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Two parallel semi-infinite plates are joined together at their common end, with vacuum in the
infinitesimal gap between them and acoustic fluid outside. The configuration is an idealization of a
realistic structural member such as the bow or keel of a ship where the structural elements are joined
at an acute angle. The exact solution for acoustic diffraction from the parallel double plate junction
is obtained using thin plate theory and the Wiener–Hopf technique. The diffraction coefficient is
strongly dependent upon frequency, unlike the analogous coefficients for edge diffraction from hard
or soft screens. However, the relative simplicity of the general solution permits analytical
comparisons with these idealized boundary conditions. At low frequencies the diffraction simulates
the response from a soft or pressure release screen. At high frequencies, or more precisely under
light fluid-loading conditions, the hard screen approximation is more appropriate. Numerical
examples illustrate the transition from soft to hard diffraction, and an approximate but simple
uniform diffraction coefficient is proposed which has the correct limiting behavior at low and high
frequency. ©1996 Acoustical Society of America.

PACS numbers: 43.40.Dx, 43.40.Rj

INTRODUCTION

The structural element depicted in Fig. 1 is typical of
bows and keels on ships and large ocean going vessels. It is
composed of two similar plate or shell segments that meet
along a line, where they are structurally attached in the sense
that forces and bending moments may be transmitted from
one to the other, but only along the join. The purpose of this
paper is to examine the interaction and diffraction of an in-
cident acoustic sound wave, as shown in Fig. 1. We will
concentrate on the acoustic-to-acoustic diffraction emanating
from the vertex, and in particular, we restrict attention to
acute structural angles such that the bow junction is approxi-
mated for convenience as a double plate junction, as depicted
in Fig. 2.

This type of structural acoustics problem is prototypical
of bow-type configurations, and an understanding of it is
fundamental to interpreting first arrival diffracted acoustic
waves. Thus one might ask whether the double plate junction
is acoustically more akin to either a hard~or rigid! screen in
the same position, or a screen with pressure release boundary
conditions—a ‘‘soft’’ screen. Edge diffraction from these
limiting structures is well understood, and the associated dif-
fraction coefficients have simple forms.1 In particular, the
hard and soft acoustic diffraction coefficients are indepen-
dent of frequency. The response from the double plates is
expected to depend strongly on frequency, but as we will see,
it behaves like the soft and hard screens at low and high
frequencies, respectively.

Despite the ubiquity of the double plate configuration
and its acoustic significance, it does not appear that this
acoustic diffraction problem has been considered until now.
Thus Crighton’s review article2 mentions many related but
different problems. The most relevant of these is the case of
a singleplate in the position of the double plate structure of

Fig. 2. However, despite the apparent similarity, the acousti-
cal behavior of the single plate and double plates are quite
distinct, as we will show later. In particular, the single plate
solution does not suffice for the double plate, but the single
plate solution is contained within the latter. The present dif-
fraction problem is, however, mathematically similar to that
for the single plate in that we need to use the Wiener–Hopf
technique to derive the pressure transform. Diffraction from
a single plate was first analyzed by Lamb,3 and Lyamshev4

subsequently included the effects of flow, but both papers
treat the light fluiding limit only, and they suffer from a
fundamental error in the Wiener–Hopf analysis.5 The correct
solution was provided by Cannell, who in a series of two
papers,6,7 gave a detailed account of the proper procedure for
solving the problem posed by Lamb, although Cannell’s so-
lution is limited in its applicability, as we discuss below. The
present analysis is also related to Wiener–Hopf solutions for
structural elements composed of flat plates joined end to
end,8–13 although such configurations are quite distinct from
the present one. However, we will draw upon some recent
results11 in this area to derive very explicit and simple for-
mulae for the diffraction coefficient.

The exact problem and the general method of its solu-
tion are outlined in Sec. I. The analytical details of the
Wiener–Hopf method are discussed in Sec. II, followed by a
general discussion of the acoustic diffraction coefficient in
Sec. III. There we examine the relationship between the gen-
eral exact solution and the simpler limiting diffraction coef-
ficients for soft and hard screens.

I. FORMULATION OF THE SCATTERING PROBLEM

A. Dynamic equations

We consider time harmonic motion of frequencyv.0,
the factor Re$•e2 ivt% understood but suppressed. We restrict
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the analysis to the two-dimensional configuration, see Fig. 2,
where the plates lie along the positivex axis. The acoustic
pressurep(x,y) satisfies the Helmholtz equation in the fluid
region,

¹2p1k2p50, 2`,x,`, 2`,y,`, ~1!

wherek5v/c is the acoustic wave number andc is the fluid
sound speed. The plate deflection in the positivey direction
on the top and bottom plates arew6(x), respectively. The
equation of kinematic continuity between the plates and the
fluid is

rv2w6~x!5
]p

]y
~x,60!, 0,x,`, ~2!

wherer is the fluid mass density. The two plates are identical
and are modeled by the classical theory of dynamic flexure,

B
d4w6

dx4
~x!2mv2w6~x!57p~x,60!, 0,x,`.

