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Two semi-infinite elastic plates are joined along a line forming a wedge structure with unilateral
fluid loading in the outer sector of the two plates. The structure is modeled using thin plate theory,
allowing freely propagating flexural and longitudinal waves. The junction is mechanically
connected with an applied force and moment acting there to simulate a possible internal connection.
The general two-dimensional solution is described for incidence of time harmonic structural or
acoustical waves. The total pressure is expressed as a Sommerfeld integral, the integrand comprising
Malyuzhinets functions and particular solutions of certain difference equations. The junction
conditions reduce to a system of four linear equations. Numerical examples indicate the coupling
between the modes for welded steel plates in water. Acoustic plane-wave incidence on the flattest
junction considered is converted almost equally, in terms of energy, among diffracted flexural and
longitudinal waves. The coupling to flexural energy increases with the angle of the water wedge
sector, at the expense of the longitudinal energy which vanishes in the limit as the water occupies
the entire domain except for a strip comprising the two plates. An incident longitudinal wave
generates relatively little acoustic sound for all wedge angles considered, with most of its energy
redistributed among structural modes. The acoustical diffraction is generally greater for flexural
incidence. Comparison with the dry structural diffraction coefficients indicates that the fluid loading
effects for steel and water configurations can be significant for frequencies less than one-fifth of the
coincidence frequency, but are small for higher frequencies.1987 Acoustical Society of
America.[S0001-49687)03802-3

PACS numbers: 43.40.Dx, 43.40.R}BB]

INTRODUCTION decoupled. Second, conventional Fourier transform and
Wiener—Hopf techniques may be used for problems defined
We consider a wedge configuration formed by two elas-on rectangular coordinates, e.g., Ref. 4, but do not suffice for
tic plates joined at an angle, with the simplification that thewedge configurations. The general procedure for solving
plates are thin and the complication that the structure isicoustic diffraction from wedges with higher-order boundary
loaded unilaterally by an acoustic fluid. The thin plate as-conditions has only recently been develop&@nd has been
sumption means that only the basic symmetric and antisymapplied successfully to membrane boundatieand also to
metric structural modes need to be considered, correspongtates. Thus, OsipSvshowed that writing the acoustic field
ing to longitudinal and flexural waves. The major difficulty as a Sommerfeld integral transform reduces the plate bound-
is to simultaneously satisfy the structural dynamic equationgiry conditions to functional difference equations for the pres-
and the Helmholtz equation for the acoustic pressure, subjeeure transform. He also provided an explicit procedure for
to the continuity conditions at the solid—liquid boundary, andsolving these equations using Malyuzhinets functions and
the junction conditions at the vertex. We restrict attentionFourier transforms.
here to the two-dimensional configuration, as depicted in  In this paper we discuss the general solution for various
Fig. 1, for which all motion is in the plane normal to the line contact conditions along the line where the plates meet, in-
joining the plates. Our objective is to quantitatively under-cluding the case of welded contact for which displacements
stand the various wave interaction mechanisms, such amnd forces are continuous. This case is of most practical
structural to structural or acoustic to structural, and the sigsignificance, but unfortunately, was not considered by
nificance of the fluid loading on these interactions. Osipov® The problem involves six continuity conditions at
Similar problems for flat fluid-loaded structural configu- the junction: two for the two velocity components, two more
rations, such as two connected semi-infinite pfatesnfinite  for the force components, and one each for the bending mo-
plates with line attachmenfs have been studied in detail. ment and the rotation. We showed in a related pahet the
They differ both physically and mathematically from the six continuity conditions can be expressed solely in terms of
present situation. First, there is generally no coupling of thehe transverse plate displacement as a set of four conditions.
longitudinal structural motion with the acoustic and flexural Approximate results appropriate to wedge configurations that
waves. Thus, the in-plane longitudinal motion is completelyare almost flat were also derived in Ref. 9, but the general
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acoustic k. =(m.w?B.)¥ and the nondimensional frequency pa-
\ /&( rameters) . =k?/ k% = wl/w; wherew; are the plate coin-
cidence frequenciesy. =c?ym.. /B.. The remaining plate
dynamics can be represented by frequency independent di-
mensionless fluid-loading parameters,

o=—0 _pQ Ca

vacuum

: )

“Tkm. ¢
where c.=+/C. /m.. is the longitudinal wave speed and
C. is the extensional stiffness. Note that bethands.. are

FIG. 1. The wedge configuration. also independent of the plate thicknesses: thus, for Kirchhoff

thin plate theory  e.=05.pl(p.12) and
. . . . — 2

case was not considered. It is interesting to note that excited= =¢_*VE+/[p+(1~v2)], whereE., p., andv. are
tion by an incident longitudinal wave produces no forcing in Young's modulus, volumetric density and Poisson’s ratio,
the fluid or flexural equations, but the four junction condi- respectively.

