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Abstract 

New exact representations are presented for arbitrary compact source regions using distributions of sources in complex 
space. The equivalent sources are located on the complex “sphere” r = ia, with a weighting uniquely defined by the given 
far-field data. Each complex point source acts like a Gaussian beam with a well-defined directionality. This offers an exact 
wave-field representation suitable for arbitrary radiating fields, and optimal if the source is highly directional. In the limit of 
large ka the far-field pattern function is proportional to the associated weighting function for the complex sources. The theory 
is developed for both 2D and 3D, z&d numerical examples are presented for a 3D end-fire array. 

1. Introduction 

Gaussian beams are popular approximate solutions to the wave equation, as exemplified by the diverse use of 
the Gaussian beams summation technique in different fields, e.g., [l-4], and see [5,6] for reviews. The Gabor 
representation of data on a line or a plane [7,8] uses Gaussian functions as the basis set, and is an example of a 
windowed Fourier transform. However, the Gabor basis functions can only be propagated as approximate solutions 
of the wave equation. Complex point sources, which are closely related to Gaussian beams [9-121, have the useful 
property that they are exact wave fields. They have been used advantageously in modeling complex scattering 
phenomena that involve Gaussian beam incidence, e.g., [ 13,141. 

Despite their obvious choice for modeling the very useful but simple case of a single Gaussian beam, complex 
point sources have not been widely used to represent other, directional wave fields. Recently, there has been some 
work in the direction [ 15-191. For example, Boag and Mittra [ 151 develop new beam-like solutions to the vector- 
wave equation. However, these papers [15-191 do not provide a complete set of basis functions and one cannot 
expand a general field in terms of these beam-like solutions. The fundamental problem is the lack of an exact theory 
for representing arbitrary source distributions in terms of complex point sources. A suitable representation should 
be compact in space, like the source field it models, which rules out Gabor-type arrays of infinite extent [7,8]. In 
an earlier paper [20], one of the authors showed that the simple point source in free space can be replaced by a 
distribution of complex point sources on a sphere in complex space. In this paper we explore an extension of that 
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approach, to’ find a way to replace a given but arbitrary radiating wave field by a distribution of complex point 

sources on a sphere. 
Our purpose therefore is to derive new and exact representations for exterior fields in terms of complex point 

sources. We begin in Section 2 with a review of the standard representations using spherical and circular harmonic 
functions. The new complex source representation is given in Section 3 in terms of an unknown weighting function 
w which must be determined by solving an integral equation of the first kind. The exact solution of the integral 
equation is developed in Sections 4 and 5 for 3D and 2D problems, respectively. A numerical example is presented 
in Sections 6, where we assess the utility of a simple asymptotic solution to the 3D integral equation. 

2. Introductory equations 

2.1. Pattern function 

We consider solutions to the Helmholtz equation regular outside of a source region in R2 or R3, bounded by the 
surface S with exterior domain V. Thus, 

V2f(x) + k2f(X) = 0 forx in V, (1) 

and assuming the time dependence ePiUt, the wave function f(x) also satisfiesthe radiation condition 

a”f 
ay - ikf = O(f/r), r + 00, (2) 

where r = 1x1 = (x ,x) ‘12. We note for later use that the branch of the square root is defined such that R,(.)‘/2 1 0. 
The standard procedure is to represent the exterior field in terms of a set of solutions to the Helmholtz equation in 
separable coordinates. The spherical and circular representations are 

in 3D, 
IX=--n 

in 2D, 

where the spherical harmonics are 

Ynkzi,Q, #I = J (2n+l)(n-m)! 
~ 

4n (n +m)! 
P,” (cos B)eimQ’. 

