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An efficient numerical scheme based on ray theory is developed for the analysis of elastic waves
traveling over a fluid-loaded smooth elastic shell of arbitrary shape. The shell's surface is first
discretized into a number of small patches. The local geometry of each patch is then approximated
in a parametric form using bi-cubic spline functions. A local curvilinear coordinate frame is defined
on each patch. The ray trajectories and ray-tube areas are obtained by solving a set of ordinary
differential equations, the ray and transport equations, within each patch. Several numerical tests of
the accuracy and efficiency of the scheme were carried out on spherical and ellipsoidal elastic shells.
The numerical results for the spherical shell agree well with analytical solutions. The ray trajectories
and the ray-tube areas over an ellipsoidal shell with three distinct semiaxes clearly illustrate the
inhomogeneous and anisotropic effects due to the variable curvature on the shell's surface. It is also
observed numerically that the magnitude of the ray-tube area along a ray is directly correlated with
the stability of its trajectory. ©1996 Acoustical Society of America.

PACS numbers: 43.20.Dk, 43.20.Tb, 43.40.Ey

INTRODUCTION decomposed Pierce’s general dispersion relation into that as-
sociated only with each distinct wave type and expressed the
Many fundamental structural acoustic problems are mostay and transport equations in relatively simple fofh¥In
naturally and easily interpreted in terms of rays. This is paryqgition, they derived general results for the interaction of an
ticularly appropriate at high frequencies where the energy,q sic field with a smooth thin shell submerged in a fidid.
flows predominantly along rays. The ray point of view hasThe ray-type representations developed by these authors are

lead to enormous insight into the mechanism of wave propa- _,. . .
) . . - A valid for arbitrary smooth shells of variable curvature. How-
gation on fluid-loaded elastic shefis® Our main interest

here is to understand the mechanism of elastic wave propf—vgr’ most of the gpphcauons of ray methods to date are
gation on fluid-loaded smooth shells of arbitrary shape usingMited to shells of simple regular geometry such as spheres,
ray theory. Complete understanding of this issue is essenti@ylinders, and cones. The main difficulty encountered in
to the description of acoustic radiation and scattering fronrPractical applications is the lack of a global explicit expres-
shells surrounded by fluid. sion for the geometry of arbitrarily curved shells, and conse-
Ray concepts taken from geometrical optibave been quently the ray and transport equations cannot be solved nu-
successfully applied to the investigations of wave propagamerically in a systematic manner.
tion on spherical and cylindrical acoustic or elastic Our objective here is to bridge the gap between the ray
shells™*>~*? Attempts to extend the application of ray con- theories of shell dynamics and their practical applications to
cepts to arbitrasrily curvid surfaces can be traced back to thgnells of arbitrary shape, and to develop an efficient ray-
works of Ross?’ Steele! and Ggrmogenov%?. Ross devel-  pased numerical scheme. The principal assumption used is
oped high-frequency solutions in the form of asymptotic S€that the elastic wavelengths are much greater than the shell

ries for shell dynamics in the absence of fluid loading. Using,, . o - )
similar methods Steelé reduced the partial differential *hickness but much smaller 'Fhan the.pr|nC|paI radii of curva
ture of the shell. The paper is organized as follows. The ray

equations of thin elastic shells to a system of ordinary dif“fer-th ies derived b . th . ticular. by Nori
ential equations, i.e., ray and transport equations. Most re- eones erlve7: 18 Y Previous authors, in particutar, by Norms
y/18 are briefly summarized in Sec. I. A local

cently, the geometric ideas of these authors were further ex2nd Rebinsk _ _
ploited and elaborated by Piert®, and Norris and parametric representation for the shell surface geometry is
Rebinsky'”*® with explicit consideration of fluid loading. introduced in Sec. IIl. A numerical scheme is then developed
Pierce derived a general dispersion relation in his p4fier ~ to trace rays over an arbitrarily curved, smooth surface by
fluid-loaded shells of arbitrary shape. Norris and Rebinskysolving ray and transport equations. A number of numerical

examples are presented in Sec. lll. The efficiency and accu-
dUnder contract to Naval Research Laboratory, Washington, DC 20375[a_cy of the S.Cheme are ?Xammed. and comparisons are made
5000. with the available analytical solutions.
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|. THEORETICAL PREMISES

