. 3, possesses
a mass at the central node. Enforcing the equilibrium condition at the single mass and the
Bloch–Floquet condition, it may be shown that the equations of motion for this structure
reduce to ∑

j=1,2,3,4

(
P(1)

0j − P(2)
0j eik·gj

)
u0 = ω2M0u0, M0 = diag(m0, m0, I0). (5.1)

The derivation is entirely similar to that for the hexagonal lattice in sections 2 and 3, with the same
notation employed.

We assume the members are of two types: 1 for horizontal, and 2 for vertical mem-
bers, with parameters denoted by ρj, K(j), etc. j = 1, 2. Then it may be shown that (5.1)
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becomes⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

μ̃1s̃1(cot s̃1 − csc s̃1 cos k̃x)

+λ2(K (2)
11 + K (2)

13 cos k̃y)
0 iλ2K (2)

14 sin k̃y

0
μ̃2s̃2(cot s̃2 − csc s̃2 cos k̃y)

+λ1(K (1)
11 + K (1)

13 cos k̃x)
−iλ1K (1)

14 sin k̃x

−iλ2K (2)
14 sin k̃y iλ1K (1)

14 sin k̃x
λ1(K (1)

22 + K (1)
24 cos k̃x)

+λ2(K (2)
22 + K (2)

24 cos k̃y)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

u0= ω2

2
M0u0,

(5.2)
where k = (kx, ky) and k̃x = l1kx, k̃y = l2ky.

5.1.2 Quasi-static effective speeds for the rectangular lattice. Using k = kκ the second-order
asymptotics of (5.2) are

(k2A + ω2B + kD + E)(u0 + ku1 + k2u2) = 0 (5.3)

with matrices of the form

A = diag(Aj), B = diag(Bj), E = diag(0, 0, E), D =
⎛
⎝ 0 0 d1

0 0 d2
d∗

1 d∗
2 0

⎞
⎠ , (5.4)

where (in the following calculations we do not need exact values of A3, B3)

A1 = 1

2
μ1l1κ

2
x + 6λ2l−1

2 κ2
y , A2 = 1

2
μ2l2κ

2
y + 6λ1l−1

1 κ2
x , E = 6λ1l−1

1 + 6λ2l−1
2 ,

B1 = B2 = −1

2
(ρ1l1 + ρ2l2 + m0), d1 = 6iλ2l−1

2 κy, d2 = −6iλ1l−1
1 κx.

(5.5)

Substituting ω = cjk, ui = uji, j = 1, 2 (because for ω, k = 0 we have two solutions) into (5.3)
we obtain

k0 : Euj0 = 0,

k1 : Duj0 + Euj1 = 0, (5.6)

k2 : (A + c2
j B)uj0 + Duj1 + Euj2 = 0.

Scalar multiplying the O(k2) equation by uj0 and using (5.4)–(5.6) with self-adjointness of all
matrices we deduce that

(
u10 u20

)T (A + c2
j B)uj0 − 1

E

(
u10 u20

)T ⎛⎝d1
d2
0

⎞
⎠(d∗

1 d∗
2 0
)

uj0 = 0. (5.7)

Using (5.5) we can rewrite the effective equations (5.7) as⎛
⎜⎝μ1l1κ2

x + 12κ2
y

λ−1
1 l1+λ−1

2 l2
− 12κxκy

λ−1
1 l1+λ−1

2 l2

− 12κxκy

λ−1
1 l1+λ−1

2 l2
μ2l2κ2

y + 12κ2
x

λ−1
1 l1+λ−1

2 l2

⎞
⎟⎠ vj0 = mc2

j vj0 (5.8)
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with, as expected (11), the total mass per unit cell

m = m0 + ρ1l1 + ρ2l2. (5.9)

The equation (5.8) with constant matrix has two solutions: effective speeds c2
j and corresponding

constant displacements vj0, j = 1, 2, which are eigenvalues and eigenvectors of the left matrix
divided by m.

5.1.3 Numerical example. We consider wave propagation in the x-direction (k̃y = 0) in which
case the solutions of (5.2) simplify as follows: (i) a quasi-longitudinal solution u0 = (1, 0, 0)T with
k̃x given explicitly in terms of ω from

cos k̃x = cos s̃1 +
(
λ2(K (2)

11 + K (2)
13 ) − 1

2
m0ω

2
) sin s̃1

μ̃1s̃1
. (5.10)

Note that this mode couples longitudinal effects in the x-direction with flexural effects in the y-
direction. (ii) a quasi-flexural solution u0 = (0, a, b)T with dispersion relation in the form of a
quadratic equation for cos k̃x

(
λ1(K (1)

11 + K (1)
13 cos k̃x) + μ̃2s̃2(cot s̃2 − csc s̃2) − 1

2
m0ω

2
)

×
(
λ1(K (1)

22 + K (1)
24 cos k̃x) + λ2(K (2)

22 + K (2)
24 ) − 1

2
I0ω

2
)

− (
λ1K (1)

14 sin k̃x
)2 = 0. (5.11)

Solutions of this dispersion relation couple the flexural wave in the x-direction with both the
longitudinal and flexural waves in the y-direction.