~3!

The plate parameters are the mass per unit aream and the
bending stiffnessB and are constant on each plate. These
quantities may be related to the intrinsic plate properties;
thusm5rsh, andB5Eh3/12(12n2), whereh, rs , E, andn
are the thickness, volumetric mass density, Young’s modulus,
and Poisson ratio, respectively. We note that the acoustic
pressure in the infinitesimal gap between the plates is as-
sumed to be zero. Thus the only interaction between the
plates is through the fluid and the junction.

Eliminating the plate deflection between the pair of
boundary conditions in Eqs.~2! and ~3! reduces them to a
single equation for the pressure,

SB ]4

]x4
2mv2D ]p

]y
6rv2p50, 0,x,`, y560.

~4!

The diffraction problem can now be formulated entirely in
terms of the pressure. Thus we need to solve the Helmholtz
equation~1! in the fluid, subject to radiation conditions as
(x21y2)1/2→` and the boundary conditions~4! on y560.
Four edge conditions must be specified at the junctionx5y
50. The plates are assumed to be in contact only atx50
with no interaction forx.0. The ends atx50 are mechani-
cally joined such that the displacements and rotations are
identical there, and the moments and shear forces on either
plate are equal and opposite. The moment and force condi-
tions ensure that the tip has zero net moment and force act-
ing, but there are still non zero moments and forces between
the plates. Thus

w1~0!5w2~0!, ~5a!

dw1

dx
~0!5

dw2

dx
~0!, ~5b!

B
d2w1

dx2
~0!52B

d2w2

dx2
~0!, ~5c!

B
d3w1

dx3
~0!52B

d3w2

dx3
~0!. ~5d!

The formulation of the problem is complete once we have
specified the incident wave field,p(0), which we take to be a
plane wave,

p~0!~x,y!5p0e
ik~x cosu01y sin u0!. ~6!

B. Solution procedure

We split the total pressure into two parts,

p~x,y!5pS~x,y!1pA~x,y!, ~7!

such thatpS and pA are, respectively, symmetric and anti-
symmetric about the liney50, that is,

pS~x,y!5„p~x,y!1p~x,2y!…/2,
~8!

pA~x,y!5„p~x,y!2p~x,2y!…/2.

For each constituent we need only consider the problem de-
fined iny>0. Thus for the symmetric part of the pressure the
conditions ony50 are

]pS
]y

50, 2`,x,0, y50, ~9a!

SB ]4

]x4
2mv2D ]pS

]y
1rv2pS50, 0,x,`, y50.

~9b!

The antisymmetric part of the pressure satisfies

pA50, 2`,x,0, y50, ~10a!

SB ]4

]x4
2mv2D ]pA

]y
1rv2pA50, 0,x,`, y50.

~10b!

FIG. 1. A plane acoustic wave incident on the bow of a ship.

FIG. 2. The idealized junction formed from two parallel elastic plates joined
at the end.
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The end conditions can be found by noting that
w6(x)5wS(x)6wA(x), where

rv2wS~x!5
]pS
]y

~x,10!, rv2wA~x!5
]pA
]y

~x,10!.

~11!

The conditions~5a! and ~5b! therefore become

wS~0!50,
dwS

dx
~0!50, ~12!

while ~5c! and ~5d! are

d2wA

dx2
~0!50,

d3wA

dx3
~0!50. ~13!

The procedure for finding the separate solutions of dif-
ferent parity is similar. In either case we let

pa~x,y!5pa
~0!~x,y!1pa

~1!~x,y!, a5S or A, ~14!

where pS
(0) and pA

(0) are the symmetric and antisymmetric
parts of the incident field, whilepS

(1) andpA
(1) are the sym-

metric and antisymmetric parts of the scattered pressure. The
latter automatically satisfy the Helmholtz equation~1! if we
write them as

pa
~1!~x,y!5

1

2p E
2`

`

p̃a~j!e~ i jx2g~j!y! dj,

2`,x,`, 0<y,`, ~15!

for a5S or a5A. The square root function
g(j)5(j22k2)1/2 is defined to be analytic in the complexj
plane with two L-shaped branch cuts from2k to 2 i0 to
2 i`, and fromk to i0 to i`, such that the real part ofg is
non-negative. For convenience, we have givenk a small
positive imaginary part, i.e.,k 5u kueid1, 0,d1!1. Along the
real axis g(j) 5 2 iAk22j2 for uju,uku and g(j)
5 Aj22k2 for uju.uku. The difficulty is now reduced to
finding the transformsp̃S and p̃A , which we address sepa-
rately for the two subproblems.