14
1 R + R longitudinal,
We first summarize some well known theoretical results  _~ _ I L 5)
and define the notations used in our numerical scheme. Ro 2
R transverse,
A. Description of the shell geometry T
The geometry of an arbitrarily curved shell is best de—W'th
scribed in terms of its differential or local geometyThe 1 1
" . 1 42 . — =y“d uB _:uLad UJ-B
position vector of the point até,&) on the surfacel is R, af R aBY s
written as (6)
1 1 LB P
x=x(&%,£2), (1) R"2 (U¥d,gut A +utd, zuP),

where & and £ are curvilinear coordinates. We adopt the whered,; are the covariant components of the curvature
conventional tensor notation used in mechanics, by, for extensor defined by EqA2), andu® is a unit vector onX
ample, Green and Zerflaand Piercé? Sub- and superscript perpendicular to the ray directian Note that the final term
indices denote the covariant and contravariant tensor form#) (3) is complex. The imaginary part of this term accounts
respectively. The greek indices assume the values 1 or 2, arfi@r the attenuation of membrane waves through radiation
the suffix, a or the symbolV, means differentiation with 10ss to the ambient fluid.

respect tat®. The direction vectors associated withcurves The characteristic curves of the eikonal E§) define
and & curves are defined as the ray trajectories’ However, to a first approximation we
can ignore the influence of the fluid-loading term, which is
a,=V X=X,, a=1.2. 2 small, and instead consider the simpler eikonal equation
k2= w?/c?, (7)

The surface metric and curvature tensors can be uniquely
defined for this curvilinear coordinate system, we refer to thQNherek is the magnitude of the surface wave-number vector,

Appendix for details. k, with Components
We note that it is often difficult to establish one global K=V, bk
0(: a = u(l’ :

curvilinear coordinate system on a surface of arbitrary shape.

Our approach will be to define a number of different local Here, ¢(x) is the phase function on the surfakeThe char-

curvilinear coordinate frames throughout the shell’s surfaceacteristic curves of the eikonal equatiéf) are families of

such that Eqgs(1) and (2) are defined continuously within curves onS parametrized by their arc length The compo-

each distinct “patch.” nents of the position vectors along these curves in the curvi-
linear coordinate system, denoted (@},£%), must satisfy the
differential equation’s

B. Thin shell ray equations de
—=y“ 8
Our starting point is the leading order asymptotic ap- ds ®
proximation to the membrane wave dispersion relation on a4
thin shell under fluid loading. A membrane wave is a shell
i i inlv i i du® c
Wave_W|th motion mainly in the tgnge_zntlal plz_;lne (_)f the sh_e_ll. e WU Ut euts ;,3:0’ 9
Consider such a wave propagating in the direction specified ds By c
by a unit vectow at a point on the shell, with harmonic time

dependence !, The local wave numbek satisfie&31% where,u”, a=1,2, are the contravariant components of the

unit wave normal of the membrane waves, drff is the
? z, 1 Christoffel symbol of the second kind, defined by E49).
(3 Note that these equations reduce to the equation for geode-
sics onY, if ¢ is constant.

wherec is the phase speed associated with waves on a flat . -;Ee _ray—tube area’c\j(s)l IS the measureh of Ahgvf\; tWO. |
plate:c=c, for longitudinal waves, oc=c; for transverse neighboring rays spread re ative to one anot er. A dl e-rent|a
waves. The longitudinal and transverse plate wave speeds at .guath?hforA fo"?\th from Eqst.(8) art1r(]j(9) bét?cl;'hng Va”?t'
Co = JCIm andc, = Cp\/m, whereC=Eh/(1—12) is i:1ons with respect to a parameter orthogonasghe result-

. . . ) . g equation is called the variational ray equation or the
the extensional stiffnesg is the Young’s modulusy is the equation of geodesic variatidwhenc=0), and i<°
Poisson’s ratioh is the thickness, anih is the mass density q 9 '
per unit area of the shell. The impedances in &).are d 1dA 1 1 . 18 B
Cd—SEE-F ﬁﬁ-gu u VQVBC A=0. (20