We consider a lattice with square unit cell of size L2, with all members the same and of thickness
t (and, therefore, radius of gyration κ = t/

√
12). The dimensions and properties used are given in

Table 1, which corresponds to an example considered in (8).
Results based on (5.2) are shown in Fig. 4 along with a comparison against results found using

FEM (COMSOL). The two types of wave solutions defined by (5.10) and (5.11) are distinguished
in Fig. 4. Based on the comparison with the FEM calculations in Fig. 4 it is evident that the present
theory provides an excellent match to the first six Floquet branches for waves propagating in the
x-direction.

Table 1 Parameters of the square lattice

E (GPa) ν ρV (kg/m3) L (mm) t (mm)

70 0.33 2.7 · 103 10 1
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(a) (b)

Fig. 4 Dispersion curves of the square lattice of Table 1 for ky = 0. (a) Labelling the six branches according
to increasing frequency at kxL = 1, the second and fourth (coloured blue in the online version) correspond to
quasi-longitudinal motion described by (5.10); the remaining branches correspond to the pair of quasi-transverse
solutions described by (5.11). (b) Dispersion curves calculated using FEM (COMSOL)

(a) (b)

Fig. 5 Hexagonal lattice. (a) The unit cell. (b) The irreducible Brillouin zone (14)

5.2 Hexagonal lattice

5.2.1 Quasi-static effective speeds for the hexagonal lattice. Consider the special case in which
the lattice is a regular hexagon with uniform properties μ, λ and l. It follows from (4.23) that

C2
eff = 3l

2m

[( 1

μ
+ l2

12λ

)−1
diag(1, 1) + μ

2
κκT

]
. (5.12)

The eigenvectors of the matrix C2
eff are then purely longitudinal and transverse, that is, parallel and

perpendicular to κ , with wave speeds cL and cT , respectively, where

c2
T = 3l

2m

( 1

μ
+ l2

12λ

)−1
, c2

L = c2
T + 3l

4m
μ. (5.13)

5.2.2 Numerical result. We consider an example for which all members have the same uniform
properties and are arranged in a regular hexagonal lattice. The numeric computations are based on
the properties in Table 2 and the path of the wave vector taken is along the perimeter of the Brillouin
zone shown in Fig. 5(b).

The dispersion curves in Fig. 6(a) were obtained from (2.9) using a combination of minimum value
threshold and minimum peak finding methods for the 6 × 6 determinant evaluated on a discretized
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Table 2 Hexagonal lattice parameters

E (GPa) ν ρV (kg/m3) l (mm) t (mm)

70 0.33 2.7 · 103 10 1

(a) (b)

Fig. 6 Dispersion curves of the regular hexagonal lattice with properties in Table 2. (a) The first six Floquet
branches for wave-vector along the perimeter of the Brillouin zone. (b) Dispersion curves calculated using FEM
(COMSOL). Note the almost non-dispersive one-wave behavior between 15 and 30 kHz

grid of wave vector and frequency. This provides a fast solution technique, which can be refined
by taking smaller grid steps. Figure 6 shows that the dispersion curves computed by the present
simplified theory agree well with those found using FEM. A close comparison shows some small
deviations from the FEM results (which can safely be considered as an accurate benchmark) but the
overall agreement is remarkable considering the simplicity of the present approach. The hexagonal
system displays a strong one-wave effect between approximately 15 and 30 kHz. In this range, the
dispersion is weak, as indicated by the almost straight line branches. Furthermore, the hexagonal
symmetry ensures isotropy in the long-wavelength limit, which is the original reason (15) for our
interest in this particular structure.

Note that the roots obtained in Fig. 6(a) were numerically checked using a symbolic algebra-
generated expression for the determinant of (2.9). Although significant speedup in computing time
was not observed, this was not the primary purpose and future work could use such very lengthy but
precise expressions to better computational advantage.

