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Abstract

New exact representations are presented for arbitrary compact source regions using distributions of sources in complex
space. The equivalent sources are located on the complex “sphere” r = ia, with a weighting uniquely defined by the given
far-field data. Each complex point source acts like a Gaussian beam with a well-defined directionality. This offers an exact
wave-field representation suitable for arbitrary radiating fields, and optimal if the source is highly directional. In the limit of
large ka the far-field pattern function is proportional to the associated weighting function for the complex sources. The theory
is developed for both 2D and 3D, and numerical examples are presented for a 3D end-fire array.

1. Introduction

Gaussian beams are popular approximate solutions to the wave equation, as exemplified by the diverse use of
the Gaussian beams summation technique in different fields, e.g., [1-4], and see [5,6] for reviews. The Gabor
representation of data on a line or a plane [7,8] uses Gaussian functions as the basis set, and is an example of a
windowed Fourier transform. However, the Gabor basis functions can only be propagated as approximate solutions
of the wave equation. Complex point sources, which are closely related to Gaussian beams [9—12], have the useful
property that they are exact wave fields. They have been used advantageously in modeling complex scattering
phenomena that involve Gaussian beam incidence, e.g., [13,14].

Despite their obvious choice for modeling the very useful but simple case of a single Gaussian beam, complex
point sources have not been widely used to represent other, directional wave fields. Recently, there has been some
work in the direction [15-19]. For example, Boag and Mittra [15] develop new beam-like solutions to the vector-
wave equation. However, these papers [15-19] do not provide a complete set of basis functions and one cannot
expand a general field in terms of these beam-like solutions. The fundamental problem is the lack of an exact theory
for representing arbitrary source distributions in terms of complex point sources. A suitable representation should
be compact in space, like the source field it models, which rules out Gabor-type arrays of infinite extent [7,8]. In
an earlier paper [20], one of the authors showed that the simple point source in free space can be replaced by a
distribution of complex point sources on a sphere in complex space. In this paper we explore an extension of that
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approach, to find a way to replace a given but arbitrary radiating wave field by a distribution of complex point
sources on a sphere.

Our purpose therefore is to derive new and exact representations for exterior fields in terms of complex point
sources. We begin in Section 2 with a review of the standard representations using spherical and circular harmonic
functions. The new complex source representation is given in Section 3 in terms of an unknown weighting function
w which must be determined by solving an integral equation of the first kind. The exact solution of the integral
equation is developed in Sections 4 and 5 for 3D and 2D problems, respectively. A numerical example is presented
in Sections 6, where we assess the utility of a simple asymptotic solution to the 3D integral equation.

2. Introductory equations
2.1. Pattern function

We consider solutions to the Helmholtz equation regular outside of a source region in R? or R3, bounded by the
surface S with exterior domain V. Thus,

V2f(x) +k>f(x)=0 forxinV, (1)
and assuming the time dependence e ~'**, the wave function f (x) also satisfies'the radiation condition

3

U _ikf=ou/m, roo, ®
where r = |x| = (x-x)/2. We note for later use that the branch of the square root is defined such that R.(-) 172 > 0.
The standard procedure is to represent the exterior field in terms of a set of solutions to the Helmholtz equation in

separable coordinates. The spherical and circular representations are

o0 n

> Pk Y FymYam(9,4), in 3D, (3a)
f@=1"3 m==r

Y H(kr)Fre™, in 2D, (3b)

n=_o0

where the spherical harmonics are

2 1 —m)! .
Yuin(0, ) = \/ ( ”4: ) E: - :3, P (cos 0)e™?, @)

The representation formulae in (3) are complete, and are, in principle, perfectly adequate for source fields measured
on the surface of a sphere or circle. However, they are not particularly ‘well suited to directional sources, with a
main lobe in a specific direction. Many transducers are explicitly designed to have this property, which is at odds
with the representation in terms of “global” angular functions, as in eq. (3). Transducer fields aré sometimes well
modeled by single or multiple Gaussian-beams [21], which suggests that the optimal representatlon would be in
terms of beam-like solutions, rather than spherical harmonic functions.