(A1}

ThusA is useful for describing the relative spreading or con-
where p:c; is the fluid acoustic impedance and vergence of ray bundles. It is also related to the amplitude of
6o=sin Y(c/c). The remaining parameter in E(B) is the  the membrane displacemeM(s), according to the conser-
dynamic effective local radius of curvaturigy, defined by  vation relation

2 . —m =
¢ ZntZsR5'

Zn,=—liom, Zs=p:C; Sechy, (4)
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dis (VymcA) =0, (11) & |

valid along a ray. This is also a statement of membrane wave 1
energy conservation in a ray bundle. Equatidd) can be N~
modified to leading order to account for the energy dissi-
pated through acoustic radiatioh. (a) 0.5

In this paper we consider solutions of the first-order ray \
equationg8) and(9), supplemented by Eq10) for the ray- 1
tube area. Furthermore, we assume that the membrane wave -
speed is constant over the surface, so that the set of equations
reduces to a pair of coupled first-order differential equations,

dee due Mapping
g5 = U E=—F;§7u3u7, (12)
and
dA dB A
EZCB, CEZ—W. (13)

Equations(12) are now the equations for geodesics on the
surfaceX. Note that both the ray and ray-tube equations are (b)
independent of frequency. This implies that we need only
solve these equations once, and can then use the data for the
ray trajectories and ray-tube areas at all frequencies consid-
ered. This is one of the greatest advantages over other nu-
merical methods where equations have to be solved at each
individual frequency.

FIG. 1. The mapping from a square patch in $i&-plane(a) to a curved
II. NUMERICAL IMPLEMENTATION patch in(b).

The ray theory discussed above has been verified for
fluid-loaded cylindrical and spherical shelfs.The full Here, we use quadrilateral patches and introduce the fol-
strength of the theory, however, is its applicability to smoothlowing parametric expression for the position of a point on a
shells of arbitrary shape, which has not yet been realizeddatch:
The main difficulty is the lack of explicit representations for p+1 p+1
arbitrz_arily curved surfaces. In mos_t cases a global curvilinear XﬂN)= z z S,(jﬁ?(gl)‘”l‘i(gz)"“‘j,
coordinate system cannot be defined on the surface. In the i=1j=1
next feyv subgeptions, we int_roduce a cpmprehensive scheme o=gl, <1, (14)
to obtain explicit representations of arbitrary surfaces, estab-
lish local curvilinear coordinate systems and solve the syswherex{ with k=1,2,3 are the three covariant components

tem of ray and transport equations on a shell surface. of the pOSitiOﬂ vector in a fixed global Cartesian coordinate
system. The parameteéd and & are the local curvilinear

coordinates on the patch, and the supersdiigtenotes the
patch number. The order of the polynomial is specified by
In principle, one may approximate a closed but arbi-the integem. The coefficient matrix in Eq(14) is uniquely
trarily curved surface by the positions of a finite set ofdetermined by the coordinates of the points on the boundary
points, called nodal points, interconnected by a number oénd interior of the patch. Equatiqii4) defines the mapping
curves to form a mesh comprising a finite number of patchedrom a flat square shown in Fig(d to the curved patch in
The position of any point on a patch can be approximatelyFig. 1(b). Since the ray theory discussed in Sec. Il is valid on
described by the position of nodal points and appropriate smooth elastic shell, the patches are required to fit together
interpolation functions, called mapping functions. Althoughsmoothly or approximately smoothly. This condition can be
it is not feasible to seek an explicit global representation forachieved by either decreasing the size of the patches or in-
the geometry of the entire surface, it is always possible, howereasing the order of the polynomial (f4).
ever, to find explicit parametric representations for the geom-  When p=1 the function(14) maps a square to a flat
etry of each patch. This procedure originated in the finitegpatch on which the curvature is everywhere zero, and hence
element and boundary element methods, and extensive diprovides a poor approximation to a smooth surface and is of
cussions can be found in the texts of Szalmal Babuka?®  no use for our purposes. We therefore restrict the polynomial
and Zienkiewicz and Tayld# orderp to an integer at least greater than two. In the present

A. Local parametric representations of a shell’s
surface
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analysis we choosp=3 in Eq.(14), which gives a bi-cubic
function. It is well known that a cubic function enforces the
continuity of curvature along a spatial curve. However, it is
not always the case for a 2-D curved surface where a discon-
tinuity in curvature may occur across the boundary between
two patches. The sizes of patches must be sufficiently small
in order to reduce this discontinuity. We will return to this
point later.

