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The nonlinear characteristics of an acoustic tube wave propagating along the axis of a fluid-filled 
circular borehole in an elastic solid that is locally isotropic but whose properties may vary radially 
is considered. The analysis is carried out in the quasistatic limit. All terms through quadratic in the 
amplitude of the wave are considered and the amplitude of second-harmonic generation and the 
pressure dependence of the tube wave speed, dVr/d p, are expressed in terms of the fluid and 
formation nonlinear parameters. The results show that if there is no radial variation of the shear 
modulus of the solid then both the amplitude of second-harmonic generation and dVr/d p are 
independent of the third-order elastic constants of the solid and nearly equal to those of the fluid 
alone. If there is a radial variation of the shear modulus then the numerical calculations indicate that 

both the amplitude of second-harmonic generation and d Vr/d p can be completely dominated by the 
nonlinear parameters of the solid. A perturbation theory valid for the case in which the shear 
modulus is nearly constant is derived that demonstrates that the nonlinear response is scaled by the 
value of the third-order parameters of the solid, leveraged by the degree and depth of alteration of 
the shear modulus. 

PACS numbers: 43.25.Ts 

INTRODUCTION 

In the last 10-15 years the acoustic properties of a fluid- 
filled cylindrical cavity in an elastic solid have received a 
great deal of attention, not least because of its technical im- 
portance in the search for oil reserves. The classic papers by 
Tsang and Rader • and Kurkjian and Chang 2 have established 
that, depending on the spatial dependence of the sourcing 
transducer, the acoustic signal is composed of many different 
components. Some of these are normal modes of the system, 
corresponding to poles in the appropriate Green's function, 
and others, "head waves," corresponding to branch points. If 
the source has an axially symmetric component, it is known 
that at low frequencies the dominant contribution to the 
acoustic signal is due to the lowest-lying mode in the prob- 
lem, the "tube wave." tiere, low frequency means that the 
wavelengths of all bulk modes are large compared to the 
borehole radius. In this limit the tube wave becomes nondis- 

persive with a speed Vr, which is simply expressed in terms 
of the properties of the fluid and the solid [Eq. (11)]; more- 
over, the spatial dependences of the pressure in the fluid and 
the displacement in the solid also become simple. In this 
paper we consider the nonlinear properties of such a system 
under the assumption that the linear properties are dominated 
by a low-frequency tube wave. We develop an equation of 
motion for the pressure in the borehole fluid that we use to 
calculate both the change in tube wave speed with pressure, 
dVr/dp, and the amplitude of a second-harmonic tube wave 
generated by the nonlinearities of both fluid and solid. We 
limit our analysis to nonlinearities quadratic in the wave am- 
plitude only. 

The theoretical and experimental connection between 

nonlinearity and second-harmonic generation is well estab- 
lished for bulk plane waves in both fluids and solids and 
even for certain surface waves at planar interfaces? '• Here 
we consider the more difficult mathematics appropriate to 
the cylindrical geometry of the borehole because sedimen- 
tary rocks can have enormously large values of the so-called 
third-order elastic constants. We show that second-harmonic 

generation and the pressure dependence of speed should be 
relatively easy to observe and therefrom deduce information 
about the rock's nonlinearity. As a thumbnail demonstration 
of this claim we consider how the speed of longitudinal 
sound Vp and transverse sound V s change with the applica- 
tion of a confining pressure. We have found it convenient to 
use the Landau and Lifshitz •ø convention for the third-order 

constants A, B, and C. In terms of these parameters one 
has 11-13 

dV• 3k+6g+A+3B 
Po d•-- 3k+2p. ' (1) 

dV• 7k+lOi•+2A+lOB+6C 
Po d--•-- 3k+2/.t ' (2) 

where X. and/z are the Lam6 constants of the solid, and P0 is 
its density in the undeformed state. In Table I we list some 
values of these dimensionless groups for a variety of 
materials? •J4-2• 

In Fig. l(a) and (b) we plot the speeds of sound for a dry 
Boise Sandstone 22 as a function of pressure. The solid lines 
are simply smooth curves constructed for the purposes of 
differentiation according to (1) and (2). The results are plot- 
ted in Fig. 2(a) and (b) where we see that for this rock the 
size of the nonlinear parameters relative to the linear can be 
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TABLE I. Dimensionless dependence of sound speed on pressure for some 3.45 
common materials. 