C. Physical significance of the two problems

The separate problems forpS andpA can each be related
to the acoustic scattering from a single plate in a fluid me-
dium. Thus the symmetric pressurepS(x,y) for y.0 corre-
sponds to the solution for a plate joined to an infinite baffle.
That is, the semi-linex,0, y50 is a rigid baffle, and the
point at which the plate meets the baffle is pinned~or
clamped!. We note that Cannell7 considered a similar plate
and baffle configuration but with the plate end free of mo-
ment and shear force.

The antisymmetric solution,pA , is simply the antisym-
metric part of the total pressure field for the plane wavep(0)

incident on a plate with bending stiffnessB852B and mass
densitym852m in an infinite fluid medium, and which is
free of moment and shear at its end. In order to see this we
note that the antisymmetric pressurepA on the double plate
system of Fig. 2 bends both plates in the same direction, so
thatw15w2 . The pressure drop from one side to the other
is 2pA , but the pressure drop acting on each plate is justpA

because it is assumed that the acoustic pressure is identically
zero in the infinitesimal unflooded gap between them, and
hence the governing equation~10b!. However, the pressure
drop across asingleplate in a fluid is 2pA , and its equation
is therefore

SB8
]4

]x4
2m8v2D ]pA

]y
12rv2pA50, 0,x,`, y50,

~16!

with the same end conditions as Eq.~13!. A comparison of
Eqs.~10b! and~16! shows that the antisymmetric parts of the
pressure for the double plate and single plate problems are
the same if the single plate has bending stiffness and mass
per unit length that are both twice the values for the indi-
vidual plates in the original problem. Another way of looking
at it is that the double plate system has an effective bending
stiffness of 2B and its effective mass density is 2m.

As mentioned in the Introduction, acoustic diffraction
from a single plate has been considered in detail by
Cannell.6,7 The problem can be reduced to a Wiener–Hopf
analysis for the half-space2`,x,`, 0<y,` with differ-
ent conditions along the boundaryy50 on the half-lines
2`,x,0, and 0,x,`. In his first paper Cannell6 derived
the full formal solution,14 but only analyzed the limiting case
of light fluid loading. The general results for arbitrary fluid
loading were given in an indirect form involving two un-
known parameters,p andq, which must be obtained by solv-
ing four simultaneous equations. In the second paper,7 Can-
nell examined the heavy fluid-loading limit, but for a
different problem in which there is a baffle present on the
half-line complementary to the plate, although the plate is
still free at x5y50 ~no moment or shear force act!. The
diffraction from the end of the baffle turns out to dominate
the acoustic diffraction in the far field, leaving open the
question of the precise form of the acoustic diffraction from
an isolated plate edgein the heavy fluiding-loading regime.
We will answer this in Sec. III. In summary, the problem
considered here concerns the double plate geometry of Fig.
2, but the antisymmetric part of the full solution is closely
related to the single plate problem. In fact, we will obtain a
very explicit formula for the double plate solution from
which we can easily extract the response for the single plate
in a fluid.

II. WIENER–HOPF ANALYSIS

A. Solution of the symmetric problem

Substituting the assumed form of the solution, defined
by Eq. ~14! and the transform of Eq.~15!, into the two
boundary conditions of Eq.~9a! and ~9b! and using Eq.~6!,
yields two simultaneous integral equations for the unknown
p̃S(j),

1

2p E
2`

`

g~j! p̃S~j!ei jx dj50, x,0, ~17a!

1

2p E
2`

`

D~j! p̃S~j!ei jx dj52AS
~0!D~j0!e

i j0x, x.0,

~17b!
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wherej05k cosu0, AS
(0)5„D(j0)…

21p0 , andD is the fluid-
loaded plate dispersion function,

D~j!511~mv22Bj4!g~j!/~rv2!. ~18!

Dual integral equations like these can be solved using the
Wiener–Hopf technique.15 We will not go into the details of
the method, but just provide a solution which will be shown
to satisfy the integral equations. Let

K~j!5D~j!/g~j!, ~19!

and defineK6(j) as Wiener–Hopf factors such that

K~j!5K1~j!/K2~j! with K2~2j!51/K1~j!.
~20!