B. The local coordinate system o ] ]
FIG. 2. Schematic illustration of a ray path crossing the boundary between

The parameterg® and £ may be viewed in a general two curved patches labeled by iel and ie2.
sense as two curvilinear coordinates within a patch. The local
curvilinear coordinate frames at a point in the paitthare _
thena, of Eq. (2) and the normal is; of Eq. (A3). Also, the A(0)=1, B(0)=cot 6,
definitions of the surface metric tensay,, curvature tensor
d,s, and the Christoffel symbol$, remain the same as where the symbol [.," means that the local coordinate®
before(see the Appendix We note that' and& are dimen-  and the coordinate frames® are defined on the coupling
sionless parameters, and so the directional vectors along thgints. An incident acoustic wave excites the membrane
coordinate frames, anda, have dimensions of length. The waves only at points on the coupling curves, which are the
arc length of a differential line elemenitx=a, d¢” can be oci of phase matching according to Snell's I&The cou-
evaluated according to pling points form closed curves on a shell surface with a
ds:(dgaaaﬁdgﬁ)l’z. (15) continuous and gmoothly varying surfape norr_nal. .The
scheme to determine the coupling curves is described in the
next subsection. The initial value 8f0) is arbitrary, and can
be set to unity with no loss in generality. The valueBgb) is
Using the local coordinate system defined above, thelerived by matching phase between the incident waves and
system of ray equations assume the same form as given Burface waves at the coupling poinfs.
Sec. | B. For simplicity, we solve the ray E(L2) and ray- Once the initial condition§18) are given, it is straight-
tube Eq.(13) for the first-order approximation with constant forward to solve the system of ray equatioii§) within a
speedc. The analogous equations including higher-ordersingle patch. This is accomplished using the fourth-order
terms can be solved in the same manner. Runge—Kutta methotf. Special care must be taken when a
In performing the numerical integration of these equa-ray hits the boundary of two adjacent patches, see for ex-
tions we need to enforce two restrictions: that the surfacample Fig. 2. Then the local curvilinear coordinaésand
wave normalu is a unit vector, and that the parame¢eis  the surface wave normal defined in one patch must be

RH

RiRy cp’

(18b

C. Numerical ray tracing

the arc length along a ray path. In other words, transformed into their corresponding values under the new
S coordinate system defined in the adjacent patch. Assuming
u“aaﬁuﬁ': 1, s= fo(u“aaﬁuﬁ)l/zdt. (16)  the ray is originally traveling in patciN,, then hits the

boundary separating patchds andN,, and enters the patch
These constraints are satisfied by rewriting the ray equatiorl, we have
as g(N2) = go(N). 1) AN, (199
d¢e u®
s~ (Pay )™ (179 ua(Nz):aa(Nz).a(BNl)uﬁ(Nl)_ (19b)

The componentg§*™2 andu®2) are now defined under the

du® I ufu” ) S .
—__Br (17b) coordinate system of patdl, and serve as the initial condi-

ds ”Baﬁyuw tions for tracing the ray in that patch. By following this
dA — scheme from patch to patch, we can determine the entire ray
gs B (170  trajectory and its associated ray-tube area as it travels over
the shell surface.
dB A
ds m (179 D. Determining the coupling curve
whereB=cB. At the limit of high frequency where the ray theory is

The system of ray equatioris?) is solved for the initial  applicable, the surface rays are excited by the incident rays
conditions appropriate to membrane waves launched on anly along the coupling curve on the shell's surface where
shell}’ the following condition is satisfied:

£40)=&%gp,  uY(0)=u"a%g, (189 u.a;=—cos fg. (20)