The wave function f(x) in the exterior region is completely specified by the far-field pattern function ¥ defined
by

f@x) =gx 0OF®), kr— oo, (5)
where £ = x/|x|, and g(x, y) is the free space Green’s function,

Vig+kig = —8(x —y), (6)
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or explicitly,
i ikbe—y]
2O fx —y) = —————, in 3D,
gle,y) = ‘i‘” 4 jx —y| 7
~HY (ke —y)), in 2D.

4

The pattern function follows from the standard representations in (3) as

o n
Z Z FumYnm(9,¢), in3D,

F(#)=1"3""" ®)
Z F,e"? in 2D,
nA=—00
where
Fom = k™ Yam (=) Fp, F, = 4(—=)"T1F,. (9a,b)

2.2. Complex point sources

A complex point source is the analytic extension of a Green’s function into complex space. Let the source point
by ¥y = iav where a is real and positive, and v is a real unit vector. Define the related wave function which is
weighted so that it behaves like a Gaussian beam in a particular direction,

G(x,av) = e “g(x, iav). (10)
The far-field form of G is then simply

Gx,av) = g(x, 0)e @02V = 4p 5 0, a1
With £ - v = cos 0, the pattern function of (10) is

F(#) = exp | — 2ka sin® 160}, (12)

which has a definite lobe in the forward (8 = 0) direction.

The connection between complex point sources and Gaussian beams follows from the near-axis approximation
of the complex length |x —igv|.Letz = x-vand p = (r2 — 7512, then for |z — ia| > p, or equivalently
2+a*> p?,

02

—iav|=—z—-ia+ —mM +--- 13

lx — iaw| z—ia G i) (13)

The Gaussian beam approximation then follows from the further assumption that ka > 1, so that Eqgs. (7), (10),
and (13) imply to leading order that

1
» =  in3D,
G(x, av) ~ exp [ik (Z + L—):I % 7 —i;r/lftl) (14)
2(z ~ia) & 2D
J8rk(z —ia)’

Note that

exp | ik z+——'02—> = exp —_—I—ci exp | ikz 1+—p2— (15)
2(z — ia) 2(z% +a?) 2z2+a? /]’
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and hence the beam width is minimal at z = 0. The complex point source is thus closely related to a Gaussian beam,
and for this reason we will refer to the fundamental “complex based Gaussian beam” of Eq. (10) as a CBGB.

3. Beam representation formula

Consider a solution of the Helmholtz equation which is regular outside a sphere of radius b. If b > a then it is
reasonable to expect that the wave function f can be represented by a distribution of complex point sources placed
within the real sphere r = a. In particular, we imagine a distribution of CBGBs on the complex sphere x = iav
where now v is any unit vector on the unit ball. Thus, we consider the ansatz

f@ = f Gx, av)w, ka) d2(w) (16)
[vi=1
for some as yet undetermined function w. The far-field pattern for f may be obtained easily using Egs. (11) and

(16). The function f is regular outside r = b > a and is therefore completely specified by its far-field pattern.
Hence, by comparison with (5), it is clear that the weighting function w must satisfy the integral equation

¢RIV 0 ke AR (v) = F®) forall |#] = 1. 7
[P]|=1

The problem, then, is to find the weighting function w which solves this identity. The 3D and 2D cases are considered
separately below.

Norris [20] showed that a point source at the origin, i.e., g(x, 0), can be represented by an isotropic distribution
of point sources on a complex sphere. This is equivalent to the general representation of Eq. (17) for the particular
case of F = 1. Referring to [20], we see that w =constant in this case, with the explicit results (from [20, Eqgs. (4)
and (6)],

eka (ka)l/Zeka 3D
= mn
. . 3 2 2 K
f@ =50 & w=| iofike) - Qr)yEhka) (18)
in 2D.