The functionsK6(j) are analytic in the half-planesH6,
whereH6 are the upper and lower half-planes, Imj:7d2,
where 0,d2!1 is related tod1 and is included to ensure a
small region of overlap that includes the real axis.15 The
general solution for the pressure transform is

p̃S~j!5
iAS~j!

j2j0

GS~j0!

GS~j!
, ~21!

whereGS is

GS~j![D~j!/K1~j!5g~j!/K2~j!, ~22!

andAS(j) is a polynomial of as yet unspecified degreeq,
q>0, satisfying

AS~j0!5AS
~0! . ~23!

It can be shown by direct substitution ofp̃S from Eq.
~21! into the two integral equation~17a! and~17b! that they
are automatically satisfied. Thus, the left member of Eq.
~17a! becomes, using the second identity of Eq.~22!,

GS~j0!

2p i E
2`

` K2~j!

j02j
ei jx dj. ~24!

If x,0 then the integrand is clearly analytic inH2, and the
contour can be deformed to one at infinity in the same half-
plane, along which the integrand is zero, implying that the
integral vanishes forany functionK2(j) that is analytic in
H2 with appropriate behavior at infinity. Similarly, using
the first identity of Eq.~22! it follows that Eq.~17b! holds
for any K1(j) analytic in H1. The arbitrariness in the
choice ofK6(j) is removed by the restriction from Eq.~22!
thatD/K15g/K2. However, the general solution still con-
tains an undetermined polynomialAS(j). The problem there-
fore consists of~i! factorizingK and~ii ! finding the polyno-
mial AS(j). The first of these is outlined in the Appendix, so
we will proceed to the determination ofAS .

First we note that the deflection for the symmetric solu-
tion can be expressed as

rv2wS~x!5
]pS

~0!

]y
~x,0!2ASS 2 i

d

dxDWS~x!, ~25!

where

WS~x!5
1

2p i E2`

`

W̃S~j!ei jx dj, ~26a!

W̃S~j!5
2g~j!

j2j0

GS~j0!

GS~j!
. ~26b!

Using Eqs.~19!, ~20!, and~22!, we have

W̃S~j!52GS~j0!
K2~j!

j2j0
, ~27!

which is analytic inH2. Furthermore, it follows from Eqs.
~18! through~20! thatK2(j)5O(j22) as uju→`, and hence
W̃S(j)5O(j23) in the same limit. The inverse transform
WS(x) consequently has leading-order behavior like
WS(x)5O(x2) for x→10, and therefore the end conditions
of Eq. ~12! are automatically satisfied if the polynomial
AS(j) is simply a constant (q50). Hence, using Eq.~23!,

AS~j!5AS
~0! . ~28!

This completes the solution to the symmetric problem.

B. Solution of the antisymmetric problem

Dual integral equations for the transformp̃A follow from
Eqs.~6!, ~10a!, ~10b!, and~15!,

1

2p E
2`

`

p̃A~j!ei jx dj50, x,0, ~29a!

1

2p E
2`

`

D~j! p̃A~j!ei jx dj52AA
~0!D~j0!e

i j0x, x.0,

~29b!

whereAA
(0)5@12„D(j0)…

21#p0 . The general solution is

p̃A~j!5
iAA~j!

j2j0

GA~j0!

GA~j!
, ~30!

whereGA is

GA~j![D~j!/D1~j!51/D2~j!, ~31!

andAA(j) is a polynomial satisfying

AA~j0!5AA
~0! . ~32!

The Wiener–Hopf factorsD6(j) are analytic in the half-
planesH6 and satisfy

D~j!5D1~j!/D2~j! with D2~2j!51/D1~j!.
~33!

The factorization is closely related to the factorization for the
symmetric problem and is discussed in detail in the Appen-
dix.

The deflection for the antisymmetric solution can be
written in the same form as the symmetric solution in Eq.
~25!, but now using the functionWA and its transform
W̃A(j). Thus

rv2wA~x!5
]pA

~0!

]y
~x,0!2AAS 2 i

d

dxDWA~x!, ~34a!

WA~x!5
1

2p i E2`

`

W̃A~j!ei jx dj, ~34b!

where
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W̃A~j!5
2g~j!

j2j0

GA~j0!

GA~j!
. ~35!