3.4 

Material Po dV]/ dP Po dV•e/ dP 3.3.5 

Water a 0 5.0 3.3 
Benzene a 0 9.0 

Polystyrene b 1.57 11.6 • 3.25 PMMA c 3.0 15.0 • 
Pyrex h -2.84 -8.6 •, 3.2 

Fused silica d - 1.42 -4.32 
Alumina • 1.12 4.46 3.15 

Aluminum t 2.92 12.4 3.1 
Nickcl-stccl • 1.55 2.84 

Armco-Iron h 5.7 9.3 3.o5 

Steel (Hecla) • 1.46 7.45 
Molybdenum f 1.05 3.48 3 

Tungsten t 0.70 4.58 
Magnesium r 1.47 6.89 

Niobium h 0.29 6.18 
Gold • 0.90 6.4 2.2 

•Reference 14. tReference 18. 

•Reference 11. gReference 19. 
CReference 15. hReference 20. 
øReference 16. 
½Reference 17. iReference 21. 

orders of magnitude larger than for the materials listed in 
Table I. Indeed nonlinear phenomena seem to be easily ob- 
served in rocks? Our intuition based on Fig. 2 as compared 
with Table I is that a tube wave propagating in a sedimentary 
rock/borehole environment can exhibit significant nonlinear 
effects due mostly to those of the rock. We make this claim 
concrete in the remainder of the paper. 

Conceptually, the idea of second-harmonic generation of 
a tube wave is simple. It is mathematically complex because 
one is dealing with nonlinearities of a combined fluid and 
solid system, in cylindrical coordinates, and (as we show 
below) it is necessary to consider spatially varying elastic 
constants. The outline of the paper is as follows: In Sec. I we 
develop an approximate nonlinear wave equation for the 
pressure in a borehole, which is valid when the quantities are 
slowly varying and when the nonlinearities are weak effects 
compared to the linear; we consider equations of motion that 
are accurate through second order in the wave amplitude 
only. We relate the amplitude of second-harmonic generation 
to the linear and nonlinear properties of the borehol• fluid 
and to the linear and nonlinear static response of the bore- 
hole wall to an applied pressure. In like manner we derive 
the expression relating the initial change in tube wave speed 
to an applied pressure, dVr/dpl • o. In Sec. II we calculate 
the borehole response using standard second-order elasticity 
theory applied to the cylindrical borehole problem. We show 
that if the shear modulus of the solid is spatially uniform, 
then, regardless of the spatial dependence of the other 
moduli, the linear response is easily given in terms of that 
shear modulus and the quadratic dependence of the borehole 
expansion on (Lagrangian) pressure is identically zero. We 
numerically investigate cases in which the shear modulus 
varies radially and we show that the quadratic dependence is 
enhanced if the radial depth of shear alteration is comparable 
to the borehole radius. We derive a simple but effective per- 
turbation theory valid when the shear modulus is almost con- 

(a) 

0.1 0.2 0.3 04 

P (kbar) 

0•.5 0.6 

2.15 

2.1 

2.05 

2 

1.95 

1.9 

Co) 

0 0.1 0.2 0.3 0.4 0.5 0.6 

P (kbar) 

FIG. 1. (a) Longitudinal and (b) transverse speed of sound for a dry Boise 
Sandstone as a function of pressure (from Ref. 22). The solid curves are 
simple analytic functions constructed to fit the data. 

stant. This theory illustrates the most important combination 
of nonlinear parameters; we propose a simple gedanken ex- 
periment whereby one could measure that combination di- 
rectly. Our concluding remarks are presented in Sec. III 
where we use values of available material parameters to es- 
timate the efficiency of second-harmonic generation as well 
as dVr/d p. 

I. QUASISTATIC LIMIT OF A NONLINEAR TUBE WAVE 

Here we consider the relevant wave equation for the 
pressure in the borehole. We carry out the analysis in the 
quasistatic limit and we consider all terms and only those 
terms that are either linear or quadratic in the wave ampli- 
tude. Our spirit is much like that of White's 24 treatment of 
the linear problem. 