2ndolika)  2mlotka)’

Note that these weighting functions are purely real.
4. Applications in 3D
4.1. General solution of the integral equation

The direction £ is defined by the spherical polar angles 6 and ¢, and the pattern function F (6, ¢) is given in
Eq. (8). Let the angles 6" and ¢’ define the direction v, and express the CBGB weighting function as

w@®, )= D wam¥Yam(®@', ). (19)

n=0m=-n

The integral equation (17) for w becomes

o0 n o0 n
2 D Fan¥an @ $)=¢73 0 3 wunm f ke CDVE Dy, 0, ¢y A0, ¢, (20)
n=0m=—n n=0m=-—n dor

which must be satisfied forall0 <8 <7 and 0 < ¢ < 27.
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Using the identity [22, Eq. (11.3.46)]

o0 n
HFCAVED) = 4 N i jukr) Y Yam(©, )Yy (0, 9, @1
n=0

m=-—n

and the fact that spherical harmonics are, by definition, orthonormal with respect to integration over the angles, we
get

f HHONVEIY, 0, ¢) AR, ¢') = 4ri" ju(kr) Yum 0, $). (22)
4

Eqgs. (20) and (22), together with the symmetry property j,(—z)-= (—1)" j,(z), imply that
jreka (ka)/2eke

" dzjalika) "™ T @a) Pl p20ka)

It is worth noting that the ratios wy,, / Fy,, are purely real.
The general expression for the weighting function follows from Egs. (19) and (23) as

Fam. (23)

Wynm

w(®, ¢) =

(ka)!/2eke & 1 n

FunYum 6,
Q)32 2 lyyipo(ka) m;n wnYum ©, 9)
_ (ka)!/%eke & Z Yum(6, )

= F©, )Y, 0, ¢)dR©@, ¢). 24
(2n)3/2 ==, In+1/2(ka)4 @, 9) ©,9) @, ¢ (24)

T

Inserting this result into the beam formula (16) and comparing with the spherical harmonics expansion (3) shows
that the multipole functions hf,l) (kr)Y,, (8, ¢) can be expressed in terms of complex sources as

ka
hﬁl)(kr)Ynm(9,¢)=§cji(i7<—a—) f Yum (0", )G (x, av) d2(v). (25)
v|=1

This generalizes the results of Norris [20] for a monopole source (n = 0) to arbitrary n. Note that it is quite distinct
from the well-known concept of a multipole in complex space [15,23,24]. Here we are representing a multipole in
real space by a distribution of monopoles in complex space.

4.2. Data on a scan sphere

Let f,,,(r) be the expansion coefficients for the wave function on the sphere r = constant,

F.0,0) =" 3" fum()¥am(®, $)- (26)

n=0m=-—n
Consider the reference value r = b, then
2, hDkry &
f@ =3 fun®)Yum(®,9), r=b, @7)
(1
n=0 hn (kb) m=—n
and the far-field pattern follows from the asymptotic behavior of the spherical Hankel functions for large argument.
The coefficients Fy,,, follow from Egs. (3a), (9a) and (27), while (23) yields
<2ka )1/2 (=) 1k fum ()
Wam =\ ——

D , (28)
T Lyv1/2(ka)hy,” (kb)
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and hence

2ka 1/2\ (_i)n-l—leka n
0.¢) =\ — nm(D)Ynm (0, P)., <b. 29)
v ( m );J L1 2(ka)hs) (kb) m;nf @ ».a

Using the asymptotic forms of the Bessel functions for large order it is found that the coefficients of (28) satisfy

|Wym| ~ constant - (b/a)Y'n| f,m(b)| asn — cc. 30)

Thus, the expansion for the weight function w(8, ¢) converges slower than the expansion for the field on the sphere
r = b, Eq. (26). Also, the fastest convergence of the expansion for w is obtained by choosing @ = b. The same
statement is true for the 2D case.