6. 3D Examples

6.1 Cubic lattice

6.1.1 Dispersion relations. Similar to the rectangular lattice, the equation of motion for the unit
cell of the cubic lattice, Figure 7, can be written as∑

j=1,2,3,4,5,6

(
P(1)

0j − P(2)
0j eik·gj

)
u0 = ω2M0u0, M0 = diag(m0, m0, m0, I0, I0, I0). (6.1)



[12:25 5/5/2017 hbx002.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 147 131–153

WAVE PROPAGATION IN 2D AND 3D LATTICES 147

Fig. 7 Cubic unit cell

We assume the members are of three types: 1, 2, 3 for the x-, y-, and z-directions, respectively,
with parameters denoted by ρj, K(j), etc. j = 1, 2, 3, then (6.1) becomes,⎛

⎜⎜⎜⎜⎜⎜⎜⎝

ζ1 0 0 0 iλ3K (3)
14 sin k̃z −iλ2K (2)

14 sin k̃y

0 ζ2 0 −iλ3K (3)
14 sin k̃z 0 iλ1K (1)

14 sin k̃x

0 0 ζ3 iλ2K (2)
14 sin k̃y −iλ1K (1)

14 sin k̃x 0
0 iλ3K (3)

14 sin k̃z −iλ2K (2)
14 sin k̃y ζ4 0 0

−iλ3K (3)
14 sin k̃z 0 iλ1K (1)

14 sin k̃x 0 ζ5 0
iλ2K (2)

14 sin k̃y −iλ1K (1)
14 sin k̃x 0 0 0 ζ6

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

2u0,

= ω2M0u0, (6.2)

where k = (kx, ky, kz), (k̃x, k̃y, k̃z) = (l1kx, l2ky, l3kz) and

ζ1 = λ2(K (2)
11 + K (2)

13 cos k̃y) + λ3(K (3)
11 + K (3)

13 cos k̃z) + μ̃1s̃1(cot s̃1 − csc s̃1 cos k̃x),

ζ2 = λ3(K (3)
11 + K (3)

13 cos k̃z) + λ1(K (1)
11 + K (1)

13 cos k̃x) + μ̃2s̃2(cot s̃2 − csc s̃2 cos k̃y),

ζ3 = λ1(K (1)
11 + K (1)

13 cos k̃x) + λ2(K (2)
11 + K (2)

13 cos k̃y) + μ̃3s̃3(cot s̃3 − csc s̃3 cos k̃z),

ζ4 = λ2(K (2)
22 + K (2)

24 cos k̃y) + λ3(K (3)
22 + K (3)

24 cos k̃z),

ζ5 = λ3(K (3)
22 + K (3)

24 cos k̃z) + λ1(K (1)
22 + K (1)

24 cos k̃x),

ζ6 = λ1(K (1)
22 + K (1)

24 cos k̃x) + λ2(K (2)
22 + K (2)

24 cos k̃y).

(6.3)

6.1.2 Quasi-static effective elastic moduli for the cubic lattice. Considering wave propagation in
the (100) and (110) directions of the lattice with pure cubic symmetry (l1 = l2 = l3 etc.) and taking
the low frequency limit, we obtain

C11 = EA/l2, C66 = 6EI/l4, C12 = 0, ρeff = (3ρAl + 3m0)/l3. (6.4)

The moduli are in agreement with known results, for example, (2), and the effective mass density
is, as expected, identical to the actual density. C12 = 0 indicates that Poisson’s ratio ν12 = 0 which
can be interpreted as applying a displacement in the (100) direction does not cause deformation in
the (010) direction.

6.1.3 Example: wave propagation in the x-direction. We consider wave propagation along one
axis of a lattice structure with uniform material and structural properties as given in Table 3 and
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Table 3 Cubic lattice parameters

E (GPa) ν ρV (kg/m3) l (mm) t (mm)

70 0.33 2.7 × 103 10 1

with members of square cross-section. Setting k̃y = k̃z = 0, we find that the first pure-longitudinal
solution u0 = (1, 0, 0, 0, 0, 0)T of (6.2), has wavenumber k̃x in terms of ω as

cos k̃x = cos s̃ +
(

2λ(K11 + K13) − 1

2
m0ω

2
) sin s̃

μ̃s̃
. (6.5)

The flexural solution u0 = (0, 1, l, 0, α, β)T reduces the 6 × 6 equation of motion matrix to a 4 × 4
one: ⎛

⎜⎜⎝
B − m0ω

2 0 0 D
0 B − m0ω

2 −D 0
0 D C − I0ω

2 0
−D 0 0 C − I0ω

2

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1
l
α

β

⎞
⎟⎟⎠ = 0, (6.6)

where
B = 2μ̃s̃(cot s̃ − csc s̃) + 2λ

(
2K11 + K13(cos k̃x + 1)

)
,

C = 2λ
(
2K22 + K24(cos k̃x + 1)

)
,

D = i2λK14 sin k̃x.

(6.7)

Then calculate the determinant to obtain the flexural dispersion relation(
λ
(
2K11 + K13(cos k̃x + 1)

)+ μ̃s̃(cot s̃ − csc s̃) − 1

2
m0ω

2
)

×
(
λ
(
2K22 + K24(cos k̃x + 1)

)− 1

2
I0ω

2
)

− (
λK14 sin k̃x

)2 = 0.