We consider an infinitely long, fluid-filled cylinder of 
radius a in an elastic solid. The coordinate origin is at the 
center of the borehole. The properties of the solid may vary 
radially but not axially or azimuthally. It shall prove to be 
convenient to work with Eulerian (current position) variables 
for the fluid, as is customary, but Lagrangian (original posi- 
tion) variables for the solid, as is also customary: The current 
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FIG. 2. The dimensionless quantities t3j dV2/dP for (a) longitudinal and (b) 
transverse speed of sound in the Boise Sandstone of Fig. 1. The derivative 
was taken from the analytic curves in Fig. t. 

position of a material particle in the fluid is labeled by 
(r,O,z) whereas the original position of a solid particle in 
the formation is also labeled by (r,O,z). In the quasistatic 
limit one may safely neglect the radial component of the 
fluid motion (it is smaller than the axial by a factor crto •) and 
we may neglect any radial variation of p, p, and o for the 
same reason. Whirham 2s considers similar approximations 
for a similar problem involving shock dynamics in a tube of 
variable cross-sectional area. Thus p(z,t), p(z,t), and o(z,t) 
are, respectively, the actual pressure, density, and axial fluid 
velocity in the borehole at position z at time t, but u(X,t) is 
the displacement of a material particle in the solid that was 
originally at X and is now at position X+u(X,t). In this 
section we shall need only the radial displacement at the 
borehole wall, which we denote as u(z,t)•u r (r=a,z,t) in 
the notation of the Appendix. 

We have the equation of motion for the fluid, 

p(v,t + OU.z ) +p.:= O, (3) 

where the comma followed by a variable denotes differentia- 
tion with respect to that variable. The radial motion of the 
borehole wall does not enter this equation. We consider the 
following equation of state for the fluid: 26 
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[P--Pø\ I (p--pø12+'-' (4) P:A4-7F) +5 p0 ' 
where p is the acoustic pressure (relative to ambient), and P0 
is the ambient density. The constant A T is the bulk modulus 
of the fluid and so the speed of small-amplitude sound waves 
in the fluid is c=(Affpo) t12. We need (4) in inverted form: 

1 Bœ 

p=po+• P-2c-• p2 +'" . (5) 
Thus Eq. (3) can be written, correct to O(p2), as 

PoV,t + p,• + ( 1/c2)pv,t + povv,z = O. (6) 
Consider, now, the continuity equation for the fluid entrained 
between the planes z and z+•z: 

j.fi =o, (7) 
where j is the mass flux and M is the mass. For the case at 
hand we have 

w[a + u(z + Az)]2p(z + Az)v (z + Az)-- •[a + u( z)] 2 

Xp(z)u(z)+• {•[a+u(z)]•p(z)Az}=O, (8) 
where the time derivative is indeed a partial, not a convec- 
tive, derivative. In order to eliminate u(z,t) from (8) we 
need the response of the borehole wall to a static pressure: 

u = (aNff2)(p +N•2+ '" ), (9) 

where Nl and N 2 are the linear and nonlinear compliances, 
respectively. We discuss this response of the borehole wall to 
pressure in Sec. II for a variety of cases of interest. Equation 
(8) is, to second order in the pressure, given by 

1 1 

P0O'z+ V• P"+• (VP'z + PV'z) 
B I 

where V r is the small amplitude tube wave speed given by 24 

1 =Po +N• • +p• (11) V• c 2 ' 
We are now in a position to relate dV•/dp as well as the 
amplitude of second-harmonic generation to the fluid param- 
eters and the formation parameters, N• and N 2. •cy are 
slightly different problems and need to be treated separately. 

A. Pressure dependence of tube wave speed 

We consider that the pressure has a constant part P0 as 
well as a small-amplitude wave part t3(z,t) but the velocity 
has only a small-amplitude part: 

p =Po+13(z,t), 

o=t3(z,t). (12) 

We consider (6) to first order in/3 and t5: 
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(po+•) t•.tq-/•.z= O. (13) 
similarly for (10), 

C- 

B[ _ 

It is straightfo•ard to eliminate 6 from (13) and (14), 

v•(po)p.:•-b.,,=O, (15) 
and obtain an expression for the tube wave speed Vr(p0 ) 
accurate to first order in P0- •is dependence may most con- 
veniently be expressed by analogy with •. (1): 

dV• _Br/Ai-AiN, +A•N•/2- 2A•N,N 2 
Po dpo p.-o (I +A[ NI)2 

06) 