For example, if the surface data is a delta function,

560 — 0
10,00 ="C =056 40y =3~ 3" V0. 0¥ 60,0, 6D

n=0m=-n

then

n+1 ka %
w9y =3 VTV Sy v o, o). (32)

=0 12 (k)P (k) =2
4.3. Approximate form of w for large ka

We consider the solution to the integral equation (17) for w in the asymptotic limit of A >> 1, where A = ka.
Let (61, ¢1) be spherical polar coordinates about the observation direction £, so that £ - v = cos6, d2(») =
sin 61 d01 d¢1, and the integral equation becomes

14

J
F@®) = / dey f sin 01 doje ¥ @100, 9, p1). (33)
0

0
Let 8; = A~ 1/2y, implying the asymptotic expansions

ka(l—cos6y) e V2 VRS W O AR RV
e MW sin 6 4oy = — d"’[‘”“L (T"H)+ﬁ(2(4!)2——+5v N R

For simplicity we assume that the field and hence w and F are axially symmetric, and depend only on the spherical
polar angle 6 between £ and the axial direction Z. Thatis, F (£) = F (). Therefore w = w(0’) in the integral equation
(33), where 6’ depends upon the given values of 6 and the integration parameters 6; and ¢; according to

cos 8’ = cos @ cosf; — sin @ sin Oy cos ¢y. (35)

This may be solved in the neighborhood of 6 by assuming an expansion for 8’ — 6 in ascending powers of 8; and
using ) = A~!/24, resulting in the asymptotic expansion

9 = 9+~¢_ oS ¢ —|—£2—c 6 sin’ ¢ v (1+3cot?6) 0s ¢ sin® ¢
T TR C LT g TS T R cReLEen
4
+ 4‘32 cot 8 sin? ¢; [cos? d1(9+15¢cot?0) — 1 —3cot’ 0] + - (36)

which implies that
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1 2
7 / w(@') do; = w®) + K~(w”(t9) + cot 6w’ (8))

¢4

+ oz W) +2cot 0w ) — 4+ cot? 9)w” ()

+ cot8(3 + cot’ @)w'(9)] +

(37)
Combining (33), (34), and (37), the infegral equation (17) becomes
mh /2 3 5 3
Fo) =2 [ ey {ww(e>+ ["’ (w"(0) + w'(9) cot0) + (% - ‘”—) (e)]
0
1 ws mnn " w//(e)
+ [a[w (6) +2cot 0w O)] + [¢7 — (6 + 3 cot? e
¢’ ¢ , vyl P
+ [% —(cot g — 1)] cotBw' (6) + (2(4!)2 — 50 + 57 w@) | +---}. (38)

The upper limit of integration can be replaced by oo with no change in the asymptotic expansion, but simplifying
the integrals, to give

)\' ]' /4 /
= F(6) = w(6) + 5-(w'(6) + cot 6w/ ©))
+ &[w””(e) + 2 cot ow™ () — cot? w” () + (3 + cot* 8) cotbw’ (8)] + O (;—2) . (39)

We assume the asymptotic expansion

A 1 1
w= (w0+ wi + — w2+0(r3)) (40)

then substitute this into (39) and equate the terms of order A, 19 and 171, etc. This gives a sequence of equations:

wp = F, 1)
w) = — 4 (wf + cot Hwyp), (42)
wy=—% s(wp” +2cotOwy — cot? Bwy + (3 — cot? 6) cot wp)] — (w + cotbw)), 43)

which may be solved recursively. Finally, we obtain the asymptotic expansion of the solution to the integral equation
as

w0, ka) = ;—;F(G) — 4—1;(F”(9) + cotO F'(6))

1
+Teta [F"™(@) +2cotOF" (6) — (3 4+ 2cot? ) F"(9) + (3cot? 6 — 1) cot O F ()]

]
+0 ((ka)z) @
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The far-field pattern function F also depends upon k, but not a. Therefore, the asymptotic expansion (44) may or
may not be valid for large frequencies, depending how the derivatives of F behave in that limit. However, Eq. (44)
is asymptotically correct for large a and fixed k.