58 J. Acoust. Soc. Am., Vol. 99, No. 1, January 1996 Yang et al.: Ray tracing over shells 58



Here 6, is the critical angle for the membrane waflengi-
tudinal or transvergeu™ is the incident wave propagation
direction, and it is assumed that is directed into the exte-
rior fluid. For example, the critical angle for the excitation of
longitudinal waves on the steel shell’s surface is 15.82°. The
coupling condition(20) means simply that the projection of
the incident slowness vector on the shell’s surface should
equal the membrane wave slowness vector. /
The determination of the coupling curves involves seek- /
ing the roots of Eq.(20) on the non-Euclidean two-
dimensional space, i.e., the curved surface. However, th
common difficulties in finding the roots in 2-D spaces do note\
arise here, because of the fact that the roots of (EQ). are }
not isolated at all but form a closed curve for a givinlt is
reasonable to expect that this closed curve must intersect
with some of the curvilinear coordinate curves on the shell's)
surface. Thus we first mesh the surfa&ento a number of
quadrilateral patches and then use a few local curvilinea
coordinate curveg® and £ to intersect the coupling curve
within each patch, see the illustration in FigbL In this
way the task of finding the root over the curved surface
reduces to the problem of root finding aloﬁ’gcurves an(fz FIG. 3. Two coupling curves computed respectively from the same sphere
curves, for which many numerical schemes are avail&ble. of 24 patches and 96 patches.
Of course, most of! curves and¢? curves do not hit the
coupling curve. It is also possible that many roots found by
this scheme are actually the same. Therefore, in the finaéa
step, we sort the roots, eliminate repeated ones and use cul?hc
spline functions to fit them. Thus the coupling curve is rep-
resented in a parametric form.

The coupling curves computed respectively from the
me spherical shell of 24 patches and 96 patches are plotted
Fig. 3. The difference between the two curves is negli-
gible. This not surprising when one considers that the cou-
pling condition(20) depends only on the position vectors and
the normals of all the points on the shell. The overall shape
ll. NUMERICAL RESULTS AND DISCUSSION of the shell as represented by 24 patches or by 96 patches is

We first discuss the accuracy and efficiency of theVirtually the same except at the corners of some patches. The

present numerical scheme. It is expected that the numeric@0reementin Fig. 3 therefore confirms that the 24-patch shell
errors originate primarily from two sources: The first is the Provides a good approximation up to the first derivative on

approximation of the shell’s surface, namely the discretizathe shell.

tion and parametric representation of the geometry of each ONce the coupling curve is determined, the initial values
patch, and the other is introduced by the numerical integraf-Or solylng the ray system equauo(ﬂ;?) are given by.Eqs.
tion of the ray equation€l7). These two sources of errors, in (18). Five ray paths, generated at five coupling points that

principle, disappear as the sizes of the patches and the intB€ approximately equally spaced along the coupling curve,

gration step become sufficiently small. The two errors aré?'€ Presented in Fig. 4. The results are computed on the same
independent of each other, and can therefore be assessadf!! With three different number of patches, i.e., 24, 96, and
separately. In the following subsections we examine the efSo4: The fact that each ray trajectory on a sphere is a great

fect of each error by varying the size of the patches on &Ifclé provides a criterion to judge the accuracy of the
spherical shell while leaving the integration step fixedioe ~ Présent numerical results. We notice from Figa)4hat some

versa We subsequently apply the scheme to some exampldd the ray paths on the 24-patch shell deviate slightly from
involving nonseparable geometry. the exact solution. This deviation disappears in Fifp) 4nd

(c) when the number of patches increases from 24 to 96 or
A. Tests of the accuracy of the numerical scheme 384, and all the ray paths converge to the exact ray paths.
The evolution of the ray-tube areas along the five ray
paths appearing in Fig. 4 are shown in Fig. 5. The exact
A spherical thin elastic shell of radiwsis first meshed solution, marked by the squares in Fig. 5, is also given as a
into a number of patches approximately equal in size. Weeference. The results of the 24-patch shell in Fi@) %re
consider three cases: the same shell of 24 patches, Sfuite dispersive and exhibit considerable deviation from the
patches, and 384 patches, while fixing the integration stepxact one. But all the discrepancies are reduced noticeably
As at 0.002. This integration step is small enough to guar-for the 96-patch shell and are almost completely eliminated
antee the convergence of the numerical integration. In thifor 384 patches. To further understand this phenomenon, we
way we can see clearly how patch sizes affect the accuraaggxamined the numerical error in the principal radii of curva-
of our numerical results on the coupling curves, ray trajectoture on the shell’s surface. It turns out that the principal radii
ries and ray-tube areas. at some points along the rays on the 24-patch shell could