flexural or longitudinal

tions involve an effective line force at the vertex, the ampli- ~ The excitation may arise from a variety of sourogsan
tude of which is related to the incident wave amplitude.incident acoustic plane wave as shown in Fig. 1,
Thus, longitudinal incidence is equivalent to the radiation .y & )=P, exd —ikr cos¢— o], (4)

problem with a source at the vertex. . o )

The outline of the paper is as follows. The problem is(ll) an incident subsonic flexural wave on the plate
defined in Sec. I, and the general solution procedure base¢d=*® is also given by(4) W'tih complex-valued incident
on the Sommerfeld integral transform is described in Sec. [12Ngl€ #o= = (P —6;), whered; are defined below. Alter-
For a given structure and an incident structural or acoustif@tively, (iii) the excitation may be an incident longitudinal
wave the problem is reduced to finding eight constants: th&/ave on either plate,
values of the normal displacement and its first three deriva-  (in(r)=y7 exp(—iwr/c.), (5)
tives on both plates at the vertex. In Sec. Il a system of inc } )
linear equations for the eight unknowns is obtained by apWhereu=(r) are the in-plane displacement components of
plying appropriate regularity conditions on the Sommerfeldthe platfas in the radial direction. In ord_er to make _the differ-
transform and by applying the junction conditions, thus com-£Ent incident wave types have consistent amplitudes, let

+

pleting the solution. The diffracted structural wave ampli-SSZwthU§7 or

tudgs are defined and an energy t':onser_vation. relation is de- wkztui;‘c(r)=s§ exp—iwr/c.), (6)
scribed in Sec. IV. We conclude with a discussion of several o )
illustrative numerical examples in Sec. V. where Z.=m.c. are the longitudinal wave impedances.

Thus,S§ have the same unitpressurgasP,. We note that
the Poisson effect is ignored here, and consequently the in-
|. BASIC EQUATIONS cident longitudinal waves have no pressure in the fluid. They

The plate configuration and an incident acoustic waveEnter the problem explicitly through the junction conditions.

are depicted in Fig. 1. We are interested in the time harmoni¥Ve Will see that they can be considered by applying an
acoustic pressure field=p(r, ¢)e~ ' satisfying the Helm- equivalent force at the junction, sé#4) below. In general,
holtz equation outside the wedge any one of the three types of incident waves excites all oth-

5 ) ers. The central problem here is to determine the relative
Vp+kp=0, 0<r<eo, -0<¢p<P, (D) coupling amplitudes.
where k= w/c is the acoustic wave number, amge are
polar coordinates relative to the contact line. The equation§ GENERAL SOLUTION
of motion and continuity on the wedge faces are

4 A. Field representation and functional equations
W

—B. T[erthwiz p(r,=®), 0<r<oo, We seek the solution in the form of a Sommerfeld inte-
gral
1 9p @ .
2 = T —_ -+ s
pw Wi(l’) +I’ &d)(l’,_q)), 0<r<ono, p(rv(f)):ﬁfe |krc03as(a+¢)da
Y

Here,w(r) is the displacement into the fluid, and B, and
p are the plate density, bending stiffness, and the fluid den- _ i e 1kr cosa[ g o+ ¢h)
sity. In general, the plate parameters may be different for 2mi ),

each face of the wedge, so we denote themwas B..,
m. , where + signs correspond to the uppep€ ®) and ~S(-at¢)]de. @)
lower (¢p=—d) faces, respectively. The contoury=vy,Uy_, wherey, is a loop in the upper
At this stage we define some parameters which simplifyhalf of the complexa plane, beginning atr/2+i%, ending
the analysis later: the plate flexural wave numbersat—3m/2+io, with Ima lying above the maximum value of
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[Im(6;)|, where the complex angle8, n=1,2,...,5, are Thus, the problem is reduced to a system of functional equa-
defined below. The contouy_ is the image ofy, under tions(15) with eight constant€, , n=1,2,3,4, which are to
inversion about the origirk=0. The “transform” S(«) be determined.

should be a meromorphic function of a complex variable
a, have a single pole with residu®, at a= ¢, in the strip
ITy={a:|Re a|<®} to reproduce the incident field), and

be bounded when lm— + o satisfyingS(i=)= — S(~iec)  C° Ne Plate angles

without loss of generality. The general solution depends crucially upon the angles
The Sommerfeld integral7) is closely related to the 6,,Re#d, e (— m/2,w/2),n=1,...,5, defined by
Laplace transform. Define the transform L
L.(*67)=0, (17
- i o
ZTf(N)]=f(a)=ksin afo elkr eosef(r)dr, (8  or sing, =X, whereX, , n=1,...,5 are theoots of the

equationF . (X>)=0, and
with inverse transfori? a =(Xn)

