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Two semi-infinite elastic plates are joined along a line forming a wedge structure with unilateral
fluid loading in the outer sector of the two plates. The structure is modeled using thin plate theory,
allowing freely propagating flexural and longitudinal waves. The junction is mechanically
connected with an applied force and moment acting there to simulate a possible internal connection.
The general two-dimensional solution is described for incidence of time harmonic structural or
acoustical waves. The total pressure is expressed as a Sommerfeld integral, the integrand comprising
Malyuzhinets functions and particular solutions of certain difference equations. The junction
conditions reduce to a system of four linear equations. Numerical examples indicate the coupling
between the modes for welded steel plates in water. Acoustic plane-wave incidence on the flattest
junction considered is converted almost equally, in terms of energy, among diffracted flexural and
longitudinal waves. The coupling to flexural energy increases with the angle of the water wedge
sector, at the expense of the longitudinal energy which vanishes in the limit as the water occupies
the entire domain except for a strip comprising the two plates. An incident longitudinal wave
generates relatively little acoustic sound for all wedge angles considered, with most of its energy
redistributed among structural modes. The acoustical diffraction is generally greater for flexural
incidence. Comparison with the dry structural diffraction coefficients indicates that the fluid loading
effects for steel and water configurations can be significant for frequencies less than one-fifth of the
coincidence frequency, but are small for higher frequencies. ©1997 Acoustical Society of
America.@S0001-4966~97!03802-2#

PACS numbers: 43.40.Dx, 43.40.Rj@CBB#
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INTRODUCTION

We consider a wedge configuration formed by two el
tic plates joined at an angle, with the simplification that t
plates are thin and the complication that the structure
loaded unilaterally by an acoustic fluid. The thin plate a
sumption means that only the basic symmetric and antis
metric structural modes need to be considered, corresp
ing to longitudinal and flexural waves. The major difficul
is to simultaneously satisfy the structural dynamic equati
and the Helmholtz equation for the acoustic pressure, sub
to the continuity conditions at the solid–liquid boundary, a
the junction conditions at the vertex. We restrict attent
here to the two-dimensional configuration, as depicted
Fig. 1, for which all motion is in the plane normal to the lin
joining the plates. Our objective is to quantitatively unde
stand the various wave interaction mechanisms, such
structural to structural or acoustic to structural, and the s
nificance of the fluid loading on these interactions.

Similar problems for flat fluid-loaded structural config
rations, such as two connected semi-infinite plates1 or infinite
plates with line attachments,2,3 have been studied in detai
They differ both physically and mathematically from th
present situation. First, there is generally no coupling of
longitudinal structural motion with the acoustic and flexu
waves. Thus, the in-plane longitudinal motion is complet
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decoupled. Second, conventional Fourier transform
Wiener–Hopf techniques may be used for problems defi
on rectangular coordinates, e.g., Ref. 4, but do not suffice
wedge configurations. The general procedure for solv
acoustic diffraction from wedges with higher-order bounda
conditions has only recently been developed,5,6 and has been
applied successfully to membrane boundaries,6,7 and also to
plates. Thus, Osipov8 showed that writing the acoustic fiel
as a Sommerfeld integral transform reduces the plate bou
ary conditions to functional difference equations for the pr
sure transform. He also provided an explicit procedure
solving these equations using Malyuzhinets functions a
Fourier transforms.

In this paper we discuss the general solution for vario
contact conditions along the line where the plates meet,
cluding the case of welded contact for which displaceme
and forces are continuous. This case is of most pract
significance, but unfortunately, was not considered
Osipov.8 The problem involves six continuity conditions a
the junction: two for the two velocity components, two mo
for the force components, and one each for the bending
ment and the rotation. We showed in a related paper9 that the
six continuity conditions can be expressed solely in terms
the transverse plate displacement as a set of four conditi
Approximate results appropriate to wedge configurations
are almost flat were also derived in Ref. 9, but the gene
8671(2)/867/10/$10.00 © 1997 Acoustical Society of America
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case was not considered. It is interesting to note that exc
tion by an incident longitudinal wave produces no forcing
the fluid or flexural equations, but the four junction cond
tions involve an effective line force at the vertex, the amp
tude of which is related to the incident wave amplitud
Thus, longitudinal incidence is equivalent to the radiati
problem with a source at the vertex.

The outline of the paper is as follows. The problem
defined in Sec. I, and the general solution procedure ba
on the Sommerfeld integral transform is described in Sec
For a given structure and an incident structural or acou
wave the problem is reduced to finding eight constants:
values of the normal displacement and its first three der
tives on both plates at the vertex. In Sec. III a system
linear equations for the eight unknowns is obtained by
plying appropriate regularity conditions on the Sommerf
transform and by applying the junction conditions, thus co
pleting the solution. The diffracted structural wave amp
tudes are defined and an energy conservation relation is
scribed in Sec. IV. We conclude with a discussion of seve
illustrative numerical examples in Sec. V.