(W 

WI 

The representation formulae in (3) are complete, and are, in principle, perfectly adequate for source fields measured 
on the surface of a sphere or circle. However, they are not particularly ,well suited to directional sources, with a 
main lobe in a specific direction. Many transducers are explicitly designed to have this property, which is at odds 
with the representation in terms of “global” angular functions, as in kq. (3). Transducer fields are sometimes well 
modeled by single or -multiple Gaussian, beams [21]‘, which suggests, that the optimal representation would be in 
terms of beam-like solutions, rather than spherical harmonic functions. 

The wave function f(x) in the exterior region is completely specified by the far-field pattern function F defined 

by 

f(x) = g(qOO)FC$), kr.+~ 03, (5) 

where R = x/ 1x1, and g(x, y) is the free space Green’s function, 

v2g + k2g = -6(x -y), (6) 
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or explicitly, 

ik (1) 
zho @lx -YI) = 

eifW-YI 

4nIn -yI’ 
in 3D, 

&,Y) = 
i (1) 
zHD (klx -rl)> in 2D. 

The pattern function follows from the standard representations in (3) as 

FnmYnm@, 41, in 3D, 
F(2) = 

in 2D, 

129 

(7) 

(8) 

where 

Fnm = k-‘4x(-i)“+‘li;,,, Fn = 4(-i)“+‘F,. (9a,b) 

2.2. Complex point sources 

A complex point source is the analytic extension of a Green’s function into complex space. Let the source point 
by y = iav where a is real and positive, and v is a real unit vector. Define the related wave function which is 
weighted so that it behaves like a Gaussian beam in a particular direction, 

G(x, au) = e@g(x, iav). (10) 

The far-field form of G is then simply 

G(x, au) = g(x, O)e-ka(l-f’v), kr + 00. (11) 

With 2 . v = cos 8, the pattern function of (10) is 

F@)=exp{ -2kasin2i8}, (12) 

which has a definite lobe in the forward (6’ = 0) direction. 
The connection between complex point sources and Gaussian beams follows from the near-axis approximation 

of the complex length Ix - iavl. Let z = x . v and p = (r2 - z2)‘i2, then for Iz - ial >> p, or equivalently 

z2 + a2 >> p2, 

1x - iavl = -_z - ia + p2 f. 
2(z -ia) ’ ’ 

(13) 

The Gaussian beam approximation then follows from the further assumption that ka >> 1, so that Eqs. (7), (lo), 
and (13) imply to leading order that 

[( 

P2 
in 3D, 

G(x, av) x exp ik z + 
2(z - ia) 

(14) 
in 2D. 

Note that 

exp ik 
[ ( 

z + (15) 
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and hence the beam width is minimal at z = 0. The complex point source is thus closely related to a Gaussian beam, 
and for this reason we will refer to the fundamental “complex based Gaussian beam” of Eq. (IO) as a CBGB. 

3. Beam representation formula 

Consider a solution of the Helmholtz equation which is regular outside a sphere of radius b. If b > a then it is 
reasonable to expect that the wave function f can be represented by a distribution of complex point sources placed 
within the real sphere r = a. In particular, we imagine a distribution of CBGBs on the complex sphere x = iav 
where now u is any unit vector on the unit ball. Thus, we consider the ansatz 

f(x) = / G(x, av)w(v, ka) da(V) (16) 

IVY/=1 

for some as yet undetermined function w. The fat-field pattern for f may be obtained easily using Eqs. (11) and 
(16). The function f is regular outside r = b > a and is therefore completely specified by its fat-field pattern. 
Hence, by comparison with (5), it is clear that the weighting function w must satisfy the integral equation 

s 
e-ka(l-“V)w(y, ka) da(V) = F(i) for all ]4] = 1. (17) 

[VI=1 

The problem, then, is to find the weighting function w which solves this identity. The 3D and 2D cases are considered 
separately below. 