Fo(X)=X5=2X3—(Q:2-1)X+ie. 103 . (18

R 1 _ -
g1 — — —ikr cosa . )
7= 2i ye f()da. ©) By analogy with opticsg,, may be interpreted as Brewster
angles for each plate. They are related to the structural wave

Note thatf () =(i/2) ksin aF(—ikcosa) whereF(s) is the  numbers of infinite plates through the connection

Laplace transform of (r), and y=ik sind;, wherey is the commonly used decay wave
df A i number, e.g., Ref. 11. Crightthhas examined the root
.7[—(r) =—ik cosaf(a)— zk sin af(0). (10 structure of the related fifth-order polynomial equation for
dr 2 v [Eq. (3.1 of Ref. 12. Based upon this, we deduce that for
Equation(7) implies that real . and €., there exists one and only one root of
. F.(X;)=0 on the negative imaginary axis, s¥j{ . The
pla,¢)=71p(r,¢)]=S(a+¢), 1) imaginary rootst; have Imé: <0 and correspond to a sub-
and the transform Of the normal disp'acement is Sonic ﬂeXUraI wave Wh|Ch propagates Unattenuated a|0ng

each plate and decays exponentially into the fluid. Of the
four remainingX-roots, two lie in the lower and two in the
upper half-plane, symmetrically positioned with respect to
the imaginary axis.

The two roots in the upper half-plan¥, andXs , lie
on the imaginary axis if the following inequality is satisfied:

ik
\/Avi(a)ZiWSinaf)(a,iq)). (12

The transform of the boundary conditio2) is therefore,
using (10)—(12),

p dw.. 2 3 12
7 —Biv+miw W.—p 405 5 5 5
r 5572 Qi —2— 4+ Qi 4+ _Q%:_?J Bfi.

(19

ik
=L.(a)S(axd)+ Esin aB.[wZ(0)
This condition is new(we believe, and may be determined

—ik cosaw”, (0)—k? cog aw’.(0) as follows. LetX=—i 5, so thatF..(X)=0 is equivalent to
- G.(#%)=0. The related equatio’,(#)=0 has real roots

+ik? cos’ aw..(0)], (13 onlyif .<1 and they occur ag= /-, 7=— =, where
where [o=—3+Y4+5/0%)2  Since G.(0)<0 and

G.(np)—*xo as p—=*ow, there is only one zero of
G..(7) on the positive real axis, and either zero or two on
the negative real axis. The condition for two roots on the
negative axis is thab . (— /¢ )=0, which reduces t¢19).
This may be rewritten as

.Qt . 2
Lt(a)=i|6—5|n a(1-Q% cod a)—1. (14

The inverse transform oft3) must be zero for all positive
r, implying that the right-hand side @i.3) must be an odd
function of «. This leads to a pair of functional equations (£.+1)(5¢.+1)3.3<16€.2. (20)

Li(a)S(ax®)—L.(-a)S(—axtd) It can be easily checked that the left member has a unique

4 minimum at{.=1, implying that(19) can only hold for
=2 sina, C- cod!a, (15)  systems withe. <e,=1/27=0.1925, and then only for a
n=1

range of subsonic frequenciess®'. <0 . <0 <1 where
with constantsC; , n=1,2,3,4 which depend upon the nor- Q' ()<(12)"¥2=0.2887% 0! (¢) are the values at which

mal displacement and its derivatives at the tip: the equality holds. .
- Thus, one of the fived,, lies on the negative imaginary
c* :E(_ k)" d* "w. (0) (16) axis, and either two or zero lie on the positive imaginary axis
no-2 dr?-n ’ depending a£19) holds or not. For examples=0.134 for
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steel and water, and=0.4 for aluminum and water, and

consequently the latter system has only one purely imaginary (@, ¢o) = SN 7al2D) — S 7 ol 2D)

0,, while steel and water has three for 0.0%48.

(120 coS 7 o/ 2D)

(27)

<0.5918 and one otherwise. The ambiguity concerning théinally, the particular solution of24) can be deduced as

values of parameters, =sgn(Ré,) if ReX, =0 can be

removed by introducing a small amount of dissipation. Giv-

ing the bending stiffnesB.. a small negative imaginary part
shifts these roots from the imaginary axis in the comptex
plane to get R¥;;5>0, ReX;,<0. Consequently, we
have R@;;5c(0,m/2), Red;,e(—m2,0) and s;

=(—-1)""%, n=1,..,5. At very low frequency, such that

Q. <1, asymptotic approximations to the roots yields

O;=—iN., O,=—03%=0;*=—0;=0]—%w, where
Ae=—2InQ.+3n e.+In 2. These limiting values specify
the quadrant positions of the angles for fifile. . We note
for future reference that Imi; <0, Im 6, >0.