The functionsW̃A
2(j) andW̃A

1(j) are defined to be analytic
in H6, respectively, and they partitionW̃A as

W̃A~j!5W̃A
1~j!1W̃A

2~j!, ~36!

and bothW̃A
65O(j21) asuju→`. The behavior ofWA(x) for

x→10, and hence the response near the end, depends upon
the behavior ofW̃A

2(j) as uju→`.
The transformW̃A can be rewritten using Eq.~31! as

W̃A~j!5G~j0!
„D1~j!2D2~j!…

~j2j0!V~j!
, ~37!

whereV is the dispersion function for a dry plate,

V~j![
B

rv2 ~j42k4!, ~38!

and k is the dry plate flexural wave number, defined by
k45v2m/B. The four zeros ofV(j) are evenly divided be-
tweenH1 andH2, with the former pair beingz15k and
z25 ik. By adding and subtracting poles with suitable resi-
dues in Eq.~37! we can arrive at explicit formulae for the
partitioned functions. For our purposes we need only

W̃A
2~j!5

GA~j0!

j2j0
H D1~j0!

V~j0!
2
D2~j!

V~j!

1 (
n51

2 F ~j2j0!un
1

~j2zn!~zn2j0!

1
~j2j0!un

2

~j1zn!~2zn2j0!
G J , ~39!

where

un
65residue of@D6~j!/V~j!# at j56zn . ~40!

The residuesun
1 andun

2 are related to one another by the fact
thatD(6zn)51. Thus

un
656

znr

4m
e6nn, n51,2, ~41!

wheren1 andn2 are defined by

D1~zn!5enn, n51,2. ~42!

Suppose thatW̃A
2(j) has the limiting behavior

W̃A
2~j!5 (

n50

M21

lnj
2~n11!1O~j2~M11!log j!,

uju→`, ~43!

for some integerM>1, then

WA~x!5 (
n50

M21

ln

~ ix !n

n!
1O~xM log x!, x→10. ~44!

According to its definition,D2(j)5O(j25/2) as uju→`, and
hence the first fewln can be obtained directly by expanding
Eq. ~39!, yielding

ln5GA~j0!H D1~j0!

V~j0!
~j0!

n1 (
m51

2 F um
1

zm2j0

2
~21!num

2

zm1j0
G ~zm!nJ , ~45!

for n50,...,5.
We are now ready to apply the conditions of Eq.~13!,

using Eqs.~34a!, ~44!, and ~45!. Assuming the polynomial
expansion

AA~j!5AA
~0!1~A11A2j!~j2j0!, ~46!

it follows after some algebra that the end conditions reduce
to the system

Fl32j0l2 l42j0l3

l42j0l3 l52j0l4
GFA1

A2
G5F j0

2pA,y
~0! ~0,0!2AA

~0!l2

j0
3pA,y

~0! ~0,0!2AA
~0!l3

G .
~47!

This can be further reduced using the results of Eqs.~41!,
~45!, and the identity

GA~j0!D
1~j0!/V~j0!5pA,y

~0! ~0,0!/AA
~0! , ~48!

to give

~M11M2!FA2

A1
G5AA

~0!S M1

j0
22z1

2 1
M2

j0
22z2

2D F 1j0G , ~49!

where

Mn5F coshnn zn
21 sinh nn

zn sinh nn coshnn
G , n51,2. ~50!

The pair of equations~49! are easily solved and combined
with Eq. ~46! to give, finally,

AA~j!5
AA

~0!

j0
42k4 H j2j0

22k41
~j2j0!

~coshn1 coshn211!

3@~j2j0!z1z2 sinh n1 sinh n2

1~jj01z1
2!z1 sinh n1 coshn2

1~jj01z2
2!z2sinh n2 coshn1#J . ~51!

III. THE ACOUSTIC DIFFRACTION COEFFICIENT

A. The exact diffraction coefficient

The symmetric and antisymmetric partial solutions may
now be combined to give the total solution for the incident
plane wave of Eq.~6!,

p~x,y!5p~0!~x,y!1p~1!~x,y!, ~52!

where the scattered response is

p~1!~x,y!5
1

2p E
2`

`

p̃~j,j0!e
~ i jx2g~j!uyu! dj,

2`,x, y,`. ~53!
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The transformp̃5 p̃S1 p̃A follows from Eqs.~21!, ~28!, ~28!,
~30!, and ~51!. This may be simplified further using Eqs.
~22!, ~31!, ~A1!, and~A2!, to

p̃~j,j0!5
ip0

j2j0

g~j0!

D1~j0!D
1~2j! Fg2~j0!g

2~2j!

1aFS j0
k
,2

j

k D sgn~y!G , ~54!

where the characteristic lengtha is defined by

a5m/r, ~55!

and

F~z,h!512z2h21@~12zh!sinh n1 coshn2

2 i ~11zh!sinh n2 coshn12 i ~z1h!

3sinh n1 sinh n2#
~z1h!

~11coshn1 coshn2!
.

~56!