Norris [20] showed that a point source at the origin, i.e., g(~, 0), can be represented by an isotropic distribution 
of point sources on a complex sphere. This is equivalent to the general representation of Eq. (17) for the particular 
case of F = 1. Referring to [20], we see that w =constant in this case, with the explicit results (from [20, Eqs. (4) 

and (6)1, 

eka (ka) ‘12eka 

f(x) = g(x,O) * w = 4r.i;dika) = (2x::: 11p (ka) ’ 
in 3D, 

(18) 

2n Jo (ika) = 2nZo(ka)’ 
in 2D. 

Note that these weighting functions are purely real. 

4. Applications in 3D 

4.1. General solution of the integral equation 

The direction 2 is defined by the spherical polar angles 8 and 4, and the pattern function F(B, 4) is given in 
Eq. (8). Let the angles 0’ and 4’ define the direction v, and express the CBGB weighting function as 

w (e', 4’) = 2 2 wLmYnm(~‘, 40. 
n=O in=--n 

(19) 

The integral equation (17) for w becomes 

2 f: F,, Y,, (0, 4) = epka F 2 w,, / ekai.(s’,~)‘v(e’,~‘)Ynm (O’, 4’) dQ((e’, q5’), 
j-z=0 in=--n n=o m=--n 

4x 

(20) 

which must be satisfied for all 0 5 8 ( n and 0 5 4 5 2n. 
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Using the identity [22, Eq. (11.3.46)] 

,ikrP(0,$)~W’,@‘) = 4 
n Fi”j,(kr) 2 Y,,(e, @)Y,*,(Q’, 4’) (21) 

n=O m=--n 

and the fact that spherical harmonics are, by definition, orthonormal with respect to integration over the angles, we 

get 

s 
eikr~(~,~)‘v(e’,y)Yn,(8’, 4’) dD(B’, 4’) = 4ni’j,(kr)Y,, (0,+). (22) 

4a 

Eqs. (20) and (22), together with the symmetry property j,., (-z)-= (- 1)” j,(z), imply that 

.n ka 
1 e 

Fnm = 
(ka) lj2eka 

W*m = 4n j,, (ika) 
F 

(2n)3/2Z,+1,2(ka) nm’ 

It is worth noting that the ratios wunm/ F,, are purely real. 
The general expression for the weighting function follows from Eqs. (19) and (23) as 

(23) 

(24) 

Inserting this result into the beam formula (16) and comparing with the spherical harmonics expansion (3) shows 

that the multipole functions hf)(kr)Y,,(O, 4) can be expressed in terms of complex sources as 

h(‘)(kr)Y,,(Q, q5) = n .““: 
ikjn (lka) s 

Ynm(Q’, $J’)WK av) da@). 

pq=l 

(25) 

This generalizes the results of Norris [20] for a monopole source (n = 0) to arbitrary IZ. Note that it is quite distinct 
from the well-known concept of a multipole in complex space [ 15,23,24]. Here we are representing a multipole in 
real space by a distribution of monopoles in complex space. 

4.2. Data on a scan sphere 

Let fJm (r) be the expansion coefficients for the wave function on the sphere r = constant, 

(26) 
n=O m=--n 

Consider the reference value r = b, then 

f(x) = c ~ cc h”)(kr) 2 fnm(b)Yn,(O,q+), r 2 b, 
nzO h%kb) m=-_n 

(27) 

and the far-field pattern follows from the asymptotic behavior of the spherical Hankel functions for large argument. 
The coefficients Fnm follow from Eqs. (3a), (9a) and (27), while (23) yields 

‘I2 (-i)“+‘ek”f&(b) 

h+~p(kaVd’)(kb) ’ 

(28) 
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(-9 
n+leka 

f: fnm(b>Ynm(e,4L a 5 b. 
n=~ L+y2(ka)d?W) m=--n 

(29) 

Using the asymptotic forms of the Bessel functions for large order it is found that the coefficients of (28) satisfy 

IWllMl - constant. (b/a)nnlfnm(b)I as IZ --f co. (30) 

Thus, the expansion for the weight function w (0, 4) converges slower than the expansion for the field on the sphere 
= b. The same Y = b, Eq. (26). Also, the fastest convergence of the expansion for w is obtained by choosing a 

statement is true for the 2D case. 
For example, if the surface data is a delta function, 

then 

O” (-i)n+lekaJZi+? n 
w(O,$) = c c 

rz=~ I,+t,z(ka)h?)(kb) m=--n 
Y,,(O, ~)Y,*,@o, 40). (32) 

(31) 

4.3. Approximate form of w for large ka 

We consider the solution to the integral equation (17) for w in the asymptotic limit of h >> 1, where h = ka. 