C. General solution of the functional equations
The general solution to Eq15) is represented as
O-(av ¢O)
Po—os771+
WV (o)

whereV (a), o(a,¢y), andA(«) are each particular solu-
tions to a pair of difference equations. ThuB(«) is the
unique (up to a multiplicative constansolution of the ho-
mogeneous system

Li(e)¥(a=®)—L.(—a)¥P(—axd)=0, (22

which has no poles or zeros in the stfily, o(a, ¢g) is the
solution of the homogeneous system

S(e)=Y(a) +A(a) |, (21

4 4
A(oz)=n§=:l c;A;(a)+§1 ChA;(a), (28)
where the procedure to determine the functios(a) is
described in Appendix A, with the result

fiooo-(a”giq)) sinBcod ! B

o1
M=+ | TGV (= (@-B)

Tl

dB.
(29

In the limit as ImB.. 10, the point3= — 67 lies on the con-
tour of integration, resulting in a singularity of the integrand.
This may be handled by taking the limit and evaluating the
contribution as a principal value integral. A similar principal
value contribution also occurs @= 6, whene.<e, and
0<0.<0.=<0Y<1. Such singularities located on the
positive imaginary axis can be avoided by deforming the
contour into the region IB>0, RepB e(0,7/2) where
1MV (£ (P — B)) by construction is regular and only one zero
of L.(F /) occurs at8= 6; . In practice, the integration is
performed numerically by deforming to the contdu¢N)
which goes from 0 tox, to Xo+iN, where xo=3 /2
+Re(6:)] and N need not be very large for fast conver-
gence. The change of contour introduces a residue contribu-
tion at the circumscribed pole, thus

20(a,0s +®)sin 6 cod ! 6

o(ax®,do)—o(—at®,dg)=0, (23 Anla) == E v (= (o))
which has a simple pole with unit residue at the single point + : -1
a= ¢g in the striplly, andA («) is the particular solution of 1if U(a”g__q)) sin f cos Bdﬁ_
T %) Le(FB)V(=(P—P))

the nonhomogeneous system
Ala=®)—A(—a+®d)

. 4
2 sina . 3
> Cicod!a.

T L@V (az )& 29

The function¥(«) is a product of special Malyuzhinets

functions ¢4(a) which depends upon the Brewster angles

for the boundariesg, , n=1,...,5. The form of¥(«) de-
pends critically upors,, , defined above, implying the fol-
lowing analytical form of the auxiliary function
V()3 () Vg (a) Vi(a)¥5(a)Vs(a)
Yy (a) ¥y (a) Vo (@)W (a)
(25)

V()=

Vi(a)=ig

7T +
arq)+§+(—1)“6,;)

X e (26)

m +
aiCI)—E—(—l)”G,?),

whereyq () is the Malyuzhinets function, which is analytic
for |Re a|<2®+ m/2.

The required solution of the homogeneous syst26)
is
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(30)

The previous definitions of the functionk(a) and A(«),

and consequentl$(«), are analytic only in the striply, but

may be analytically continued outside this region by repeated
use of the functional relationd5), (21), (22), and(24). For
example, the values of these functions in the sectors neigh-
boring Iy, TI.;={a:®<Re(xa)<3d} are related to
themselves ifdl, by the formulas

Li(—ax®)

\If(a)=ﬁ\lf(—ai2®), aell.,, (31

2 sifa¥®)
Lo(—ax®)W(—ax2d)

AMa)=A(—ax2d)+

4

X > Crcod Y aFd), aell.,, (32
n=1
S _Li(—ai<b)s +2q)+25ir(a1<b)
()= L (ax®) O O ) L.(a7®)
4
X > Crcod YaF®), aell.;. (33
n=1
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I1l. DETERMINATION OF CONSTANTS TABLE I. The junction conditions for clamped, free and hinged plates. In

each case four of the eight unknowns are zero, and the remaining four are

The eight unknowns can be determined from a lineardetermined by four linear equations.
system of equations of the form