I. BASIC EQUATIONS

The plate configuration and an incident acoustic wa
are depicted in Fig. 1. We are interested in the time harmo
acoustic pressure fieldp5p(r ,f)e2 ivt satisfying the Helm-
holtz equation outside the wedge,

¹2p1k2p50, 0,r,`, 2F,f,F, ~1!

where k5v/c is the acoustic wave number, andr ,f are
polar coordinates relative to the contact line. The equati
of motion and continuity on the wedge faces are

2B6

d4w6

dr4
1m6v2w65p~r ,6F!, 0,r,`,

~2!

rv2w6~r !57
1

r

]p

]f
~r ,6F!, 0,r,`.

Here,w(r ) is the displacement into the fluid, andm, B, and
r are the plate density, bending stiffness, and the fluid d
sity. In general, the plate parameters may be different
each face of the wedge, so we denote them asw6 , B6 ,
m6 , where6 signs correspond to the upper (f5F) and
lower (f52F) faces, respectively.

At this stage we define some parameters which simp
the analysis later: the plate flexural wave numb

FIG. 1. The wedge configuration.
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k65(m6v2/B6)
1/4, and the nondimensional frequency p

rametersV65k2/k6
2 5v/vc

6 wherevc
6 are the plate coin-

cidence frequencies,vc
65c2Am6 /B6. The remaining plate

dynamics can be represented by frequency independen
mensionless fluid-loading parameters,

e65
rV6

km6
, d65

c6

c
, ~3!

where c65AC6 /m6 is the longitudinal wave speed an
C6 is the extensional stiffness. Note that bothe6 andd6 are
also independent of the plate thicknesses: thus, for Kirchh
thin plate theory e65d6r/(r6A12) and
d65c21AE6 /@r6(12n6

2 )#, whereE6 , r6 , and n6 are
Young’s modulus, volumetric density and Poisson’s rat
respectively.

The excitation may arise from a variety of sources:~i! an
incident acoustic plane wave as shown in Fig. 1,

pi~r ,f,f0!5P0 exp@2 ikr cos~f2f0!#, ~4!

~ii ! an incident subsonic flexural wave on the pla
f56F is also given by~4! with complex-valued incident
anglef056(F2u1

6), whereu1
6 are defined below. Alter-

natively, ~iii ! the excitation may be an incident longitudin
wave on either plate,

u6
inc~r !5U0

6 exp~2 ivr /c6!, ~5!

whereu6
inc(r ) are the in-plane displacement components

the plates in the radial direction. In order to make the diff
ent incident wave types have consistent amplitudes,
S0

65vkZ6U0
6 , or

vkZ6u6
inc~r !5S0

6 exp~2 ivr /c6!, ~6!

where Z65m6c6 are the longitudinal wave impedance
Thus,S0

6 have the same units~pressure! asP0. We note that
the Poisson effect is ignored here, and consequently the
cident longitudinal waves have no pressure in the fluid. Th
enter the problem explicitly through the junction condition
We will see that they can be considered by applying
equivalent force at the junction, see~44! below. In general,
any one of the three types of incident waves excites all o
ers. The central problem here is to determine the rela
coupling amplitudes.

II. GENERAL SOLUTION

A. Field representation and functional equations

We seek the solution in the form of a Sommerfeld in
gral

p~r ,f!5
1

2p i Eg
e2 ikr cosaS~a1f!da

5
1

2p i Eg1

e2 ikr cosa@S~a1f!

2S~2a1f!#da. ~7!

The contourg5g1øg2 , whereg1 is a loop in the upper
half of the complexa plane, beginning atp/21 i`, ending
at23p/21 i`, with Ima lying above the maximum value o
868A. N. Norris and A. V. Osipov: Junction of fluid-loaded plates
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6)u, where the complex anglesun

6 n51,2,...,5, are
defined below. The contourg2 is the image ofg1 under
inversion about the origina50. The ‘‘transform’’ S(a)
should be a meromorphic function of a complex varia
a, have a single pole with residueP0 at a5f0 in the strip
P05$a:uReau<F% to reproduce the incident field~4!, and
be bounded when Ima→6` satisfyingS( i`)52S(2 i`)
without loss of generality.

The Sommerfeld integral~7! is closely related to the
Laplace transform. Define the transform

T @ f ~r !#[ f̂ ~a!5
i

2
k sin aE

0

`

eikr cosa f ~r !dr, ~8!

with inverse transform10

T 21@ f̂ #5 f ~r !5
1

2p i Eg
e2 ikr cosa f̂ ~a!da. ~9!

Note thatf̂ (a)5( i /2) k sinaF(2ikcosa) whereF(s) is the
Laplace transform off (r ), and

T Fd fdr ~r !G52 ik cosa f̂ ~a!2
i

2
k sin a f ~0!. ~10!

Equation~7! implies that

p̂~a,f!5T @p~r ,f!#5S~a1f!, ~11!

and the transform of the normal displacement is

ŵ6~a!56
ik

rv2 sin a p̂~a,6F!. ~12!