We see that in the special case that the formation is rigid, 
Nl•0, we have 

Po dpo •o=o A 1' 
as has been known since antiquity. 27 Equation (16) is the 
low-frequency limit of the dispersive tube wave considered 
by Sinha et al. 28 

B. Second-harmonic generation 

We now turn our attention to the efficiency with which a 
monochromatic wave of frequency to can generate a second- 
harmonic wave of frequency 2to. First, we eliminate o from 
all the quadratic terms in (6) and (10) only. We do this by 
using the relationships implied by the first-order equations: 

v.t = - ( l/po)p. z (18) 
and 

v.z= -- ( 1/poV•)p, t . (19) 
Moreover, we assume that we are dealing with waves that are 
primarily traveling up or down the borehole. Either (18) or 
(19) implies 

o = q- (l/poVr) p (20) 

and, of course, 

`9t -T- Vr ̀9z (21) 
With these approximations to the quadratic terms Eqs. (6) 
and (10) become 

poO., + P,z + N •pp.z = 0 (22) 
and 

1 

pov.I + •r P.t + ( N•l - o• ) pP.t = 0, v} 
(23) 

respectively, where 

I 3NI +N,(5•N,-2N2)]. (24) 
Combining these two equations we have 

P.zz- ( 1 / V2t)p., + ot(pp.t).t = 0. (25) 
An equation of this form has been derived by Westervelt 29 
for the case of a homogeneous infinite fluid medium. The 
parameter vt governs the degree of nonlineartry at this level 
of approximation. The first two terms of (24) are exactly that 
combination of fluid parameters that determines the ampli- 
tude of second-harmonic generation of plane waves in a 
fluid? Indeed, if the borehole wall is rigid (Ni--}0) we re- 
cover this result, as seems intuitively obvious. The effects of 
the solid's linear and nonlinear constitutive behaviour are 

folded into the parameters N1 and N2, which we consider (in 
a different notation) in Sec. I1. 

In the rest of this section we consider the amplitude of 
second-harmonic generation implied by (25). We consider 
first the case in which a radially independent source gener- 
ates a monochromatic signal at z=0 that radiates both up and 
down the borehole. The nonlinearity in (25) generates a sec- 
ond harmonic that also radiates away from the source. We 
follow the usual practice of three-wave mixing theory 2s and 
assume that the amplitude of the second harmonic is slowly 
varying as a function of position: 

p(z,t) = Po cos(klz]- tot) + f(z )sin( 2klz 

+ g(z)cos(2klzl- 2tot), (26) 

where k= to/V r. For our purposes we may neglect the z 
dependence of Po. We substitute (26) into (25) and we ne- 
glect second derivatives of f and g. Consistency with (25) 
requires 

dg 
d'•- =0, (27) 

df otVrtoPo 2 
-- = '* -- (28) 
dz - 4 ' 

where the q- refers to z>0 or z<0. Thus 

p(z,t ) = Po cos( klzl - tot ) + ( øt VrmP} ) 4 14 
x sin(2klz[- 2tot) +g0 cos(2Mzl- 2t), 

(29) 

where f0 and go are constants. It is often assumed in standard 
texts that the second harmonic "starts" at z =0, implying that 
these constants are zero. We believe that this is almost never 

the correct boundary condition. In the case at hand we re- 
quire that the second-harmonic component of the fluid veloc- 
ity be continuous; the fundamental component is discontinu- 
ous due to the monochromatic source. Thus the second- 

harmonic component of v.t must also be continuous. 
Substituting Eq. (29) into (22) and imposing continuity of 
the 2to component of o a at z=0 implies 

f0--=0, (30) 
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go = [(fiVe-- 2N 1)/8]P•. (31) 
Equation (29) now becomes 

•[ OlVTto 
p(z,t) =P0 cos(klzl- tot)+ P•j[-• Izlsin(2klzl 

aV}-2Nt cos(2klzl-2•ot)) (32) -2wt)• 8 ' 
We also have 

1 
U=+ 

poVr P0 cos(klzl- tot)+•p ø P,'• z 
X sin(2k[zl - 2 a•t). (33) 

We note in passing that continuity of u(r) at z=0 is 
assured for all r regardless of the choice of fu and go- The 
ratio of the two second-harmonic terms is •2[z[ •o/V r . Thus, 
according to (32) the amplitude of the second harmonic is 
approximately independent of z within one wavelength of 
the source and thereafter increases linearly, as is common for 
problems of this sort. This perturbation theory is not valid 
once the amplitude becomes comparable to that of the fun- 
damental for then the latter must decrease as a consequence 
of energy conservation. Also higher harmonics are generated. 
These points are discussed by, for example, Beyer and 
Letchef. 27 

If the source is not radially independent of position, 
then, within the context of linear theory, it generates a com- 
plex signal involving head waves, higher-order modes eva- 
nescent below cutoff, etc. These other components decay 
rapidly and so we may still expect {32) to hold for z>a. 