1. The effect of the patch size
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FIG. 4. Five ray trajectories on the sphere(@f24 patches(b) 96 patches,
and (c) 384 patches. A(s) o

have as much as 10% error. These errors reduce to less than
5% on the 96-patch shell and 1% on the 384-patch shell. We -z}
note that the evolution equation for the ray-tube area depends
explicitly on the Gaussian curvature. Thus, accurate evalua- : ;
tion of the curvature tensor is critical to the computation of -4 : : : : ' :
ray-tube areas. ©)
The amplitude of the membrane wave fieM(s), is
related to the ray-tube area by Edl), or VxA~Y2 Since  FiG. 5. The evolution of the ray-tube areas associated with the five ray paths
the phase of the membrane wavekis, where k~w/c is given by Fig. 4 versus the arc length along each ay24-patch spheréb)
constant up to the first order along a ray, the phase varie¥-patch sphere, gr(d)_ 384-pa_tch sphere. The numerical results are repre-
. . . . . sented by the solid lines while the exact result is marked by the small
linearly with the arc length. Thus the abscissa in Fig. 5 aCqquares.
tually gives the phase while the ordinate yields information
about the wave amplitude. Figure 5 provides a comparison of
the exact result with the present numerical results computefhtion provides a good approximation only when the patch
for the shells with three different patch numbers. Evidently,size is sufficiently small. In order to use a small number of
the numerical results converge uniformly as the patch numpatches or a large patch size, it is necessary to consider
ber increases from 24 to 96 and then 384. higher-order polynomials as interpolation functions in Eq.
Since the position vector of a point is interpolated here(14). In fact, increasing the order of the polynomial does not
by the bi-cubic function(14), the curvature tensor, which introduce any new complexities or require more computa-
depends on the second derivatives of the position vector, isonal time. But it may present some inconvenience in the
interpolated by a linear function. Obviously, a linear interpo-determination of the coefficients in E¢L4) from the posi-
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imperceptible. Using the present scheme we are not able to

| | check the effect of largen because the size of integration is
‘ limited by the patch size. In order to see appreciable effect of
1 integration step, one need to use large patches with higher-
| ] order polynomial as interpolation function. The results in
Fig. 6 suggest that=0.0% is sufficiently accurate for rays
A(s) o on the 384-patch spherical shell.
N l B. Applications
| | The ray-based numerical scheme is next applied to two
examples involving nonseparable geometry. We are particu-
5 10 15 20 25 30 3

larly interested in the effect of variable curvature on mem-
brane wave propagation. The curvature governs the ray paths
and the ray-tube amplitudes, and is therefore expected to
FIG. 6. Comparison of exact and numerical results of the ray-tube aredN@ke the rays behave as if they were propagating on a flat
along a ray trajectory on the sphere of 384 patches. The numerical resulsurface that is both inhomogeneous and anisotropic.

are computed respectively at the integration step<0.002, 0.0, and
0.0%, wherea is the sphere radius.

w

[N

-

[N

[N

w

5

s

1. Example A

tions of the nodal points. This problem has been solved using  The first example considered here is an idealized subma-
standard procedures as described in the text of Szado rine model as shown in Fig. 7. It is composed of two hemi-

Babuka?® spherical endcaps of unit radius and a cylindrical shell eight
units long with a smooth hump. The shape of the cylindrical
2. The effect of integration step size section is described by its cylindrical coordinat@sz,q)