The transform of the boundary conditions~2! is therefore,
using ~10!–~12!,

T F2B6

d4w6

dr4
1m6v2w62pG

5L6~a!S~a6F!1
ik

2
sin a B6@w6-~0!

2 ik cosaw69 ~0!2k2 cos2 aw68 ~0!

1 ik3 cos3 aw6~0!#, ~13!

where

L6~a!56 i
V6

e6
sin a~12V6

2 cos4 a!21. ~14!

The inverse transform of~13! must be zero for all positive
r , implying that the right-hand side of~13! must be an odd
function ofa. This leads to a pair of functional equations

L6~a!S~a6F!2L6~2a!S~2a6F!

52 sina (
n51

4

Cn
6 cosn21 a, ~15!

with constantsCn
6 , n51,2,3,4 which depend upon the no

mal displacement and its derivatives at the tip:

Cn
65

B6

2
~2 ik !n

d42nw6

dr42n ~0!. ~16!
869 J. Acoust. Soc. Am., Vol. 101, No. 2, February 1997
Thus, the problem is reduced to a system of functional eq
tions ~15! with eight constantsCn

6 , n51,2,3,4, which are to
be determined.

B. The plate angles

The general solution depends crucially upon the ang
un

6, Reun
6 P (2 p/2 ,p/2),n51,...,5, defined by

L6~7un
6!50, ~17!

or sinun
65Xn

6 , whereXn
6 , n51,...,5 are theroots of the

equationF6(Xn
6)50, and

F6~X!5X522X32~V6
2221!X1 i e6 /V6

3 . ~18!

By analogy with optics,un
6 may be interpreted as Brewste

angles for each plate. They are related to the structural w
numbers of infinite plates through the connecti
g5 ik sinun

6 , whereg is the commonly used decay wav
number, e.g., Ref. 11. Crighton12 has examined the roo
structure of the related fifth-order polynomial equation f
g @Eq. ~3.1! of Ref. 12#. Based upon this, we deduce that f
real V6 and e6 , there exists one and only one root
F6(Xn

6)50 on the negative imaginary axis, sayX1
6 . The

imaginary rootsu1
6 have Imu1

6,0 and correspond to a sub
sonic flexural wave which propagates unattenuated al
each plate and decays exponentially into the fluid. Of
four remainingX-roots, two lie in the lower and two in the
upper half-plane, symmetrically positioned with respect
the imaginary axis.

The two roots in the upper half-plane,X4
6 andX5

6 , lie
on the imaginary axis if the following inequality is satisfie

4V6
3

55/2 S 5

V6
2 222A41

5

V6
2 D SA41

5

V6
2 23D 1/2>e6 .

~19!

This condition is new~we believe!, and may be determined
as follows. LetX52 ih, so thatF6(X)50 is equivalent to
G6(h)50. The related equationG68 (h)50 has real roots
only if V6<1 and they occur ath5Az6, h52Az6, where
z652 3

51
1
5(415/V6

2 )1/2. Since G6(0),0 and
G6(h)→6` as h→6`, there is only one zero o
G6(h) on the positive real axis, and either zero or two
the negative real axis. The condition for two roots on t
negative axis is thatG6(2Az6)>0, which reduces to~19!.
This may be rewritten as

~z611!~5z611!3z6
23<16 e6

22 . ~20!

It can be easily checked that the left member has a uni
minimum at z651, implying that ~19! can only hold for
systems withe6<ec[1/A2750.1925, and then only for a
range of subsonic frequencies, 0,V6

l <V6<V6
u <1 where

V6
l (e),(12)21/250.2887,V6

u (e) are the values at which
the equality holds.

Thus, one of the fiveun
6 lies on the negative imaginar

axis, and either two or zero lie on the positive imaginary a
depending as~19! holds or not. For example,e50.134 for
869A. N. Norris and A. V. Osipov: Junction of fluid-loaded plates
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steel and water, ande50.4 for aluminum and water, an
consequently the latter system has only one purely imagin
un , while steel and water has three for 0.0748,V6

,0.5918 and one otherwise. The ambiguity concerning
values of parameterssn

65sgn(Reun
6) if ReXn

650 can be
removed by introducing a small amount of dissipation. G
ing the bending stiffnessB6 a small negative imaginary pa
shifts these roots from the imaginary axis in the complexX
plane to get ReX1,3,5

6 .0, ReX2,4
6 ,0. Consequently, we

have Reu1,3,5
6 P(0,p/2), Reu2,4

6 P(2p/2,0) and sn
6

5(21)n21, n51,...,5. At very low frequency, such tha
V6!1, asymptotic approximations to the roots yiel
u1

6.2 il6 , u2
6.2u3

6*.u4
6*.2u5

6.u1
62 2

5p, where
l652 3

5 ln V611
5ln e61ln 2. These limiting values specify

the quadrant positions of the angles for finiteV6 . We note
for future reference that Imu2

6,0, Im u4
6.0.

C. General solution of the functional equations

The general solution to Eq.~15! is represented as

S~a!5C~a!S P0

s~a,f0!