II. NONLINEAR BOREHOLE COMPLIANCE 

In this section we consider the static response of an elas- 
tic solid through which a cylindrical hole has been drilled. 
The solid is presumed to extend to infinity; in this axisym- 
metric problem the elastic parameters may be radially depen- 
dent on position. The borehole pressure is uniform. We wish 
to calculate the radial displacement in the formation u(r) to 
second order in the pressure. For this purpose it is most 
convenient to use Lagrangian variables. Here, the Lagrang- 
ian pressure PL is defined such that PL times the original 
area of some surface element is the actual force on that ele- 

ment, though the area may be changed because of the defor- 
mation; it is related to the more conventional Eulerian pres- 
sure PE by 

aPL= [ a + u( a I]PE, (34) 

where u(r) (=ur in the notation of the Appendix) is the 
radial displacement of a point originally at a radial position 
r, and a is the unperturbed borehole radius. In Sec. I we used 
the symbol p to represent the conventional Eulerian pressure, 
PE; in this section we use the symbol P for the Lagrangian 
pressure, P[. In Sec. IlI we connect the results of Secs. I and 
II. 

The Piola-Kirchhoff stress tensor T in an axisymmetric 
problem is given, to second order in the displacement, by 
Eqs. (AI4)-(AI8) of the Appendix. (It is not necessary to 

read the Appendix at this point, but we do quote certain 
results therefrom.) For this statics problem we have, from 
(A7), 

V .T(u)=0, (35) 

subject to the boundary condition on the (unperturbed) bore- 
hole wall 

T(u).&=-P& at r=a, (36) 

where fi is a unit vector normal to the borehole wall. In this 

paper we are concerned only with a single well in an un- 
bounded formation. Therefore one has the boundary condi- 
tion that the stresses vanish at infinity 

lira T=0. (37) 

To solve these equations we expand the solution in pow- 
ers of P as 

t!= PU( i } + p2u(2 } +.... (38) 

The stress tensor can be decomposed into linear and nonlin- 
ear parts: 

T(u) = TL(u) + TNL(U). (39) 

Because of (38), (39) can be written as 

T(u) -- pTL( U (I)) + p2[TL( u (2)) + TNL( II( I))] +''' . 
(40) 

Equation {35) must hold order by order in P. To first order in 
P this is 

V.TL(u(t}) = 0. (41) 

Similarly, to first order in P, the boundary condition (36) is 

pTL(u{I)).fi=-Pfi at r=a. (42• 

These are, of course, the ordinary equations of standard lin- 
ear elasticity for which u li} can be solved by standard means, 
as we illustrate below. 

Similarly, the second-order solution is determined by the 
requirement that (3•) hold to second order in P. From (40) 
we have 

V. TL( U ( 2 } ) = _ •,. TNL(u ( 1 ) ), (43) 

with the boundary condition that follows from (36) and (40) 

TL(IIt2))-fi=--TNL(IIlll)-fi at r=a. (44) 

Thus we see that, having solved the linear problem for u ø), 
we use it as an input for the sourcing of the second-order 
term, u (2), in the differential equation (43), as well as in the 
boundary condition (44). 