Type Conditions Implications Equations
C; Clamped  w.(0)=0,w’(0)=0 C;=C;=0 (40
. - . - . - . - _ Free W (0)=0,w"?(0)=0 Cy=Cy;=0 (4
Ey En Ei Ep Eis E En Egn| [Gr Hinged  w.=0,w.(0)=0 C;=C,=0 (42)
. . . e
E;l E21 E;Z E22 E;—3 E23 E;A E24 C
. . . . . 2
Cs a(ap, bo)
—P =+ A(af)=0, p=1,234. 36
Egi. Egi Es» Eg Egs Egs Egs Es +
L C‘i These provide the first four rows of the matiix and the
Cy vectorg. Thus,
=(g1 92 U3 U4 Os U 97 Os)'- (34) ;
U(apv¢0)

p=123,4. (37)

The first four of these equations follow from certain regular- 9p=""Po V(o) '
ity conditions on the integranf(«), and the remaining four

are consequences of the mechanical conditions at the verteRhe elements of the top half & follow by noting that the
The two sets of conditions are used below to determine th@unction A («) satisfies the functional equatiof24). Thus,
elements of andg. af,ab e I, , al,al e TI_, if ®>=/2 and consequently,

A. Regularity conditions using (32),

The far-field { —) behavior of the Sommerfeld inte-
gral (7) can be determined by deforming the conteunto a
pair of contoursI',(£#), one of which goes from
m—e+io through = to w+e—iw, and the other is
symmetric to it about the origim=0. Assuming thatk is
positive and arbitrarily small, one finds that these contours
belong totally to those portions of the complexplane, la-
beledIl ™, in which Imcosa<0, and hence any integral of
exp(—ikr cosa) taken over the contourk (= 7) vanishes
as r—oo, In deforming the contour certain poles may be
captured in the area designatedlBSSwhich is enclosed by
contoursy.. at the top and bottom, and Hy,(+ ) at the
left and right. If the captured poles include one or more
located inside the regiond * where Imcosx>0, then the
residues at such poles would grow exponentially witkyiv-
ing unphysical behavior at infinity. Poles of this tymamed
in Ref. 4 as “forbidden” poles violate conditions at
r=+o for some¢ € (—®,P) and must be eliminated from
the solution.

In the following we assume that I, <0, Im 6; >0,
then it can be shown that among the forbidden poles which
are shared bylI®*S and II* are as follows:a=— ¢+ a‘;
wherep=1,2,3,4, and

Egn=An (—af+20)
2 sin(aj,—®) cos H(a,— D)
Li(—ap+®)¥(—ap+20)

(38

Epn=A, (—af+2®), p=12, n=1,234,

and
Epn=A, (—af—20)

2 sin(a)+®) cod Y aj+ )
L_(—ap—®)¥(—ap,—2P) "’

(39
Egn=An(—al—2®), p=34, n=1234.
The functionsA ;, (@) and¥ («) in Egs.(38) and(39) have

arguments only idl,.

B. Junction conditions
af=6] +7+®,

af2= - 0;{-}-@,
(39

f _ —
az=—6, —m— D, 1. Clamped, free, or hinged plates

a/L: 0, — .

In order to guarantee the correct behavior of the integtal

We consider three sets of junction conditions under
which the equations simplify considerably. These are listed
in Table | as clamped, free, and hinged. In the former case

asr— +o we have to cancel the residues of its transformboth plates are clamped at the vertex, constraining motion

S(«) at the forbidden pole§35) by equating

871  J. Acoust. Soc. Am., Vol. 101, No. 2, February 1997
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Eyp\ [Ci

Efl Eu Efz 1 C; Cs
—+—=0,
P - B, B_
Eo; Ex Exn Exp C; 92 2
@0 ci-cy=—=M (45)
Es1i Eai Ez Egp C, O3 2 e 27
roe- et - - k2 . Z. . (Z.+Z))(C; Ci
Es Eax Ep Eap C, 94 ?CI + E T T B_: + B_;COS 2D
Under “free” conditions the shear force and bending mo- -
ment on each plate vanishes at the tip, and the equations are _ —Ik°F;
_ _ "~ 2c sin2b’
EI3 Eis EI4 = C::f 01 .
and therefore the bottom half & comprises zeros except for
Ess Ex Ex En Cs 92 the elements
+ — + — + = ' (41) + €+ + + — .
Ess Eas E3 Ez C, gs 53 ()3 Ego=*1, Ez=Eg=—sin 20,
+ - + - -
Ess Eass Eg Eu C,4 94 E;r4— ; (0052 od 6+§_3_>’
The hinged ends constrain the linear motion but not the ro- a3 €043+
tation, and exert no moments, yielding . 5. ol 1s e 5+Q+) s
=—C0S —_—,
Er En Efz Eg Cy 01 a2 €00
_ _ _ o_ €_0.Q)
B Exn Ez Eg Cy 92 E84=—2( cog 20 + #> ,
— . (42) (0l € 6_Q_
Es Ea Ess Eg Cs 9s . 6 €.5.0_
E84=Q—2COSZD 1+ W ,
Esn Ea Eis Egs Cs 94 + €042

while the right-hand members become for longitudinal inci-
dence, using44) andM,=0,