The far-field diffracted pressure in the fluid may be
found using the method of steepest descents applied to the
integral in Eq. ~53!, and is a cylindrical wave emanating
from the origin of the form

p~1!5C~u,u0!p0A2/~pkr !eip/4eikr ,

r→`, 0,u<2p. ~57!

The polar coordinates (r ,u) are defined in Fig. 2, and the
dimensionless diffraction coefficient is

C~u,u0!52
i

2
kusin uu p̃~k cosu, k cosu0!. ~58!

This can be simplified to

C~u,u0!5
sin~u/2!cos~u0/2!2~ i /2!kaF~~k/k!cosu0 ,2~k/k!cosu!sin u sin u0

~cosu2cosu0!D
1~k cosu0!D

1~2k cosu!
. ~59!

Equation ~59! is valid for all 0<u0<p, 0<u<2p, except
near the geometrical singularities at which cosu5cosu0,
corresponding to shadow and reflection boundaries. It is pos-
sible, although we will not do so here, to derive a uniform
far-field approximation which is valid in these transition
zones. We note that the diffraction coefficient of Eq.~59!
clearly satisfies the reciprocity identity that it should be un-
altered if the incident and scattering directions are inter-
changed, or

C~u,u0!5HC~p2u0 ,p2u!, 0<u<p,

C~p1u0 ,u2p!, p<u<2p.
~60!

B. Acoustic diffraction from a single plate

The acoustic diffraction coefficient for a single plate in a
fluid can be obtained from the diffraction coefficient for a
pair of plates. As discussed earlier, the single plate has bend-
ing stiffnessB852B and mass densitym852m, and there-
fore the flexural wave number is the same,k85k. The single
plate diffraction coefficient is then the antisymmetric part of
C(u,u0) for the pair of plates each with bending stiffnessB
and mass densitym, or using Eq.~59!,

Csingle~u,u0!

5 1
2„C~u,u0!2C~2p2u,u0!…

5
2 ikaF~~k/k!cosu0 ,2~k/k!cosu!sin u sin u0
2~cosu2cosu0!D

1~k cosu0!D
1~2k cosu!

,

single plate. ~61!

C. Discussion

1. Reference structures and characteristic
frequencies

It is of interest to compare the exact acoustic diffraction
coefficient of Eq.~59! with the analogous quantity for sim-
pler diffracting structures. The two natural points of refer-
ence are the limiting cases of~i! an ideal hard screen in the
same position as the plates, and~ii ! a ‘‘soft’’ screen, for
which the total pressure vanishes on the half-line 0,x,`,
y50. Both of these are standard, canonical problems for
which the diffraction coefficients can be obtained from Som-
merfeld’s classic solution as15

Chard~u,u0!5
cos~u/2!sin~u0/2!

cosu2cosu0
, ~62a!

Csoft~u,u0!5
sin~u/2!cos~u0/2!

cosu2cosu0
. ~62b!

One immediate difference between both of these and the
exact coefficient in Eq.~59! is that the latter depends upon
the operating frequency, whereasChard and Csoft are con-
stants. In order to discuss the frequency dependence we use a
dimensionless measure of frequency, such aska5v/vn ,
wherea is defined in Eq.~55! andvn[rc/m is the ‘‘null’’
frequency at whichka51. Alternatively, it is more common
in fluid loaded structural acoustics problems involving flex-
ural waves to use the dimensionless parameterV5k2/k2 or
V5v/vc , wherevc 5 c2Am/B is the coincidence frequency
for acoustic and flexural waves. The two parameters are re-
lated by
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V5eka, ~63!

where e5vn/vc is independent of the plate thickness and
hence provides a useful measure of the fluid loading.

2. Low-frequency/heavy fluid-loading regime

We first consider the low-frequency limit,V!1. It may
be shown using known expressions16 for the limiting behav-
ior of D1(j) that the termsD1(k cosu0!, D

1(2k cosu!,
andF in Eq. ~59! all tend to unity, and therefore,

C~u,u0!'Csoft~u,u0!2 i2ka sin
u

2
cos

u0
2
Chard~u,u0!

→Csoft~u,u0! as V→0. ~64!

This limiting behavior is not unexpected if one considers that
at very low frequency, or equivalently, under heavy fluid-
loading conditions, the inertial effects of the plate are negli-
gible. Also, the geometry of the double plate structure exhib-
its no effective stiffness in the static limit. It is interesting to
contrast this behavior with that of an empty cylindrical~in
2D! or spherical~in 3D! shell, which also show no inertial
effects in this limit, but do display a finite stiffness in the
static limit. Also, the leading order approximation to the dif-
fraction from a single plate in the low-frequency limit fol-
lows from Eq.~61! as

Csingle~u,u0!'
2 ika sin u sin u0
2~cosu2cosu0!

as V→0. ~65!