Let (01, ~$1) be spherical polar coordinates about the observation direction f, so that f . v = cos 81, dQ (v) = 
sin 81 dot d& , and the integral equation becomes 

2n n 

F(g) = 
s s 

Wl sin81 de~e-ka(l-cos’l)w(~~, ~$1). 

0 0 

Let 191 = k2-1/2yk, implying the asymptotic expansions 

(33) 

e -ka(l-cosR) sine1 de1 = 
e-*2/2 
i’lp[“+~(~-~)+$(~-~+~)+..,]. (34) 

For simplicity we assume that the field and hence w and F are axially symmetric, and depend only on the spherical 
polar angle 8 between2 and the axial direction i. That is, F (2) = F (0). Therefore w = w (Q’) in the integral equation 
(33), where 8’ depends upon the given values of 8 and the integration parameters 81 and ~$1 according to 

cos 8' = COS~COS~~ - sin 8 sin el~~~$l. (35) 

This may be solved in the neighborhood of O by assuming an expansion for 8’ - 8 in ascending powers of 81 and 
using 81 = h-1/2yY, resulting in the asymptotic expansion 

2 

@=B+&c0s&+&c0tesin2~t- & (1 + 3 cot2 e) cos 41 sin2 & 

which implies that 

(36) 
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2?r 
1 - 

2n / 
NJ’) d$t = w(e) + 4h w f( “(0) -I- cotew’(8)) 

0 

+ &[wrW) +2cot0 w”‘(8) - (4 + cot* 8)w”(@) 

+cot~(~+Cot2e)w’(e)]+~~~ 

(37) 

Combining (33), (34), and (37), the integral equation (17) becomes 

+ $ ~,w’“‘(e)+2c0tew”‘(e)l+ [+7-@(6+$C0t2e)]$ ’ 
[ 

The upper limit of integration can be replaced by 03 with no change in the asymptotic expansion, 
the integrals, to give 

(38) 

but simplifying 

-&F(e) = w(e) + &w”(e) + Cot e&e)) 

+ $+P(e) + 2 cot cd’(e) - Cot* ew”(e) + (3 + Cot2 e) Cot ew’(e)l + 0 
( > 

-$ . (39) 

We assume the asymptotic expansion 

w=& 
( 

wo+~wl+jlfSw2+00.-3) ) 
1 

(40) 

then substitute this into (39) and equate the terms of order h, ho and A-‘, etc. This gives a sequence of equations: 

wo = F, (41) 

w1 = -:(w; +cotew& (42) 

w2 = -~[wT + 2c0tew;;’ - Cot2 ew; + (3 - Cot* e) cot ew;)l - h(2u; + cot ew;), (43) 

which may be solved recursively. Finally, we obtain the asymptotic expansion of the solution to the integral equation 
as 

~(0, ka) = gF(e) - -&(F”(ej + coteP(e)) 

+ &[F”“(B) + 2 cot eP’(e) - (3 + 2 cot* e)P’(e) f (3 Cot* e - 1) cot eF’(e)l 

1 

+ O @a)2 . (4 (4) 
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The far-field pattern function F also depends upon k, but not a. Therefore, the asymptotic expansion (44) may or 
may not be valid for large frequencies, depending how the derivatives of F behave in that limit. However, Eq. (44) 
is asymptotically correct for large a and fixed k. 