2. Welded and forced g5=0, g¢=0,

We now consider the important case of two plates that  g,=(S, +S; cos 2b) sin 2D, 47
are mechanically joined at the vertex. The displacements and o ]
rotations are continuous, and there is an applied moment 98=(Sp +So c0s 2P) sin 2b.
My per unit length in the third dimension, and forBeper  |n summary, the right-hand side of the matrix equatid#)
Unit Iength aCting at the t|p The Continuity Conditions can beis deﬁned by the incident pressu“@& andsg , and therefore
expressed ingterms of the deﬂec“m(r) and their deriva- all Coefﬂcientscﬁ also have units of pressure.
tives atr=0:

w’ (0)+w’(0)=0, IV. DIFFRACTED STRUCTURAL WAVES

B,.W"(0)—B_w" (0)=M,, (43 The total longitudinal motion in the plates is defined by
the displacement components in either plate in the radial
B. (Z,+Z2) direction:
T W0+ Zow (0) = —= oo .
o St UL (r)=ulr)+usy(r), (48)
Fr whereu™(r) is the incident wave, fron6), andus¥(r) is the
X[w.(0)+w=(0)cos 2p]= iw sin 20" scattered wave which satisfies
Here,F," are the radial components Bfalong =+ ®. For wkZ.u(r)=A_ expior/c.), (49

acoustic or flexural wave incidence we hab&,=0 and  j,gicating longitudinal energy radiating outwards. The initial

Fr =0. Longitudinal waves traveling inwards towards the o, jitudes are related to the transverse displacemefits by
junction on the=* plate can be considered by settihy=0
and u.(0)=(sin 2b) " *[w;(0)+w.(0)cos 2b],  (50)
Fr=—2iw(Z,U: +Z-UZ cos 2D), (44) a_nd therefore, usin@l6), the longitudinal diffraction coeffi-
cients are
whereU,, is the particle displacement of the incident longi-
tudinal wave atr =0 in the radial direction, defined b).

Using (16) implies

. 26, . _e-03 .
P —— - +Cr ——=—-S5.
AL 07 sin 20 C, cos2p+C, .02 Sy. (51
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o explikr —i3/4)

60" ! Po(r,¢)~D($) ——F—=, (59
acoustic : ‘ 2kr
112.5° where the diffraction coefficient follows from a steepest de-
( : scents integral as

water
/\ D(¢)=S(¢p+ )~ S(¢p— ). (56)
e« R

This term describes the cylindrical wave arising due to dif-
air fraction of the incident field by the tip. The acoustical dif-
fraction coefficient must be unchanged under the interchange

1.0 of the source and observation directions. Thus, when consid-
. ered as a function of bot# and ¢,, it satisfies the reciproc-
508F ity identity D(¢q,¢) =D (¢, dg).

15 The energy of an incident structural wave is defined as
So.e twice the flux of energy per cycle in the direction of the

2 incoming wave. For the longitudinal wave this is simply the

50.4 energy flux in the plate,

o - +

EO.Z Tr=0?Z.|Uq |2 (57)

n The flexural wave contains energy in the plate and in the

0.9 fluid, and it can be shown to yield a flux of

. . . T :M| Pol?, (58)
FIG. 2. The fraction of structural energy associated with flexural)(and 2pw

longitudinal (L..) waves excited at the vertex of a steel and water configu- n . . . L . .

ration with ®=112.5° for acoustic incidence at angle=60°. The fre-  and ILL(67)|==iL.(61) assuming no dissipation in the

quencyw, is the flexural and acoustic coincidence frequency. The sum ofsystem. The energy fluxes of the radiated flexural and longi-

the four energies is 1. tudinal waves follow from(57) and (58), and the acoustic
energy is

The evaluation of the flexural wave amplitudes requires a 1 (o 1 ®

little more effort. The integra(7) can be evaluated asymp- |jm _f lpo(r,é)|?rd = _f ID(¢)|2dp. (59

totically for kr>1 by deformation of the contouy into a  r—«PCJ - 2mpw ) o

pair of steepest descent paths. This yields a representatlonThe total radiated energy,

P(r,d)=pa(r,@)+pp(r,é¢)+pe(r,¢)+pe(r,é),

structural and acoustic, is therefore

1 A
(52 .7S=m[|L;(0I>I|Aé|2+|L'wl)llAFl?
wherepg andpp are the geometrical and acousti¢artex
diffraction fields, respectively. The termss (r,¢) denote 2¢. A2 2e_|A[)?