(6.8)

In addition to the propagating wave branches the model also displays pure resonances. These are
modes that are independent of kx and hence non-propagating, that is, with zero group velocity.
They correspond to the generalized displacement u0 = (0, 0, 0, 1, 0, 0)T which represents flexural
resonances (deflection in x-direction) of the beams oriented in the y- and z-directions. The mode is
a solution of (6.2) at resonance frequencies that satisfy

2λ
(
K22 + K24

)− ω2I0 = 0. (6.9)

In the case considered with I0 = 0, (6.9) reduces to(
sin

γ l

2
cosh

γ l

2
+ cos

γ l

2
sinh

γ l

2

)
sin

γ l

2
= 0, (6.10)

where γ is the flexural wavenumber of Euler beam theory. The first two lowest solutions of (6.10)
are γ l = 1.5000π and 2π .
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(a) (b)

Fig. 8 Dispersion curves of the cubic lattice of Table 3. (a) The two almost horizontal branches are flexural
resonances of the beams oriented in the y- and z-directions, see (6.10). Labelling the other six branches according
to increasing frequency at kxL = 1, the second and fourth (coloured green in the online version) correspond
to quasi-longitudinal motion described by (6.5); the remaining branches correspond to the quasi-transverse
solutions described by (6.8). (b) Dispersion curves calculated using FEM (COMSOL)

Table 4 Tetrahedral lattice parameters

E (GPa) ν ρV (kg/m3) l (mm) t (mm)

70 0.33 2.7 × 103 10 0.5

The dispersion curves for the cubic lattice are shown in Fig. 8. The analytic results for the
propagating wave branches (6.5) and (6.8) match with the FEM simulation. The first two resonance
frequencies of (6.10) are at 51.949 and 92.354 kHz, and are shown as flat branches in Fig. 8(a). The
first/lowest solution corresponds to the flat branch in Fig. 8(b). The branch in Fig. 8(b) corresponding
to the 92.354 kHz resonance shows slight variation with wavenumber, but is well approximated by
the flat branch in Fig. 8(a). We can conclude from the comparison in Fig. 8 that the analytical model
predicts the first eight branches to a remarkable degree of approximation.

6.2 Tetrahedral lattice

6.2.1 Numerical result. We consider an example for which all members are rods of radius t and
have the same uniform properties and are arranged in a regular tetrahedral lattice. The numerical
computations are based on the properties in Table 4 and the path of the wave vector taken is along

 − L of the Brillouin zone shown in Fig. 9(b).

The dispersion curves in Fig. 10(a) were obtained by finding the smallest eigenvalue of a positive
definite matrix, and plotting the corresponding wavenumber and frequency of the discretized grid
where the smallest eigenvalue is smaller than ε (a small value). Figure 10 shows that the dispersion
curves computed by the present simplified theory agree well with those found using FEM. As with
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(a) (b)

Fig. 9 Tetrahedral lattice. (a) The unit cell. (b) The irreducible Brillouin zone (16)

(a) (b)

Fig. 10 Dispersion curves of the regular tetrahedral lattice with properties in Table 4. (a) The first seven
Floquet branches for wave-vector along the perimeter of the Brillouin zone. (b) Dispersion curves calculated
using FEM (COMSOL). Note the clear one-wave behavior between about 5 and 20 kHz

the 2D hexagonal structure, the tetrahedral lattice displays a broad frequency range with one-wave
behavior: 5–20 kHz. The wave is almost non-dispersive, and isotropic in the long-wavelength regime
on account of the symmetry of the lattice.

7. Conclusions

Dynamic modeling of 2D and 3D lattices can be accurately modeled using a low-order model
with minimal degrees of freedom described by thin beam members. The dispersion relations
for rectangular and cubic lattices have been derived analytically by imposing the Bloch–Floquet
periodicity condition, yielding an Hermitian eigenvalue problem for the unknown frequencies.
Numerical methods were used to compute the band-diagrams for hexagonal and tetrahedral lattices.
The semi-analytical approach allowed us to extract the low-frequency asymptotics. In particular, the
closed-form explicit expressions for the Christoffel matrix in the quasistatic regime for rectangular,
hexagonal and cubic lattices were presented. Numerical comparisons of wave dispersion diagrams
with FEM simulations indicate that the beam model provides good accuracy for lower modes. The
semi-analytical nature of the present model makes it the natural extension of purely static methods
for periodic lattice structures, for example, (2). It accurately predicts the one-wave behavior in the
hexagonal and tetrahedral lattices.These particular structures are distinct in that they provide effective
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in the long-wavelength limit, and hence quasi-acoustic wave effects in the one-wave regions. By
breaking the symmetry one can extend the scalar one-wave effect to display anisotropy, an important
subject for future investigation with the semi-analytic model. In summary, our beam model provides
a novel and fast approach to calculate the band-diagrams for 2D and 3D lattices. This semi-analytical
method may prove useful in designing phononic crystals and pentamode structures.
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