5. Applications in 2D 

5.1. General solution for w 

Let 8 be the polar angle defining P such that the far-field pattern F (0) can be represented as the Fourier series in 
(8). The integral equation (17) is now 

where the unknown distribution function is 

w(O) = 2 wneine. 
Fl=-CC 

A simple change of variables and the orthogonality of the functions eine, combined with the identity, 

2x 

s ein@+kacos@ d4 = 2n(-i)n.l,(ika) = 2nZ,(ka), 

0 

implies that 

eka F n 

wn = 2nI,,(ka). 

Note that the ratio wn / Fn is purely real. 
The general expression for the weighting function is therefore 

and the two-dimensional CBGB representation for the radiated field is 

A complex source representation for the 2D multipole H,(‘)(kr)e’“’ follows from Eqs. (3), (9) and (50) as 

ff(‘)(kr)eine = 
aeka == 

n i Jn (ika) s 
G(x, av(+))ein@ de. 

0 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

Again, this is the generalized version of Norris’ [20] 2D monopole representation. 



A.N. Norris, ZB. Hansen/Wave Motion 25 (1997) 127-141 135 

5.2. Example 1: Data on a circle 

Let f = f(r, 6), and let fn (r) be its Fourier coefficients: 

f(r, 0) = 5 fn(r)eine * fn(r) = F,H,(‘)(kr) 
f-Z=-CC 

(52) 

for all r > rsource where r SDurce is the radius of the smallest circle enclosing all the sources. Suppose that the radiating 
wave function f(x) is defined by its value on r = b, then 

f(x) = 2 fn(b> ’ 
H(‘)(kr) 
H(‘)(kb) e 

me 

’ 
r > b, 

tZ=-CC n 

and the far-field pattern follows from the asymptotic behavior of the Hankel functions for large argument, i.e., 

F 
n 

= 4(-i)n+r 

H(‘+kb) 
h(b), 

n 

and consequently 

(53) 

(54) 

(55) 

For instance, consider a delta function on the circle, f(b, 0) = S(O -OO>, for which the CBGB weighting function 
is 

t&=-CC Z,(ka)H,(‘)(kb) ’ 

5.3. Example 2: Gaussian data on a line 

Consider initial data on the line x . v = 0 like a Gaussian function centered at the origin: 

fcx) = Ae-kr2/h, !?I.!$ = ikAe-kr212a, onx.v=O, 

(56) 

(57) 

where A = i/&& and v is a fixed real unit vector. The source in this case is not confined to a finite source 
region. Furthermore, it is not possible to arbitrarily prescribe both f and af/&z, as in (57), and to simultaneously 
satisfy the wave equation. The correct procedure calls for one of these to be given, and the other follows from the 
Hehnholtz integral equation 

f@) = / (f6’)w - &,J’)$$) dSfj) forx in V, 

S 

where n is directed into V. The far-field of f follows from Eq. (58) and the far-field expansion of Green’s function: 

g(x,y) = g(x, O)eiM’y, kr + 00. (59) 

Thus, from Eqs. (5), (58), and (59), 

F(2) = - v69 iti.nf~)+- 
anti) I eik’.y dS(y). 

s 

(60) 
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Substituting (57) into Eq. (60) yields 

I = cos2 :~e-(l12)kasin2B, 
(61) 

where cos 13 = f . v. The pattern function (61) is very similar to that of a complex point source, see Eq. (12). 
As an example, consider the Gaussian of equation (57) with far-field pattern given by Eq. (61). Using the identity 

(47), it can be shown that 

e-ka/4 

~bp(kaP). n even, 
F,, = 

e-ka/4 (62) 

~I~(n-l)/2(ka/4) + I(n+1)/2(ka/4)1, n odd. 

and the weighting function follows from Eqs. (46) and (48). Using Eq. (49), we obtain 

e3ka/4 

w(O) = 7 c 
In,/2 &a/4) eine 

fi even ‘PI 

in@ &-1)p(ka/4) + &+1)/2(kaP) In @a) Z,(ka) 1 e . 
(63) 

This is the weighting function required to produce an exact radiated field correspondig to the “data” of Eq. (57). 
We would expect that it closely approximates a delta function in the limit of large ka. Letting ka -+ CO and using 
the asymptotic formulae for the modified Bessel functions, we find that w, + 1/2n and hence w (0) --+ 6 (0). 