the residues at captured poles of the functiofn+ ¢), and 5
they coincide with the zeros df.(a+ ¢+ ®) which lie

within the steepest descent paths. The dominant contribu- 1 (e )

tions to pg(r,¢) are due to the residues at poles + P 7¢|D(¢)| dé . (60)
a=—¢=(®+7+6;7) that describe the subsonic flexural

waves excited at the tip by the incident field and then trav-This defines the energy balance for the wave conversion pro-
eling outwards along both sides of the wedge without dissi€€SS.
pation if the material parameters of the plates are assumed to

be entirely real, that is Rig =0. The corresponding expres-

+
Q. 5 QO

1.0
sions may be summarized as follows
o=
P (r,¢)=H[= ¢—®—Red; |
. —_ + =
—gd(Im af)]Aée"‘r coq©+¢+91), (53) 30.6
<
where gd is the Gudermanian functibhand using(33), L 0.4
2 3 '
Ai=—— | S(xDPF7F0]) 502
FoLL(61) L 0
4 0.9
+sin6; >, CT cod 167 +m)|. (54) '
n=1
The acoustical diffractionpp of (52), is defined by FIG. 3. The same as Fig. 2 but fdr=135°.
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FIG. 4. The same as Fig. 2 but fdr=157.5°. FIG. 6. The same as Fig. 5 fdr=157.5°.

V. NUMERICAL RESULTS AND DISCUSSION

We now present some numerically computed results for
the particular case of identical steel plates in water l2se
(e=0.134) that are mechanically joined at the contact line ' (

(welded contact conditions Several simplifications result water
when the plates are identical: thusg, =6, for Z . ~ N
n=1,2,...,5, thfunction ¥ («) is even,

A (a)+A, (—a)=0, L air
and 1.0+
E;,+E3,=0, E;,+E;,=0. §°'8' F+l
We consider three representative configuratiois= 27, u
2, andZw. Figures 2—8 show the energy partition for acous- ulo.6
tical, flexural, and longitudinal incidence as a function of the 2
nondimensional frequend = w/ w, . E 0.4
z
o ! 0.2
112.5 ( 5
‘ RF ‘ ‘ ‘
_ water 080 02 04 06 08 1.0
7 NN wle,
E . FIG. 7. The same as Fig. 5 but for longitudinal incidence.
air
1.0
\ F+L
0.8F
e 1.0
o
w 0.6 >
i 0.8
e
w
=
wo.6
-
<
S0.4
0 I —— 5
0 02 04 06 08 10 S
/o, ro2
-
(7
FIG. 5. The structural energy redistribution for flexural wave incidence on 0-% - . —
the steel and water configuration with=112.5°. The curves “RF,” -0 0.2 0.4 wlo 0.6 0.8 1.0
“TF,” “RL,” and “TL,” indicate the amounts of reflected flexural, trans- ©
mitted flexural, reflected longitudinal, and transmitted longitudinal energies,
respectively. The sum of these four energies is the curve L'F FIG. 8. The same as Fig. 7 fdr=157.5°.
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curves should be compared with the fluid-loaded cases in

1.0 Figs. 5 and 8. It is interesting to note that the fluid loading
> ®=112.5° F-INCIDENCE does not have much effect for longitudinal incidence. The
008l L S . .

o story is different for flexural incidence, where fluid loading
= effects can be appreciable far<0.2w.. In general, experi-
30'6’ ence showde.g., Ref. 1] that fluid loading has a strong

s influence on radiation and scattering from sources and dis-
po.4 continuities forQ) < e, and the results presented here are con-
S sistent with this conclusion.

fo.2 The numerical computations presented here indicate the
@ degree of coupling between the modes for different wedge

angles and frequencies. Some of the observed trends can be
olo, ' ) understood by consideration of the special ca$esb = 7,

for which a Wiener—Hopf analysis leads to relatively simple
FIG. 9. The same as Fig. 5 but for dry plate® fluid loading. The same  expressions for the acoustical and flexural diffraction
frequency parameter i§ usgd for purposes of comparison. In this case ”tfbefficientsf and (ii) ®~ /2, which can be analyzed by
sum of the four fluxes is unity. perturbation methodbwith the flat plated = /2 solution as

the leading-order term. The latter analysis predicts that

The fractional distribution of the diffracted structural en- acoustic plane-wave incidence on flat junctiods~90°) is
ergy for acoustic plane-wave incidence withy=60° are converted almost equally, in terms of energy, among dif-
shown in Figs. 2—4 for frequencies below critical. In thesefracted longitudinal waves on the two plates. This is in ac-
and subsequent plots the solid curves indicate the flexuralord with the almost identicdl . andL_ curves from the
energy and the dashed curves show the longitudinal energiexact” computations in Fig. 2.
fractions. We note from Figs. 2—4 that the relative coupling
to flexural energy increases with the wedge angle, at the
expense of the longitudinal energy which vanishes aé\CKNOWLEDGMENT
®—180°. . .
The curves in Figs. 5 and 6 show the fraction of incident The work of A. N. Norris was supported by the Office of
. g L Naval Research.