C~f0!
1L~a! D , ~21!

whereC(a), s(a,f0), andL(a) are each particular solu
tions to a pair of difference equations. Thus,C(a) is the
unique ~up to a multiplicative constant! solution of the ho-
mogeneous system

L6~a!C~a6F!2L6~2a!C~2a6F!50, ~22!

which has no poles or zeros in the stripP0, s(a,f0) is the
solution of the homogeneous system

s~a6F,f0!2s~2a6F,f0!50 , ~23!

which has a simple pole with unit residue at the single po
a5f0 in the stripP0, andL(a) is the particular solution of
the nonhomogeneous system

L~a6F!2L~2a6F!

5
2 sina

L6~a!C~a6F! (n51

4

Cn
6cosn21 a. ~24!

The functionC(a) is a product of special Malyuzhinet
functionscF(a) which depends upon the Brewster ang
for the boundaries,un

6 , n51,...,5. The form ofC(a) de-
pends critically uponsn

6 , defined above, implying the fol
lowing analytical form of the auxiliary function

C~a!5
C1

1~a!C3
1~a!C5

1~a!

C2
1~a!C4

1~a!

C1
2~a!C3

2~a!C5
2~a!

C2
2~a!C4

2~a!
,

~25!

Cn
6~a!5cFS a6F1

p

2
1~21!nun

6D
3cFS a6F2

p

2
2~21!nun

6D , ~26!

wherecF(a) is the Malyuzhinets function, which is analyti
for uReau,2F1 p/2.

The required solution of the homogeneous system~23!
is
870 J. Acoust. Soc. Am., Vol. 101, No. 2, February 1997
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s~a,f0!5
~p/2F!cos~pf0/2F!

sin~pa/2F!2 sin~pf0/2F!
. ~27!

Finally, the particular solution of~24! can be deduced as

L~a!5 (
n51

4

Cn
1Ln

1~a!1 (
n51

4

Cn
2Ln

2~a!, ~28!

where the procedure to determine the functionsLn
1(a) is

described in Appendix A, with the result

Ln
6~a!57

1

p i E0
i`s~a,b6F! sin b cosn21 b

L6~7b!C„6~F2b!…
db.

~29!

In the limit as ImB6↑0, the pointb52u1
6 lies on the con-

tour of integration, resulting in a singularity of the integran
This may be handled by taking the limit and evaluating t
contribution as a principal value integral. A similar princip
value contribution also occurs atb5u5

6 when e6<ec and
0,V6

l <V6<V6
u ,1. Such singularities located on th

positive imaginary axis can be avoided by deforming t
contour into the region Imb.0, Reb P~0,p/2! where
1/C„6(F2b)… by construction is regular and only one ze
of L6(7b) occurs atb5u5

6 . In practice, the integration is
performed numerically by deforming to the contourL(N)
which goes from 0 tox0 to x01 iN, where x05

1
2@p/2

1Re(u5
6)] and N need not be very large for fast conve

gence. The change of contour introduces a residue contr
tion at the circumscribed pole, thus

Ln
6~a!52

2s~a,u5
66F! sin u5

6 cosn21 u5
6

L68 ~7u5
6!C„6~F2u5

6!…

7
1

p i EL~`!

s~a,b6F! sin b cosn21b

L6~7b!C„6~F2b!…
db.

~30!

The previous definitions of the functionsC(a) andL(a),
and consequentlyS(a), are analytic only in the stripP0, but
may be analytically continued outside this region by repea
use of the functional relations~15!, ~21!, ~22!, and~24!. For
example, the values of these functions in the sectors ne
boring P0, P615$a:F,Re(6a)<3F% are related to
themselves inP0 by the formulas

C~a!5
L6~2a6F!

L6~a7F!
C~2a62F!, aPP61 , ~31!

L~a!5L~2a62F!1
2 sin~a7F!

L6~2a6F!C~2a62F!

3 (
n51

4

Cn
6cosn21~a7F!, aPP61 , ~32!

S~a!5
L6~2a6F!

L6~a7F!
S~2a62F!1

2 sin~a7F!

L6~a7F!

3 (
n51

4

Cn
6cosn21~a7F!, aPP61 . ~33!
870A. N. Norris and A. V. Osipov: Junction of fluid-loaded plates
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III. DETERMINATION OF CONSTANTS

The eight unknowns can be determined from a lin
system of equations of the form

S E11
1 E11

2 E12
1 E12

2 E13
1 E13

2 E14
1 E14

2

E21
1 E21

2 E22
1 E22

2 E23
1 E23

2 E24
1 E24

2

A A A A A A A A

A A A A A A A A

E81
1 E81

2 E82
1 E82

2 E83
1 E83

2 E84
1 E84

2

D 1
C1

1

C1
2

C2
1

C2
2

C3
1

C3
2

C4
1

C4
2

2
5~g1 g2 g3 g4 g5 g6 g7 g8!