This tends to zero asv→0, in contrast to the exact diffrac-
tion coefficient which tends to a nonzero limit, in Eq.~64!.

3. Light fluid-loading regime

The impedance lengtha5m/r becomes large under
light fluid-loading conditions, and we may accordingly ap-
proximate the dispersion function asD52gV. This is easily
factorized to give

D1~j!5a1/2k22g1~j!~k1j!~k2 i j!, ~66!

implying that

en152 i ~8ka!1/2~11V21/2!1/2,
~67!

en25~8ka!1/2~ i1V21/2!1/2.

Both ofen1 anden2 are large in magnitude becauseka@1 by
assumption, and therefore we may consistently take the ap-
proximations sinhnn→(1/2)enn, coshnn→(1/2)enn, n51,2,
which imply that

D1~k cosu0!D
1~2k cosu!

52 i2ka cos
u0
2
sin

u

2
FS kk cosu0 ,2

k

k
cosu D . ~68!

The acoustic diffraction coefficient of Eq.~59! then becomes
relatively simple in form,

C~u,u0!5Chard~u,u0!, ~69!

to leading order in (ka)21 for ka@1.

4. Example: steel plates in water

Numerical computations were performed for a steel/
water combination, for which the fluid-loading parameter is
e50.134. The thickness of each plate is 2.54 cm, correspond-
ing to a null frequency of 1205 Hz and a coincidence fre-
quency 8986 Hz. Figures 3 and 4 show the magnitude of the
exact diffraction coefficient as a function of the observation
angle u for different frequencies. Note that the diffraction
coefficient is multiplied by the factorucosu2cosu0u in Fig. 3
and 4 in order to avoid the geometrical singularities at the
reflection and shadow boundaries. The soft and hard diffrac-
tion coefficients are shown for comparison. The three fre-
quencies considered, 100, 1205, and 4000 Hz, are low, me-
dium, and high relative to the null frequency, and the high
frequency is below coincidence. It is evident in both Figs. 3
and 4 that the low-frequency diffraction is more like that of a
soft screen than a hard screen, but at high frequencies it is
better approximated by the hard screen behavior. The same
trend is apparent in Fig. 5 which shows the magnitude of the
diffraction coefficient for backscatter, that is,u5u01p.

Figure 6 shows the real and imaginary parts of the dif-
fraction coefficient as a function of frequency for back-
scattering withu0545°. The transition from the soft response
at low frequency to the high-frequency behavior is compli-
cated by a change in the phase of the diffraction coefficient.
In this particular case the soft and hard diffraction coeffi-

FIG. 3. The magnitude of the normalized exact diffraction coefficient
~cosu2cosu0!C(u,u0). The three solid curves are for the incident angle
u0520° and the frequencies 100, 1205, and 4000 Hz. The top and bottom
dashed curves show the magnitudes of the frequency independent soft and
hard normalized diffraction coefficients.

FIG. 4. The same as in Fig. 3 but for the incident angle 135°.
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cients are of opposite sign, or 180° different in phase. The
frequency dependence of the phase of the exact diffraction
coefficient is plotted in Fig. 7~b!. The phase changes
smoothly with frequency, although the total phase change is
less than 180° over the frequency range considered.

In an attempt to better approximate the full frequency
dependence of the diffraction we introduce the idea of an
intermediate frequency regimedefined such that the light
fluid-loading conditionka@1 holds while the frequency is
low relative to the coincidence frequency, implying that
V!1. This is an intermediate asymptotic situation which can
only exist if the fluid-loading parametere is truly small. If
so, then the frequency is both large and small at the same
time, with respect to two different reference frequencies: in
this case,vn!v!vc . Under these circumstancesF'1 in
Eq. ~59!, and the acoustic diffraction coefficient is approxi-
mated by

C~u,u0!'Chard~u,u0!

1S 2 i2ka sin
u

2
cos

u0
2 D 21

Csoft~u,u0!,

~70!

which is the same as Eq.~69! plus a correction of order
(ka)21. Comparing Eqs.~64! and ~70! suggests the follow-
ing form for an approximation over the whole frequency
range,C'Cunif , where

Cunif~u,u0!

[
Csoft~u,u0!2 i2ka sin~u/2!cos~u0/2!Chard~u,u0!

12 i2ka sin~u/2!cos~u0/2!

5Csoft~u,u0!S 12 i2ka sin~u0/2!cos~u/2!

12 i2ka sin~u/2!cos~u0/2! D . ~71!