flexural energy that is converted into the four radiating struc-
tural modes. In this case the sum of the flexural and longitu-
meall fluxes(the curve “F+L" ) is !ess than unity. The deficit APPENDIX A: THE FUNCTION A
indicates, from Eq(60), the fraction of energy converted to
acoustic waves. Similar curves for longitudinal incidence are  The general solution of the pair of difference equations
in Figs. 7 and 8. In all cases the total structural energy is
conserved at low frequency although it is significantly redis- ~ (¢* ®) ~A(Zax ®)=f.(a), (AL)
tributed among the modes. These and other computatiorsan be expressed as(a)=A"(a)+ A~ (a), where
indicate that an incident longitudinal wave generates rela- i n _
tively little acoustic sound fogr all values ab %onsidered, AT(at @)= AT (—at®)=T,(a),
with most of its energy redistributed among structural A*(a—®)-AT(—a—®)=0,

modes. .Th.e acoustical diffraction is generally greater forWith a similar system foi ~(e). We will discuss the solu-
flexural incidence.

Finally, Figs. 9 and 10 show the structural energy redision of the pair of simultaneous equatio@s2) only, which

Lo : : , apply to the functions\
tribution for two dry configuration¢see Appendix & These The solution is represented using a modified Fourier

transform pair:

<)
(==
=)
o_
Y
oL
-9
°4
o
°4
o
—h
ot

(A2)

1.0 .
joo
o A+(a)=f e ' “y(t)dt
\ - - . ’
0.8l & =157.5° L-INCIDENCE i
i (A3)
Gos (t)y=— ijiw €At (a)da
&l 77 27T —joo ’
S0.4
5 ) so that the difference equatiof2) become
2
o.2 - _ _ |
@ f [n(te P —p(—t)e'Ple " dt=f (a),
e
0.9 Ad)

fio'o [n(t)eitcb_ 7](_t)efit@]efita dt=0.

FIG. 10. The same as Fig. 8 but for dry plates.
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Hence, using the modified Fourier transform, we easily ob-

tain
e*itfb joo
ﬂ(t)zm 7iwe'ﬂtf+(,8)d,3, (A5)
and so
O BRI RO (A6)
where
i @it(B-®-a)gy
G(B'“):f_ixmﬂ Sin(2d1)
i si(B—®— a)t]dt
:J_ix 47 sin2dt) (A7)

But f, (B) is an odd function of its argument, implying that

At (@)= fomh(ﬁ)(G(B,a)—G(—B,a))dﬁ, (A8)

while

_i »sinh(Bs)cosh (a+ P)s)
G(’B’a)_G(_'B’a)_;jo sinh(2®s]

i sin( B/2d)

"~ 4 (cog Bm/2®) — sinam/2d)]’

(A9)
where the latter follows from Ed3.511.5 of Ref. 13.

APPENDIX B: DRY PLATES

Consider incident flexural waves on theplate with dis-
The total transverse displace-

placement amplitudesV; .

1-i) 1 (1+i) .
E:TWSiEWd+ > WO +

(i-1
2

*
WO y

A =wgcotd Fwytand—Uy , (B4)

wherews= 3w, (0)+w_(0)], wg=z{w.(0)—w_(0)], or
explicitly,
(Ug+Ug)cot®d+(1—i)(Wy +W, )8
Ws= cof O+ (1-1)8 '
—(Ug—Ug)tan®+ (W5 —W, )3
W =
‘ tarf ®+1(1-i)8
with 8= w/(kCp) and ¢, is the longitudinal wave speed
(=c.). In terms of the nondimensional paramefefor the
fluid loaded problem we havg=Q/4. Finally, we note

that the total energy balance for the dry plate problem is
simply

(B5)

: (B6)

2, 1 1
A P+ AR [P+ ool AL+ S lACIP =1, (B7)

for a single incident flexural wave of unit amplitudgA( |

or |[W,|=1), or for incidence of a longitudinal wave of am-
plitude |UZ| or |Uy|=\2B. We refer to Budrifi* and
Maslov*® for further results concerning the dry structural
acoustics problem.
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