T. ~34!

The first four of these equations follow from certain regul
ity conditions on the integrandS(a), and the remaining four
are consequences of the mechanical conditions at the ve
The two sets of conditions are used below to determine
elements ofE andg.

A. Regularity conditions

The far-field (r→`) behavior of the Sommerfeld inte
gral ~7! can be determined by deforming the contourg into a
pair of contours G«(6p), one of which goes from
p2«1 i` through a5p to p1«2 i`, and the other is
symmetric to it about the origina50. Assuming that« is
positive and arbitrarily small, one finds that these conto
belong totally to those portions of the complexa plane, la-
beledP2, in which Imcosa,0, and hence any integral o
exp(2ikr cosa) taken over the contoursG«(6p) vanishes
as r→`. In deforming the contour certain poles may
captured in the area designated asPesswhich is enclosed by
contoursg6 at the top and bottom, and byG«(6p) at the
left and right. If the captured poles include one or mo
located inside the regionsP1 where Imcosa.0, then the
residues at such poles would grow exponentially withr , giv-
ing unphysical behavior at infinity. Poles of this type~named
in Ref. 4 as ‘‘forbidden’’ poles! violate conditions at
r51` for somef P (2F,F) and must be eliminated from
the solution.

In the following we assume that Imu2
6,0, Im u4

6.0,
then it can be shown that among the forbidden poles wh
are shared byPess and P1 are as follows:a52f1ap

f

wherep51,2,3,4, and

a1
f 5u2

11p1F,

a2
f 52u4

11F,
~35!

a3
f 52u2

22p2F,

a4
f 5u4

22F.

In order to guarantee the correct behavior of the integral~7!
as r→1` we have to cancel the residues of its transfo
S(a) at the forbidden poles~35! by equating
871 J. Acoust. Soc. Am., Vol. 101, No. 2, February 1997
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ex.
e

s

h

P0

s~ap
f ,f0!

C~f0!
1L~ap

f !50, p51,2,3,4 . ~36!

These provide the first four rows of the matrixE and the
vectorg. Thus,

gp52P0

s~ap
f ,f0!

C~f0!
, p51,2,3,4 . ~37!

The elements of the top half ofE follow by noting that the
functionL(a) satisfies the functional equations~24!. Thus,
a1
f ,a2

f P P1 , a3
f ,a4

f P P21 if F.p/2 and consequently
using ~32!,

Epn
1 5Ln

1~2ap
f 12F!

1
2 sin~ap

f 2F! cosn21~ap
f 2F!

L1~2ap
f 1F!C~2ap

f 12F!
,

~38!

Epn
2 5Ln

2~2ap
f 12F!, p51,2, n51,2,3,4,

and

Epn
2 5Ln

2~2ap
f 22F!

1
2 sin~ap

f 1F! cosn21~ap
f 1F!

L2~2ap
f 2F!C~2ap

f 22F!
,

~39!

Epn
1 5Ln

1~2ap
f 22F!, p53,4, n51,2,3,4.

The functionsLn
6(a) andC(a) in Eqs.~38! and ~39! have

arguments only inP0.

B. Junction conditions

1. Clamped, free, or hinged plates

We consider three sets of junction conditions und
which the equations simplify considerably. These are lis
in Table I as clamped, free, and hinged. In the former c
both plates are clamped at the vertex, constraining mo
there. The nonzero equations are

TABLE I. The junction conditions for clamped, free and hinged plates.
each case four of the eight unknowns are zero, and the remaining fou
determined by four linear equations.

Type Conditions Implications Equations

Clamped w6(0)50 ,w68 (0)50 C3
65C4

650 ~40!
Free w69 (0)50 ,w6-(0)50 C1

65C2
650 ~41!

Hinged w650 ,w69 (0)50 C2
65C4

650 ~42!
871A. N. Norris and A. V. Osipov: Junction of fluid-loaded plates



o
s

ro

ha
a
e

b

he

i-

r

ci-

by
dial

ial
y

S E11
1 E11

2 E12
1 E12

2

E21
1 E21

2 E22
1 E22

2

E31
1 E31

2 E32
1 E32

2

E41
1 E41

2 E42
1 E42

2

D S C1
1

C1
2

C2
1

C2
2

D 5S g1

g2

g3

g4

D . ~40!

Under ‘‘free’’ conditions the shear force and bending m
ment on each plate vanishes at the tip, and the equation

S E13
1 E13

2 E14
1 E14

2

E23
1 E23

2 E24
1 E24

2

E33
1 E33

2 E34
1 E34

2

E43
1 E43

2 E44
1 E44

2

D S C3
1

C3
2

C4
1

C4
2

D 5S g1

g2

g3

g4

D . ~41!

The hinged ends constrain the linear motion but not the
tation, and exert no moments, yielding

S E11
1 E11

2 E13
1 E13

2

E21
1 E21

2 E23
1 E23

2

E31
1 E31

2 E33
1 E33

2

E41
1 E41

2 E43
1 E43

2

D S C1
1

C1
2

C3
1

C3
2

D 5S g1

g2

g3

g4

D . ~42!