This function has the property of reducing to the limiting soft
and hard approximate forms at low frequency and under light
fluid-loading conditions, respectively. The latter situation is
synonymous with high frequency in the sense ofka@1 if
e!1. It should be emphasized that Eq.~71! is not a uniform
approximation in the usual sense. Rather, it is simply an
educated guess at such an approximation which has the use-
ful features of~i! being composed of the well-known soft
and hard diffraction coefficients,~ii ! it reproduces the limit-
ing soft and hard behavior discussed above, and~iii ! is de-
fined for all frequencies. We make no claims about the uni-
versal accuracy of this approximation, but offer it as a useful
benchmark for acoustic diffraction from wave-bearing struc-
tures. For example, the magnitude and phase of the exact and
‘‘uniform’’ diffraction coefficients are compared in Fig. 7~a!
and ~b! for the backscattering configuration of Fig. 6.

Finally, we note that the most common scattering con-
figuration is backscatter~u5u01p!. In this case, it can be
shown using Eqs.~62a! and ~62b! that the soft and hard
diffraction coefficients are always of opposite sign. Hence,
the exact backscatter diffraction coefficient will exhibit an
approximately 180° phase change as the frequency is swept

FIG. 5. The magnitude of the normalized backscattering diffraction coeffi-
cient,22 cosu0C(u01p,u0), for three frequencies.

FIG. 6. The real and imaginary parts of the diffraction coefficientC(u,u0)
for u5225° andu0545°.

FIG. 7. Comparison of the exact diffraction with the approximate diffraction
coefficient of Eq.~71! for the backscattering configurationu5225° and
u0545°. The magnitudes are plotted in~a!, and the phase, or argument of the
coefficients are shown in~b!.
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from low to high. This can have interesting implications for
the time-dependent edge diffraction, which will be explored
elsewhere.

IV. CONCLUSION

The exact acoustic diffraction coefficient derived here
for the parallel double plate configuration, Eq.~59!, is rela-
tively explicit in form and reduces to the simpler soft and
hard diffraction coefficients in certain limits. The general so-
lution also contains the solution for the acoustic diffraction
from a single semi-infinite thin plate in a fluid. The numeri-
cal computation of the exact diffraction coefficient of Eq.
~59! requires the functionD1 of the Appendix, which is
easily evaluated in practice. However, the analytical form of
Eq. ~59! is sufficiently explicit and simple in nature that it
can be easily reduced to the limiting cases of soft and hard
diffraction coefficients under heavy fluid and light fluid-
loading conditions, respectively. The former limit means that
the low-frequency limit of the diffraction coefficient is par-
ticularly simple, and in contrast to the low-frequency limit
for a single plate in a fluid, the double plate coefficient has a
finite value asv→0. Most significantly, the analytical rela-
tionships that we have established here linking the exact so-
lution with the soft and hard screen limits allows us to use
these limits under identifiable circumstances. Thus the soft
screen approximation is valid at low frequency, while the
hard screen is a better approximation at higher frequencies.
The transition is defined by the null frequencyvn[rc/m.
The diffraction coefficient cannot be so simply approximated
for frequencies close tovn , although we have suggested a
qualitative approximation in Eq.~71!.
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APPENDIX: FACTORIZATION OF THE KERNEL

The Wiener–Hopf factors ofg~j! are defined as such
thatg5g1/g2 andg2~2j!51/g1~j!, or explicitly,

g6~j!5e7 ip/4~k6j!61/2. ~A1!

The factors ofK defined in Eqs.~19! and ~20! are therefore

K6~j!5D6~j!/g6~j!. ~A2!

The functionsD6 have been derived previously in several
different forms.7,16 Recently, a new and easily computable
expression was derived by Norris and Wickham,11 which we

summarize here. Thus the ten zeros of the rationalized func-
tion 12g2(j)V2(j) are6jn , n51,2,...,5,defined such that
jn are inH1. Of these five, it can be shown that three, say
j1, j3, and j5, are zeros ofD(j). Defineun5cos21(jn/k),
n51,2,...,5, where the branch of the inverse cosine is
cos21(j/k)5 i log[j/k1g(j)/k], and the principal branch of
the logarithm is taken,2p,Im log~•!,p. Then

D1~j!5~12 ika!1/2S 11
j

j1
D S 11

j

j3
D S 11

j

j5
D

3expH 1

2p E
p/2

cos21j/k

(
n51

5 Fu sin un2un sin u

cosu2cosun

1
u sin un2~p2un!sin u

cosu1cosun
G ~21!nduJ , ~A3!

wherea is defined in Eq.~55!. The functionD2 then follows
from Eqs.~31! and ~A3!.
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