For the axisymmetric case at hand, for which there is 
only a radial displacement, we have from the Appendix 

du u 

rkr(u)=(k+a/x) •rr +k - (45) 

To(u) = X du u (46) 7' 
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r•rr + 
We will also need the combination 

(48) 

These are the only relevant components of the stress tensor. 
•e equilibrium equation (35) in cylindrical coordinates is 

dT• 1 
dr +• (T"-Tøø)=O' (49) 

as is obvious f•m Eq. (A19). In Eqs. (41)-(49) the elastic 
constants k, •, A, B, and C may be presumed to be functions 
of radial position r. Therefore, Eq. (41) becomes 

2•(r) { du • 

and the boundary condition (42) is 

( du •" u• r") T,•,(u•)=Mr) • + +2g(r) dr 
=-1 at r=a. (51) 

Similarly, the second-order function u(2)(r) is determined 
from a solution to Eq. (43), which now reads 

d [ [du •2' u';') du'2} I 2•(r) 

d •NL, {l}x 1 FwNL/, (1)• 
dr 1• [u y r L'rr [" I--'00, • •, (52) 

subject to the boundary condition (44}: 

TNL. {l•-T•r(U{2))=0 at r=a. ,• tu •* (53) 

•e displacement u(2)(r) satisfies an inhomogeneous, linear 
differential equation. As usual we may find any paaicular 
solution and add to it homogeneous solutions so as to satisfy 
the boundary conditions at the borehole wall and at infinity. 
For the purposes of second-harmonic generation of a tube 
wave we wish to know the displacement at the borehole wall, 
which we write in the fo• 

Pa aP 2 

u (a) = 2•- • • + O(p3)' (54) 
where •=•(r•m). As defined •* is an effective shear 
modulus and X (dimensionless) will turn out to be non- 
negative for the cases in which we are interested. In the 

following subsections we consider solutions to this problem 
in increasing order of complexity. 

A. Elastic moduli, It,/•, A, B, and C independent of 
position 

This is a situation for which the linear problem is treated 
in many textbooks. There are two linearly independent solu- 
tions to (50). If, in some region,/x is constant, then, regard- 
less of k(r), one of the solutions is uO)orr -•, which corre- 
sponds to a purely shear deformation with no volumetric 
change. In the special case that k(r)+/z(r) is constant, the 
other solution is u(1)otr +•. This solution is purely compres- 
sive and, indeed, k+/x is the two-dimensional (2-D) com- 
presslye modulus. 

In the case at hand for which all the toodull are constant 

even as r-*% the second solution violates the condition (37). 
Therefore, from (51) we have, for constant 

u 0 •(r) =a2/21.tr, (55) 

which implies 

/.t* =/z. (56) 

From (47) and (48) we have 

TNLt, ( 1 )• __ TNLi bl ( 1 ) • __ (•k -t- 3tx +A + 2B)a4/41.•2r 4. 
(57) 

There is a particular solution to Eq. (52) that is a power law, 
to which a multiple of (55) must be added so as to ensure the 
boundary condition (53). The result is 

u12}(r)= (h+3tz+A+2B)a4(-1 1 ) 8(h.+2/.t)/x 2 7 +a-•r ' (58) 
This solution has the feature that there is no second-order 

contribution to the borehole stiffness; u(2)(a)=0. From (38) 
and (54) we have 

X--•0. (59) 

For this case lhere is no contribution to the generation of a 
second harmonic from the third-order elasticity of the solid. 

This exact cancellation at the borehole wall is an arti- 

fact, not only of the cylindrical geometry, but also of the fact 
that the formation extends to infinity; one can show that 
u(2)(a) :•0 for the equivalent problem of a pipe with a finite 
outer radius, for example. We are led to consider the more 
general problem of arbitrary radial variation of the elastic 
parameters, of which a pipe with a finite outer radius is a 
special case. 

B. Arbitrary X(r), A(r), B(r), and C(r) but constant/• 

The simplest example of a radially varying elastic for- 
mation is one in which/x(r) is constant in the entire interval 
a <r< oo. The solution given by (55) still holds regardless of 
Mr). Therefore,/x*-=/x again. Equation (57) also holds with 
the understanding that X(r), A(r), and B(r) are arbitrary 
functions. The solution to (52) that satisfies the boundary 
condition (53) is 
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a4 •a' [h(r)+31't+A(r)+2B{r)] u121(r) = - 4•-• [Mr) + 2•]r 3 dr. 
(60) 

[In the special case that X, A, and B are constant, (60) re- 
duces to (58).] Thus, as long as the shear modulus is constant 
we see that u{2)(a)=0 • X=0. Therefore we are led to con- 
sider the case of radial variations in the shear modulus,/•(r). 