. . . . . such that
To examine numerical errors introduced by inappropri-

ate integration steps, we vary the integration step gradually =21+ 1.8 sint] m(z+ 1)/8]sin'%0.5¢),
while keeping the patch number of the spherical shell fixed
at 384. We saw above that the error caused by the discreti- 0<2<8, Os¢=2m. @D
zation of the shell's surface is negligible for this patch num-The whole shell is divided into 352 patches. The incident
ber. Thus any visible deviation from the exact solutionplane acoustic wave is directed perpendicularly inward to the
should indicate an error due to the numerical integration. Irplane of Fig. 7. Without the hump, all the rays initiating at
the present scheme the integration dtef not allowed to  the coupling points along the cylinder would travel circum-
exceed the smallest dimension of the patcheshamlauto-  ferentially as plane circles. When the smooth hump is intro-
matically decreased when a ray approaches a patch edge. Ttheced, most of the rays originating at the coupling points
average dimension of the patches is about0dt the 384- near the hump deviate away from plane circles and travel all
patch shell, whera is the radius of the sphere. over the shell’s surface, see, for example, the trajectory dis-
We choose the largest integration stepqual to 0.008,  played in Fig. 7. Reflections at the junctions would generate
0.02a, and 0.0%, respectively, and compare the numericalnew rays, but these are not shown here. Since the hump
results with the exact one in Fig. 6. The deviation is almostdestroys the regular helical or circular paths of the rays on a

FIG. 7. Aray trajectory on an idealized submarine. The incident direction points inward to the plane of this figure.
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Ray 1

Ray 4

FIG. 8. The coupling curves for longitudinal waves on an ellipsoidal shell
subject to an acoustic plane wave at the incident directiéad:80°, ¢p=0°
(the curve symmetric aboa axis), and #=180°, ¢=70° (the curve asym-
metric aboutZ axis).

cylinder, conceivably it will significantly alter the resonant
pattern of the shell.

2. Example B

We now consider a thin elastic shell of ellipsoidal shape
shown in Fig. 8, with the ratio of its axes asb:c=2:1.5:1.
The ellipsoid is obtained by uniformly stretching a unit 1
sphere along itsX and Y axes by a factor of 2 and 1.5, 0
respectively. In order to minimize the numerical errors, we -1
choose the patch number as 384 and the integration step as_,
0.002. The coupling longitudinal curves excited by the two
different incident directions are specified by their spherical
coordinates and are plotted in Fig. 8. The one symmetric -2
aboutZ axis corresponds to the incident direction(&f¢)
=(180°,0 whereas the asymmetric one is generated by the (c)
incident wave along the direction ab,¢)=(164.18°,70}.

Four coupling points for the incidende),¢)=(180°,0 are FI‘G. 9. lRay_trajectorie_s of_ arc length equal to 125 originating at the cou-

. L ing points illustrated in Fig. 8(a Two closed ray paths start at the cou-
selected (_amd labele.d by 1 throuqh 4 The pregse pOSIt!OnS (g*ing points 1 and 4, respectivelyb) The ray originates at the coupling
these points are given by the their Cartesian coordinategoint 2. (c) The ray originates at the coupling point 3.
r,=(0.000,0.587,0.920r,=(0.184,0.577,0.929r ;=(0.986,
0.009,0.879 r,=(0.986,0.000,0.870A little bit of calcula-
tion shows that the coupling curve is not an exact planalong a given ray increases uniformly as the coupling point
curve on the ellipsoid, as it appears to be in Fig. 8. moves from 1 to 4, and it becomes unbounded along ray 4.

Four ray paths initiating at these four coupling points areThe growth of the ray-tube area is indicative of the stability
presented in Fig. 9. The rays are labeled by the indices aoff its ray trajectory: the larger the maximum of the ray-tube
their respective coupling points in Fig. 8. Two rays originat-area, the less stable the ray path. Intuitively, the magnitude of
ing at coupling point 1 and 4 are shown in FigaPwhere a ray-tube area is proportional to the length of wavefront
they remain in theY Z plane andXZ plane as closed orbits. between two neighboring rays traveling on a curved shell’s
The stability of these two closed orbits is illustrated qualita-surface. A large value for the ray-tube area indicates that a
tively in Fig. 9b) and (c) by slightly shifting their initial ~ small deviation from the initial position and direction of a
positions from coupling points 1 and 4 to the points 2 and 3ray may lead to a completely different ray trajectory. In this
It is interesting to note that ray 2 stays in the vicinity of ray sense, the maximum of the ray-tube areas along a ray may be
1 along its entire trajectory, while ray 3 deviates substantiallyjused to describe the stability of the ray trajectory.
from ray 4. This suggests that ray 1 is a stable path while ray  Finally, we examine caustic formation in Fig. 11. The
4 is not. first caustic is defined as the locus of the first points on the