5.4. Approximate form of w for large ka 

Eq. (17) becomes in 2D, 

K 

F(B) = 
s 

e-ka(l-cos8’)W(@ _ o’, ka) ,$I’. 

-rr 
(64) 

We again consider this integral equation for w in the asymptotic limit of h >> 1, where h = ka. Let 0’ = hP1i21C,, 
so that we have the asymptotic expansions 

e-ka(l-cos@) = ,-ti2/2 

w(e -et) = w(e) - --&w@) + cw”(e) - 

Substituting these into (64) yields 

nh’12 

s d$eee2j2 [w(O) + $ ($uY(,) + $u,(D)) 

-3rJ,.‘/2 

ow”(@) + ($+” _ +6)?$? 
2(4!) 

1 1 + o(r3> , (67) 

(65) 

(66) 

where we have simplified by using the fact that the integrals of odd powers of I/I vanish. The remaining integrals 
can be expressed in terms of error functions, and then expanded asymptotically in h. The net result is that we may 
replace the limits of integration in (67) by &co because the additional asymptotic terms are exponentially small, 
and so obtain 
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A’/2 
----F(8) = w(e) + ; 
(2n)‘/2 

;wqo) + iw(e) 
> 

+ $ &‘“‘(ti) + ~‘u~~(B) + &U(H) + O(h?). 
( > 

Now assume the asymptotic expansion 

A’/2 

W=o’/2 ( 
wo+;wr f&w2+0(K3) 

> 
. 

By substituting this into (68) and equating the terms of order h ti2, L-Ii2 and h-3/2 sequentially, yields 

wu = F, 

w1= -;w; - $wo, 

w2 =_iw;’ - iWI - iw,, - &WON- &wo, 

which may be solved iteratively. Finally, we obtain the asymptotic expansion 

w(0, ka) = 
J-1 

g F(B) - & 
( 

F”(8) + ;F(H) 
> 

1 

+ 8(k~2)~ 
- F”“(H)-;F’@‘)-;F(B))}+O(&). 

( 

The weighting function w for large ka is again simply proportional to the far-field pattern. 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 

6. Numerical example in 3D 

The 3D beam-representation (16) will now be verified numerically by computing the far-field pattern of a collection 
of 11 point sources. Moreover, we shall investigate the accuracy of the asymptotic approximation to the weighting 
function. 

The point sources are located on the z-axis at x4 = (-h + q Az)f where q = 0, I, 2, . . , , 10, h is the wavelength, 

and Az = ih. The phase change of -kAz between adjacent point sources just offsets the propagation-phase 
advance from point source to point source when the radiation is computed in the negative z direction. An array of 
this type is called an end-fire array and has one main beam directed in the negative z direction. The field from this 
collection of point sources is given by 

f(x) = 2 g(x,x,)e’4kAz, 
q=o 

(74) 

where g(x, x4> is the free-space Green’s function (7). The corresponding far-field pattern is thus a function of 0 
only: 

(75) 
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Fig. 1. The magnitude IF(@)\ of the far-field pattern of the array containing 11 point sources with ka = 10. The exact result of (75) 
and the beam formula of (77) are indistinguishable and are shown by the solid curve (-). The dashed curve (- - - - - - -) shows the 
result of the beam formula (77) with the single term asymptotic approximation to w from (44). The result of using a two-term asymptotic 
expansion is given by the dash-dot curve (-.-.-+). 