2. Welded and forced

We now consider the important case of two plates t
are mechanically joined at the vertex. The displacements
rotations are continuous, and there is an applied mom
M0 per unit length in the third dimension, and forceF per
unit length acting at the tip. The continuity conditions can
expressed in terms of the deflectionw6(r ) and their deriva-
tives atr50:9

w18 ~0!1w28 ~0!50 ,

B1w19 ~0!2B2w29 ~0!5M0 , ~43!

B6

iv
w6-~0!1Z6w6~0!2

~Z11Z2!

sin2 2F

3@w6~0!1w7~0!cos 2F#5
Fr

7

iv sin 2F
.

Here,Fr
6 are the radial components ofF alongf56F. For

acoustic or flexural wave incidence we haveM050 and
Fr

650. Longitudinal waves traveling inwards towards t
junction on the6plate can be considered by settingM050
and

Fr
6522iv~Z6U0

61Z7U0
7 cos 2F!, ~44!

whereU0
6 is the particle displacement of the incident long

tudinal wave atr50 in the radial direction, defined by~5!.
Using ~16! implies
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C3
1

B1
1
C3

2

B2
50 ,

C2
12C2

252
k2

2
M0 , ~45!

k2

c
C1

61
Z6

B6
C4

62
~Z11Z2!

sin2 2F SC4
6

B6
1
C4

7

B7
cos 2F D

5
2 ik3Fr

7

2c sin 2F
,

and therefore the bottom half ofE comprises zeros except fo
the elements

E53
6 5

e6

V6
3 , E62

6 561, E71
1 5E81

2 52 sin2 2F,

E74
1 5

d1

V1
2 S cos2 2F1

e1d2V2

e2d1V1
D ,

E74
2 5

d2

V2
2 cos 2FS 11

e2d1V1

e1d2V2
D , ~46!

E84
2 5

d2

V2
2 S cos2 2F1

e2d1V1

e1d2V2
D ,

E84
1 5

d1

V1
2 cos 2FS 11

e1d2V2

e2d1V1
D ,

while the right-hand members become for longitudinal in
dence, using~44! andM050,

g550, g650,

g75~S0
21S0

1cos 2F! sin 2F, ~47!

g85~S0
11S0

2cos 2F! sin 2F.

In summary, the right-hand side of the matrix equation~34!
is defined by the incident pressuresP0 andS0

6 , and therefore
all coefficientsCn

6 also have units of pressure.

IV. DIFFRACTED STRUCTURAL WAVES

The total longitudinal motion in the plates is defined
the displacement components in either plate in the ra
direction:

u6~r !5u6
inc~r !1u6

sc~r !, ~48!

whereu6
inc(r ) is the incident wave, from~6!, andu6

sc(r ) is the
scattered wave which satisfies

vkZ6u6
sc~r !5AL

6 exp~ ivr /c6!, ~49!

indicating longitudinal energy radiating outwards. The init
amplitudes are related to the transverse displacements b9

u6~0!5~ sin 2F!21@w7~0!1w6~0!cos 2F#, ~50!

and therefore, using~16!, the longitudinal diffraction coeffi-
cients are

AL
65

2d6

V6
2 sin 2F SC4

6 cos 2F1C4
7

e7V6
3

e6V7
3 D 2S0

6 . ~51!
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The evaluation of the flexural wave amplitudes require
little more effort. The integral~7! can be evaluated asymp
totically for kr@1 by deformation of the contourg into a
pair of steepest descent paths. This yields a representat

p~r ,f!5pG~r ,f!1pD~r ,f!1pF
1~r ,f!1pF

2~r ,f!,
~52!

wherepG andpD are the geometrical and acoustical~vertex!
diffraction fields, respectively. The termspF

6(r ,f) denote
the residues at captured poles of the functionC(a1f), and
they coincide with the zeros ofL6(a1f7F) which lie
within the steepest descent paths. The dominant contr
tions to pF

6(r ,f) are due to the residues at pol
a52f6(F1p1u1

6) that describe the subsonic flexur
waves excited at the tip by the incident field and then tr
eling outwards along both sides of the wedge without dis
pation if the material parameters of the plates are assume
be entirely real, that is Reu1

650. The corresponding expres
sions may be summarized as follows

pF
6~r ,f!5H@6f2F2Reu1

6

2gd~ Im u1
6!#AF

6eikr cos~F7f1u1
6

!, ~53!

where gd is the Gudermanian function,13 and using~33!,

AF
65

2

L68 ~u1
6!

S S~6F7p7u1
6!

6 sin u1
6 (
n51

4

Cn
6 cosn21~u1

61p!D . ~54!

The acoustical diffraction,pD of ~52!, is defined by

FIG. 2. The fraction of structural energy associated with flexural (F6) and
longitudinal (L6) waves excited at the vertex of a steel and water confi
ration with F5112.5° for acoustic incidence at anglef0560°. The fre-
quencyvc is the flexural and acoustic coincidence frequency. The sum
the four energies is 1.
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n
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pD~r ,f!'D~f!
exp~ ikr2 i3p/4!