5. Applications in 2D
5.1. General solution for w

Let 8 be the polar angle defining £ such that the far-field pattern F (@) can be represented as the Fourier series in
(8). The integral equation (17) is now

2

00 00

Z Fnein() — Z wm/e—ka(l—cos(w—ﬁ))eimw d‘/’a (45)
0

n=—00 m=—ox

where the unknown distribution function is

o0
w(@) = Z wye . 46)
n=—00
A simple change of variables and the orthogonality of the functions e”?, combined with the identity,
2
/ elnétkacos® 4o — 2p (—i)" J,(ika) = 27 I, (ka), (47
0

implies that

eka F,

= ST (48)

Wn

Note that the ratio w, /F; is purely real.
The general expression for the weighting function is therefore
27
ka 0 iné ka 0 inf
¢ F,e ¢ ¢ gl
0) = —— n F@ —in@ del’ 49
wl) = 5 nZ I.(ka) _ 42 n;m ntay ) O @)
0

=—00

and the two-dimensional CBGB representation for the radiated field is
27

ele & F ~
— n inyr
o =~ an_oo T.Gia) G, av(y))e™” dy. (50)
0

A complex source representation for the 2D multipole H,gl) (kr)ei"e follows from Egs. (3), (9) and (50) as

4ek" ZHG iny d '&1))
= [ G avne ay.
0

HD (ke = —

Again, this is the generalized version of Norris’ [20] 2D monopole representation.
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5.2. Example 1: Data on a circle

Let f = f(r,0), and let f,(r) be its Fourier coefficients:
o0
fr0)= Y £ & folr)= FHO (kr) (52)
n=—00

forallr > ryource Where rsource is the radius of the smallest circle enclosing all the sources. Suppose that the radiating
wave function f(x) is defined by its value on r = b, then

(1)
H, "’ (kr
f@= 3 fuwyn o Jeino >, (53)
n=—c0 (kb)
and the far-field pattern follows from the asymptotic behavior of the Hankel functions for large argument, i.e.,
4( 1)n+1
0 —a /D), 4
(kb)

and consequently

%e_lf i (__i)rH—leintn(b)

) : (35)
T p="« Intka)H, (kb)

w(@) =

For instance, consider a delta function on the circle, f(b, 8) = §(6 —6p), for which the CBGB weighting function
is

e ka -)n-i—l in(0—6p)
w(f) = =) ———ﬁ)——— (56)

n=—oo Inlka)H,"  (kb)

5.3. Example 2: Gaussian data on a line

Consider initial data on the line x - v = 0 like a Gaussian function centered at the origin:
3
f@) = Ae™Fr/% % —ikAe ™% onx.p=0, (57)
n

where A = i/+/87ka and v is a fixed real unit vector. The source in this case is not confined to a finite source
region. Furthermore, it is not possible to arbitrarily prescribe both f and df/dn, as in (57), and to simultaneously
satisfy the wave equation. The correct procedure calls for one of these to be given, and the other follows from the
Helmbholtz integral equation

dg@x,y) f o) .
(x =/{ )] g(x, )———} dS(y) forxinV, (58)
f ) Sf(v on0y) 3 5 o
where n is directed into V. The far-field of f follows from Eq. (58) and the far-field expansion of Green’s function:

glx,y) = gx, 0)e*Y,  kr - . (59)

Thus, from Egs. (5), (58), and (59),

af o)

F(fc):—/{lkx nf(y)+a )

S

} Y dS(y). (60)
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Substituting (57) into Eq. (60) yields
F(#) = cos? %Qe—(l/Z)ka sin® 9 .

where cos = £ - w. The pattern function (61) is very similar to that of a complex point source, see Eq. (12).
As an example, consider the Gaussian of equation (57) with far-field pattern given by Eq. (61). Using the identity
(47), it can be shown that

—ka/4

L a(ka/d), n even,

e—ka/4
Hn-1y2tka/®) + I pka/4)],  nodd.

and the weighting function follows from Eqs. (46) and (48). Using Eq. (49), we obtain

w(®) = eSka/4 Z I,,/z(ka/4)ein9+e3k“/4 Z I 1y/2(ka/4) N Ly 1y2(ka/4) cinf
4 I, (ka) 87 2 odd I, (ka) I, (ka)

This is the weighting function required to produce an exact radiated field correspondig to the “data” of Eq. (57).
We would expect that it closely approximates a delta function in the limit of large ka. Letting ka — oo and using
the asymptotic formulae for the modified Bessel functions, we find that w,, — 1/27 and hence w(9) — §(8).