C. Radial variation in the shear modulus,/•(r) 

If the shear modulus varies with position, it is not pos- 
sible in general to reduce to quadrature a solution even of the 
linear problem (50). This is because at each point there are 
both compression and shear deformations. [Special cases oc- 
cur when the solid is either incompressible, X--}oo, or per- 
fectly compressible, X(r)+/z(r)-=0, which cannot hold if 
the solid is isotropic in three dimensions.] Accordingly we 
have undertaken to solve Eqs. (50) and (52) numerically. 
Each can be put in the form 

cJ•' =Aq(r)yj(r)+Bi(r), i = 1,2. (61) 
The linear problem (50) is of this form with Bi--=O (i= 1,2). 
Here, we choose y•=u 0} and Y2 = TrLr(ttO)) ß This choice 
ensures that the Yi (i = 1,2) are continuous across an interface 
between dissimilar media, as they should be, even where the 
elastic constants •,,/z, A, B, and C themselves may be dis- 
continuous; in this special case, which we explicitly consider 
below, (61) will not have any &function sources on its right- 
hand side. 

Similarly, to solve the nonlinear problem (52) we choose 
L (2) TrN)(u(I)). Here, the physics yl=u (2) andy 2 = Trr(tt ) q- 

of the situation requires that y• (i= 1,2) be continuous and 
the mathematics of (61) guarantees that there are no 
&function sources here, either. Of course, Big=O {i= 1,2) for 
this problem, as required by (52). 

We use a commercial ODE integrator to solve these 
problems numerically. We limit our investigations to situa- 
tions for which the elastic parameters tend to a constant 
value for large values of r. We simplify the calculations by 
requiring that h, g, A, B, and C be strictly constant for r>b 
for some value of b chosen such that the elastic constants 

have assumed their asymptotic values. Mathematically this 
guarantees that 

uO•(r)--=F/r, r•>b, (62) 

for some value of F. Computationally we take an arbitrary 
set of initial conditions, y•(a) (i= 1,2) and we integrate for- 
ward into the region r•>b. In general this solution has the 
property that 

y•(r)-=G/r+Hr, r>•b, (63) 

where G and H are constants. We then take another, linearly 
independent set of initial conditions and repeat the process to 
get a second linearly independent solution y•(r). The de- 
sired solution to the linear problem, [u(J)(r),T,•(r)], is that 
linear combination oryX(r) and y•(r) that satisfies (62). The 
proportionality between y•(a) and y2(a) for this solution 
yields/z* via {54). [Alternatively we could have integrated 

backward from r= b using the boundary condition (62) and 
L the equivalent expression for T•(u •).] 

This numerically determined uO)(r) is used as the 
source for u(2)(r) in (52). Again, an arbitrary set of initial 
conditions yi(a) (i= 1,2) is used and (52) [put in the form 
(61) as discussed] is integrated forward to generate a particu- 
lar solution to the inhomogeneous equation (52) which we 
denote y)'(r). The desired solution has the property 

(h+3/.t+A+2B) F-' S 
u(2}(r)= 21X+2/z) r--•- 3 +•, r•>b, (64) 

for some value of S which is ultimately determined by the 
boundary conditions at r= a. The numerically generated so- 
lution yi•(r), however, has the property 

(h+3/z+A + 2B) F 2 U 
y[(r)- 2(X+2/x) • +7 +Vr, r•>b, {65) 

for some U and V. That is, the particular solution propor- 
tional to r -3 is the same in both (64) and (65) but the con- 
tributions from the homogeneous solutions are different in 
the two cases because they satisfy different boundary condi- 
tions. It is straightforward to add multiples of the homoge- 
neous solutions, Y7 and y•, to the particular solution yiY(r) in 
order that the resultant solution satisfies both (64) and (53) 
[i.e., y2(a)=0]. From (54) we can determine X- This com- 
pletes the description of how we numerically solve for the 
static deformation to second order in the pressure. 

Let us now consider some specific solutions to cases for 
which the elastic moduli vary with position. We focus our 
attention on cases for which only the shear modulus varies, 
as this is the most important aspect of the problem for 
second-harmonic generation; h, A, B, and C are constant. 
We consider two different functional forms for/.•(r): expo- 
nential, 

/z(r) =/•- A/z exp[ - (r- a)//]; (66) 

and step-function, 

x•- A/x, a<r<a+l, /z(r)= /•oo, a+l<r<o*. (67) 
We anticipate that the shear modulus near the borehole will 
generally be reduced relative to that far away: 
•(a) =•-._X/x</•. 