A2pkr
, ~55!

where the diffraction coefficient follows from a steepest d
scents integral as

D~f!5S~f1p!2S~f2p!. ~56!

This term describes the cylindrical wave arising due to d
fraction of the incident field by the tip. The acoustical d
fraction coefficient must be unchanged under the intercha
of the source and observation directions. Thus, when con
ered as a function of bothf andf0, it satisfies the reciproc-
ity identity D(f0 ,f)5D(f,f0).

The energy of an incident structural wave is defined
twice the flux of energy per cycle in the direction of th
incoming wave. For the longitudinal wave this is simply th
energy flux in the plate,

F L
65v2Z6uU0

6u2. ~57!

The flexural wave contains energy in the plate and in
fluid, and it can be shown to yield a flux of

F F
65

uL68 ~u1
6!u

2rv
uP0u2, ~58!

and uL68 (u1
6)u56 iL68 (u1

6) assuming no dissipation in th
system. The energy fluxes of the radiated flexural and lon
tudinal waves follow from~57! and ~58!, and the acoustic
energy is

lim
r→`

1

rcE2F

F

upD~r ,f!u2rdf5
1

2prvE2F

F

uD~f!u2df. ~59!

The total radiated energy, structural and acoustic, is there

F s5
1

2rv H uL18 ~u1
1!uuAF

1u21uL28 ~u1
2!uuAF

2u2

1
2e1uAL

1u2

d1V1
1
2e2uAL

2u2

d2V2

1
1

pE2F

F

uD~f!u2dfJ . ~60!

This defines the energy balance for the wave conversion
cess.

-

f

FIG. 3. The same as Fig. 2 but forF5135°.
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V. NUMERICAL RESULTS AND DISCUSSION

We now present some numerically computed results
the particular case of identical steel plates in wa
(e50.134) that are mechanically joined at the contact li
~welded contact conditions!. Several simplifications resul
when the plates are identical: thus,un

15un
2 for

n51,2,...,5, thefunctionC(a) is even,

Ln
1~a!1Ln

2~2a!50,

and

E1n
6 1E3n

7 50, E2n
6 1E4n

7 50.

We consider three representative configurations:F5 5
8p,

3
4p, and

7
8p. Figures 2–8 show the energy partition for acou

tical, flexural, and longitudinal incidence as a function of t
nondimensional frequencyV5v/vc .

FIG. 4. The same as Fig. 2 but forF5157.5°.

FIG. 5. The structural energy redistribution for flexural wave incidence
the steel and water configuration withF5112.5°. The curves ‘‘RF,’’
‘‘TF,’’ ‘‘RL,’’ and ‘‘TL,’’ indicate the amounts of reflected flexural, trans-
mitted flexural, reflected longitudinal, and transmitted longitudinal energ
respectively. The sum of these four energies is the curve ‘‘F1L.’’
874 J. Acoust. Soc. Am., Vol. 101, No. 2, February 1997
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FIG. 6. The same as Fig. 5 forF5157.5°.

FIG. 7. The same as Fig. 5 but for longitudinal incidence.

FIG. 8. The same as Fig. 7 forF5157.5°.

n
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The fractional distribution of the diffracted structural e
ergy for acoustic plane-wave incidence withf0560° are
shown in Figs. 2–4 for frequencies below critical. In the
and subsequent plots the solid curves indicate the flex
energy and the dashed curves show the longitudinal en
fractions. We note from Figs. 2–4 that the relative coupl
to flexural energy increases with the wedge angle, at
expense of the longitudinal energy which vanishes
F→180°.

The curves in Figs. 5 and 6 show the fraction of incide
flexural energy that is converted into the four radiating str
tural modes. In this case the sum of the flexural and long
dinal fluxes~the curve ‘‘F1L’’ ! is less than unity. The defici
indicates, from Eq.~60!, the fraction of energy converted t
acoustic waves. Similar curves for longitudinal incidence
in Figs. 7 and 8. In all cases the total structural energy
conserved at low frequency although it is significantly red
tributed among the modes. These and other computat
indicate that an incident longitudinal wave generates re
tively little acoustic sound for all values ofF considered,
with most of its energy redistributed among structu
modes. The acoustical diffraction is generally greater
flexural incidence.

Finally, Figs. 9 and 10 show the structural energy red
tribution for two dry configurations~see Appendix B!. These

FIG. 9. The same as Fig. 5 but for dry plates~no fluid loading!. The same
frequency parameter is used for purposes of comparison. In this cas
sum of the four fluxes is unity.

FIG. 10. The same as Fig. 8 but for dry plates.
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curves should be compared with the fluid-loaded cases
Figs. 5 and 8. It is interesting to note that the fluid loadi
does not have much effect for longitudinal incidence. T
story is different for flexural incidence, where fluid loadin
effects can be appreciable forv<0.2vc . In general, experi-
ence shows~e.g., Ref. 11! that fluid loading has a strong
influence on radiation and scattering from sources and
continuities forV,e, and the results presented here are c
sistent with this conclusion.