(63)

n €ven

5.4. Approximate form of w for large ka

Eq. (17) becomes in 2D,
s
F(a) — /e—ka(l—cosﬁ’)w(e . 61, k(,l) d@l (64)
—I

We again consider this integral equation for w in the asymptotic limit of A >> 1, where A = ka. Let ¢’ = A~ V2y,
so that we have the asymptotic expansions

4 6 8
—ka(1—cos0') __ ,—2/2 LARE A8 v -3
© =° <1 T T 26l T TO% )) ’ (6)
/ 1// Wz // 1//3 " ‘/f4 nr —
w(® ~0) =w®) — 75w O) + 5w O) = 5w O) + S O) + 00T, (66)
Substituting these into (64) yields
i /2 2 4
F6) = ﬁ f dyre¥*/2 [w(e) + = (w w” (6) + 11[——11)(0))
—aAl/2
')”4 " 1#6 " 5 w(f) -3
+—(? ()+2—(4—')w ©) + (3v® — vO)—— )+0(A ) (67

where we have simplified by using the fact that the integrals of odd powers of ¥ vanish. The remaining integrals
can be expressed in terms of error functions, and then expanded asymptotically in A. The net result is that we may
replace the limits of integration in (67) by -too because the additional asymptotic terms are exponentially small,
and so obtain
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A1/2

1/1 , 1
GO =w®+ <§w ((9)+§w(0))

+ 2L (1 ")+ ) + (e>) +007), 63
32 16" 128" ( (68)

Now assume the asymptotic expansion

ALz 1 1 3
- o (wo + Sw1+ 23wp + OG™ )) (69)
By substituting this into (68) and equating the terms of order A1/2, 1~1/2 and A~3/2 sequentially, yields
wo = F, (70)
wy = —%wg — %wo, 71
_ 1 1, 1 S5 ... 9
wy = —jw| — guwr — gug” — fgug — zwo, 72)

which may be solved iteratively. Finally, we obtain the asymptotic expansion

/k 1 1
w(®, ka) = o {F(@) - % (F”(e) + 21—F(9))

1 " " 7 1
+8(ka)2 (F ) — F (9)——F(6))} (__(ka)S/Z)' (73)

The weighting function w for large ka is again simply proportional to the far-field pattern.

6. Numerical example in 3D

The 3D beam-representation (16) will now be verified numerically by computing the far-field pattern of a collection
of 11 point sources. Moreover, we shall investigate the accuracy of the asymptotic approximation to the weighting
function.

The point sources are located on the z-axis atx; = (-4 +qAz)Z whereq = 0. 1,2, ..., 10, A is the wavelength,
and Az = %A. The phase change of —kAz between adjacent point sources just offsets the propagation-phase
advance from point source to point source when the radiation is computed in the negative z direction. An array of
this type is called an end-fire array and has one main beam directed in the negative z direction. The field from this
collection of point sources is given by

10
F@ =" glx, xp)d*4, < (74)

9=0

where g(x, x;) is the free-space Green’s function (7). The corresponding far-field pattern is thus a function of 8
only:

10 (At AZ) 0 —iokA 1— e—illkAz(l+cosG) o P

D) — ~ik(—A+gAz)cost ,—igkAz __ kA cos

£, ) = Z(:)e € - 1 — e—ikAz(l+cos8) € : (75)
q:
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-
N

-t
(-}

FAR-FIELD PATTERN

o 30 80 5'6"(;'120 750 180

Fig. 1. The magnitude |F(6)| of the far-field pattern of the array containing 11 point sources with ka = 10. The exact result of (75)
and the beam formula of (77) are indistinguishable and are shown by the solid curve ( ). The dashed curve (- - - - ~ - - ) shows the
result of the beam formula (77) with the single term asymptotic approximation to w from (44). The result of using a two-term asymptotic
expansion is given by the dash—dot curve (———- ).