The evolution of ray-tube areas along these four rayrays at which the ray-tube area shrinks to zero. Thus Fig.
paths are shown in Fig. 18 and(b). These provide a quan- 11(a) shows the first such points for 15 rays which are
titative illustration of ray spreading and stability along dif- equally spaced on the coupling curve, and the associated
ferent rays. The maximum amplitude of the ray-tube areaay-tube area of each ray is displayed in Fig(tdl1The first
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(b) s FIG. 11. (a) Fifteen rays starting at 15 coupling points equally spaced along
the coupling curve and ending at their first caustib$.The ray-tube areas
FIG. 10. The evolution of the ray-tube areas along the ray trajectoriesalong the 15 rays.
shown in Fig. 9. In(@), the solid line is for ray 1, the dashed line for ray 2.

In (b) the solid and dashed lines are for rays 3 and 4, respectively. . . .
as finite element and finite difference methods. The present

. . - L ﬁcheme has the ability and flexibility for handling compli-
caustic curve is spread over a finite range on the ellipsoida . . >
cated configurations because most of the numerical compu-

shell, unlike the case of a spherical shell where the caustig . . :
. ations are carried out at the local level of patches. Finally,
degenerates to a focal point. As we trace the rays further the . .
ost of the computed numerical quantities such as ray paths,

caustics eventually become distributes over the entire Sherla “tube areas and the number of patches used. are indepen-
surface. This presents some difficulties in the synthesis of th&y b ' P

surface field and the scattered acoustic response because eent of frequency. This is another important advantage over

) SN : € finite element and boundary element methods since the
amplitude of a ray at a caustic is singular. This problem can

be solved by extending the ray theory into complex Spacgumber of elements in these approaches has to increase sub-

through the use of Gaussian beaihas the consequence, Stantially with the frequency in order to achieve reasonable

the amplitude remains finite at a caustic. accuracy. .
The accuracy of the present numerical results depend

primarily on the choice of patch size and the integration step.
The test cases considered show that the errors associated
We have developed a ray-based numerical scheme twith these parameters are negligible as the patch sizes ap-
describe elastic wave propagation on a fluid-loaded, smootproach 0.R,,, and integration step reduces to (R&,.
thin elastic shell of arbitrary shape. The method is based ofihese restrictions might be loosened a little if higher-order
the accurate representation of a shell's surface by a numbg@olynomials are used as interpolation functions within each
of patches, each of which yields explicit forms for the pa-patch.
rameters entering the ray equations, such as Gaussian surface The inhomogeneous distribution of curvature on a
curvature. The numerical scheme as developed here fullghell's surfaces has significant effects on elastic wave propa-
realizes the strength of the ray theory and has several advagation. Thus the spreading of ray trajectories exhibits strong
tages for applications. First, as is common in ray methodsjirectional or anisotropic dependence, which leads to com-
the present scheme directly solves a set of ordinary differerplicated caustic patterns. Ray trajectories can also lose their
tial equations along ray paths, rather than solving the originastability. On an ellipsoidal shell, for example, rays originat-
partial differential equations on a 2-D curved surface. Thising at the coupling points of higher Gaussian curvature are
makes the scheme much more efficient and accurate at hidass stable than those starting at the points of lower Gaussian
frequencies as compared with other numerical methods, suaturvature, and caustics appear almost everywhere on the sur-

IV. CONCLUSION
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face if the rays are traced long enough. Our numerical resultehere
show that the evolution of the ray-tube area along a ray pro-
vides a good quantitative description of the spreading and (A8)
stability of the ray. Unstable ray paths always correspond tand ', are the Christoffel symbol of the second kind, de-
very large or unbounded maximums for the ray-tube areasfined by

The scheme presented here is useful in revealing the
physical mechanisms of elastic wave propagation on a fluid ~ I'he=2“73y"8a- (A9)
loaded shell. Most importantly, it will serve as a framework
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