The numerical computations presented here indicate
degree of coupling between the modes for different wed
angles and frequencies. Some of the observed trends ca
understood by consideration of the special cases~i!: F5p,
for which a Wiener–Hopf analysis leads to relatively simp
expressions for the acoustical and flexural diffracti
coefficients,7 and ~ii ! F'p/2, which can be analyzed b
perturbation methods,9 with the flat plateF5p/2 solution as
the leading-order term. The latter analysis predicts t
acoustic plane-wave incidence on flat junctions (F'90°) is
converted almost equally, in terms of energy, among d
fracted longitudinal waves on the two plates. This is in a
cord with the almost identicalL1 and L2 curves from the
‘‘exact’’ computations in Fig. 2.
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APPENDIX A: THE FUNCTION L

The general solution of the pair of difference equatio

L~a6F!2L~2a6F!5 f6~a!, ~A1!

can be expressed asL(a)5L1(a)1L2(a), where

L1~a1F!2L1~2a1F!5 f1~a!,
~A2!

L1~a2F!2L1~2a2F!50 ,

with a similar system forL2(a). We will discuss the solu-
tion of the pair of simultaneous equations~A2! only, which
apply to the functionsLn

1

The solution is represented using a modified Four
transform pair:

L1~a!5E
2 i`

i`

e2 iath~ t !dt,

~A3!

h~ t !52
1

2pE2 i`

i`

eiatL1~a!da,

so that the difference equations~A2! become

E
2 i`

i`

@h~ t !e2 i tF2h~2t !eitF#e2 i ta dt5 f1~a!,

~A4!

E
2 i`

i`

@h~ t !eitF2h~2t !e2 i tF#e2 i ta dt50.

the
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Hence, using the modified Fourier transform, we easily
tain

h~ t !5
e2 i tF

4p i sin~2Ft !E2 i`

i`

eibt f1~b!db, ~A5!

and so

L1~a!5E
2 i`

i`

f1~b!G~b,a!db, ~A6!

where

G~b,a!5E
2 i`

i` eit ~b2F2a!dt

4p i sin~2Ft !

5E
2 i`

i` sin@~b2F2a!t#dt

4p sin~2Ft !
. ~A7!

But f1(b) is an odd function of its argument, implying tha

L1~a!5E
0

i`

f1~b!„G~b,a!2G~2b,a!…db, ~A8!

while

G~b,a!2G~2b,a!5
i

pE0
`sinh~bs!cosh@~a1F!s!

sinh~2Fs#
ds

5
i

4F

sin~bp/2F!

~cos~bp/2F!2 sin~ap/2F!#
,

~A9!

where the latter follows from Eq.~3.511.5! of Ref. 13.

APPENDIX B: DRY PLATES

Consider incident flexural waves on the6plate with dis-
placement amplitudesW0

6 . The total transverse displace
ment on each plate can then be written as the sum of
incident wave plus outgoing propagating and evanesc
flexural waves:

w6~r !5W0
6e2 ik6r1AF

6W0
6eik6r1BF

6W0
6e2k6r . ~B1!

The following identities are direct consequences of~B1!:

w69 ~0!1~12 i !k6w68 ~0!2 ik6
2 w6~0!

522~11 i !k6
2 W0

6 , ~B2!

w6-~0!1k6w69 ~0!1k6
2 w68 ~0!1k6

3 w6~0!50 . ~B3!

The eight unknownsw6(0), w68 (0), w69 (0), w6-(0),
can now be found using the junction conditions~43! supple-
mented by~B2! and ~B3!.

We cite some results for the particular case of identi
plates, with either flexural or longitudinal incidence, f
which we find that
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l

AF
65

~12 i !

2
ws6

1

2
wd1

~11 i !

2
W0

71
~ i21!

2
W0

6 ,

~B4!AL
65wscot F7wd tanF2U0

6 ,

wherews5
1
2@w1(0)1w2(0)#, wd5

1
2@w1(0)2w2(0)#, or

explicitly,

ws5
~U0

11U0
2!cot F1~12 i !~W0

11W0
2!b

cot2 F1~12 i !b
, ~B5!

wd5
2~U0

12U0
2!tanF1~W0

12W0
2!b

tan2 F1 1
2 ~12 i !b

, ~B6!

with b5v/(kc0) and c0 is the longitudinal wave spee
(5c6). In terms of the nondimensional parameterV for the
fluid loaded problem we haveb5AV/d. Finally, we note
that the total energy balance for the dry plate problem
simply

uAF
1u21uAF

2u21
1

2b
uAL

1u21
1

2b
uAL

2u251 , ~B7!

for a single incident flexural wave of unit amplitude (uW0
1u

or uW0
2u51), or for incidence of a longitudinal wave of am

plitude uU0
1u or uU0

2u5A2b. We refer to Budrin14 and
Maslov15 for further results concerning the dry structur
acoustics problem.
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