To compute the ¢-independent weighting function w(#, -), we shall use the formula (29) involving the field on
the scan sphere r = b. We have f},,,(b) = 0 form # 0 and

b4

fao(b) =27 / F(b(sin 6% + cos02))Y}, (0, -) sin 6 d6. (76)
0

The number of terms needed to accurately compute the weighting function in the summation (29} is determined by
the formula N = [krs] 4 n| where r; is the radius of the source region and n; is a small integer [25, p.17]. In the
present case rs = A and thus N = 12 is sufficiently large. One can then use the formulae of Hansen [26, Section 4.1]
to compute f,q(b) forn =0,1,2, ..., 12 from the values of the ficld (74) on the scan sphere r = b at the angles
8 =nAf withn=0,1,2,...,12,and A8 = 27/25.

In the following numerical calculations we choose the radius of the scan sphere equal to the radius of the sphere
that encloses the complex point sources in the beam expansion, that is b == a. In this case the far-field pattern is ¢
independent and it is found from (17) that

k14
F@,) =2n / g kall—cosfcos8) g yfo(ka sin @ sin@') sin 6’ d6’, amn
0

where we have used the integral representation (47) for the modified cylindrical Bessel function.

Now to the numerical results. Figs. 1 and 2 compare the exact far-field pattern with three alternative descriptions:
(i) the beam formula (77) based on the complex source weighting function determined from (76); (ii) the beam
formula using the first term of the asymptotic expansion (44) for w; and (iii) the same but using the first two terms
in the asymptotic expansion. The resuit (i) obtained from the beam formula (77) is seen to coincide with the exact
far-field pattern; whereas the simple asymptotic result (ii) does not agree well with the exact far-field pattern for
ka = 10. The agreement improves for ka = 40, but in either case, the two-term approximation (iii) to w is far
better.

In order to see which Gaussian beams contribute to the far field, Figs. 3 and 4 show the integrand of (77) for three
values of 6. Fig. 3 for ka = 10 shows that the integrand is not well localized around the particular values of §, and
hence the simple, one-term approximation to w cannot be expected to work well. In contrast, at ka = 40 Fig. 4
indicates that the integrand is now quite well localized around the particular value of 6. It is interesting to note that
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Fig. 3. The integrand of the ¢-independent beam integral with ka = 10 for: (a) 8 = 0°; (b) 8 = 90°; (c) 6 = 180°.

even though the integrand is not well localized for ka = 10, see Fig. 3, the two-term asymptotic expansion captures
some of the non-local behavior.

7. Conclusion

Complex point sources serve as useful building bricks for modeling radiating wave fields. Although they are
closely related to Gaussian beams, and can reproduce the radiation pattern of a Gaussian transducer very well, the
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Fig. 4. The same as Fig. 3 but for ka = 40.

present results show that they are not restricted to these types of radiation patterns. We have shown that an arbitrary
radiation pattern from a compact region can be replicated exactly by a compact distribution of complex point sources.
The main results are the formulae for the weighting function w in terms of the radiated field on a sphere or circle
in real space, for example, Eqgs. (29) and (55) for 3D and 2D, respectively. The weighting function also depends
upon the arbitrary value for the distance a representing the complex source radius, which could possibly be used
to advantage. Thus, the asymptotic expansions for w in Eqs. (44) and (73) offer explicit, local expressions for
the source density in terms of the far-field pattern function. In closing, we believe the present results, exact and
asymptotic alike, offer a completely new approach to wave-field modeling. Applications to scattering, as well as

extensions of the theory to the time domain [27,28] will be examined elsewhere.
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