To compute the @independent weighting function ~(0, .), we shall use the formula (29) involving the field on 
the scan sphere r = b. We have fnm(b) = 0 form # 0 and 

n 

fno@) = 27r 
s 

f(b(sin82 + co~~i))Y~~(B, .) sin0 de. (76) 

0 

The number of terms needed to accurately compute the weighting function in the summation (29) is determined by 
the formula N = [kr,] + n 1 where rS is the radius of the source region and nl is a small integer [25, p.171. In the 
present case r, = h and thus N = 12 is sufficiently large. One can then use the formulae of Hansen 126, Section 4. l] 
to compute fno(b) for n = 0, 1,2, . . . , 12 from the values of the field (74) on the scan sphere Y = b at the angles 
0 = nAQ with n = 0, 1,2,. . . , 12, and A0 = 2n/25. 

In the following numerical calculations we choose the radius of the scan sphere equal to the radius of the sphere 
that encloses the complex point sources in the beam expansion, that is b = a. In this case the far-field pattern is $J 
independent and it is found from (17) that 

n 

F(8, .) = 2n 
s 

e-ka(l-cosQ cOsO’)w(Q’, .)Za(ka sin 8 sin 0’) sin@ de’, (77) 

0 

where we have used the integral representation (47) for the modified cylindrical Bessel function. 
Now to the numerical results. Figs. 1 and 2 compare the exact far-field pattern with three alternative descriptions: 

(i) the beam formula (77) based on the complex source weighting function determined from (76); (ii) the beam 
formula using the first term of the asymptotic expansion (44) for w; and (iii) the same but using the first two terms 
in the asymptotic expansion. The result (i) obtained from the beam formula (77) is seen to coincide with the exact 
far-field pattern; whereas the simple asymptotic result (ii) does not agree well with the exact far-field pattern for 
ka = 10. The agreement improves for ka = 40, but in either case, the two-term approximation (iii) to w is’far 
better. 

In order to see which Gaussian beams contribute to the far field, Figs. 3 and 4 show the integrand of (77) for three 
values of 8. Fig. 3 for ka = 10 shows that the integrand is not well localized around the particular values of 8, and 
hence the simple, one-term approximation to w cannot be expected to work well. In contrast, at ka = 40 Fig. 4 
indicates that the integrand is now quite well localized around the particular value of 8. It is interesting to note that 
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Fig. 2. The same as Fig. 1 but for ka = 40. 

6 - 

5 

1 

0 
0 30 60 90 120 150 180 

THETA PRIME 

Fig. 3. The integrand of the @-independent beam integral with ka = 10 for: (a) 0 = 0’; (b) 0 = 90”; (c) 0 = 180’. 

even though the integrand is not well localized for ka = 10, see Fig. 3, the two-term asymptotic expansion captures 
some of the non-local behavior. 

7. Conclusion 

139 

Complex point sources serve as useful building bricks for modeling radiating wave fields. Although they are 
closely related to Gaussian beams, and can reproduce the radiation pattern of a Gaussian transducer very well, the 
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Fig. 4. The same as Fig. 3 but for ka = 40. 

present results show that they are not restricted to these types of radiation patterns. We have shown that an arbitrary 
radiation pattern from a compact region can be replicated exactly by a compact distribution of complex point sources. 
The main results are the formulae for the weighting function w in terms of the radiated field on a sphere or circle 
in real space, for example, Eqs. (29) and (55) for 3D and 2D, respectively. The weighting function also depends 
upon the arbitrary value for the distance a representing the complex source radius, which could possibly be used 
to advantage. Thus, the asymptotic expansions for w in Eqs. (44) and (73) offer explicit, local expressions for 
the source density in terms of the far-field pattern function. In closing, we believe the present results, exact and 
asymptotic alike, offer a completely new approach to wave-field modeling. Applications to scattering, as well as 
extensions of the theory to the time domain [27,28] will be examined elsewhere. 
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