An advantage of considering (67) is that it can be solved 
analytically, simply by matching boundary conditions appro- 
priately. Slightly more generally, suppose the elastic con- 
stants take on the values •,/x•, A •, B •, and C • in the inner 
layer a<r<b (b=a+l) and the values h 2, I. t2,A2, B2, and 
C 2 in the outer layer b<r. The solution to the linear problem 
is 

ul•)(r)=F/r+Gr, a<r<b, 
(68} 

u½•l(r)=H/r, 

where F, G, and H are determined from the continuity con- 
ditions of u m and TrL•(u (•1) at r=b, and the boundary con- 
dition for T•L•(u •)) at r=a, given by (42). The solution to 
the second-order problem is 
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FIG. 3. The numerically generated second-order solution u(2•(r) for a par- 
ticular choice of concentric-shell parameters, Eq. (67), corresponding to 
a=10 cm and b=15 cm. Both parts of the exact solution, Eq. (69), are 
shown over the entire range of r in order to emphasize the discontinuity of 
slope at r=b. Also shown is the numcrically generated quantity 
Tr•,(u I:)) + Tr•(u(l)). It is apparent that the boundary conditions at r=a, 
r-b, and r•: are satisfied. 

(kl+3P, t +Al + 2Bl) F 2 F' 
u(2)(r) = 2(k•+2p.l) r3 +-- +G'r, F 

a<r<b, 

(69) 
(K2+3t•2+A2+2B2) H 2 H' 

u(2)(r)= 2(k2+2/-t2) r- •- +•-, b<r<o% 
where F', G', and H' are determined from the continuity of 
u © at r=b, continuity of [r•r(U(2) ) + r•(u(l))] at r=b, 
and the boundary condition for [Tr•r(u (2)) + r,Tr(u(U)] at 
r = a, given by (53). 

In Fig. 3 we plot u(2)(r) for a special case of (67). Both 
parts of the exact solution (69) are plotted as dashed lines 
over the entire interval of interest in order to emphasize the 
discontinuity of slope at r=b. The numerically generated 
solution is plotted as a solid line; its agreement with the 
exact solution lends confidence to our numerical procedure. 
It is worth noting that, because the shear modulus varies with 
position, not only is u(2)(a) not equal to zero but u(2)(r) 
takes on its largest value at r = a, for this example. 

Winklet 3ø has measured the dependence of the speeds of 
various sound waves in a sample of Berea Sandstone as a 
function of uniaxial stress, from which he was able to deduce 
the values of the second- and third-order elastic constants. 

His results are presented in Table II: they represent the only 
known values for a sedimentary rock. We shall base our cal- 
culations on these values. This sample is relatively weakly 
cemented, and its shear speed is less than that of water 
(Vs=l.31 km/s, Vp=l.91 km/s). Moreover, we note from 
(1) and (2) that the predicted pressure dependence of the 
speeds is quite large for this rock: 

av3 
Po•=1175, Po•-=4381- 

TABLE II. Deduced values of the second- and third-order elastic constants 

for Berea Sandstone? 

Elastic 

constant Value (GPa) 

3.66 
0.41 

-4520 

1850 

-1660 

•Reference 30. 

Indeed, it is much larger than that measured on the Boise 
Sandstone shown in Fig. 2, which in turn is much larger than 
the values shown in Table I for nongranular materials. We 
assume X, A, B, and C are position independent and we take 
/a,• to be the value deduced by Winkler 3ø from the (un- 
stressed) shear speed. We defer our discussion of the linear 
response uO)(a) until we develop a perturbation theory in 
the next subsection. We plot the second-order response at the 
borehole wall, X, as a function of I for various values of 
Att/tt•; the results for the exponential variation (66) are 
plotted in Fig. 4, those for the concentric shell, (67), in Fig. 
5. The dashed lines are the results of a perturbation theory 
presented in the next subsection. The dotted line represents 
the quantity 

X + 3/.t,•+A + 2B 

x0-= 8(•+2•) (70) 
We wish to make two points: (a) If the depth of the altered 
zone, l, is either much smaller or much larger than the bore- 
hole radius a, then, in effect, the formation shear modulus is 
spattally uniform and X-•0, as seems intuitively obvious 
from the discussion in Sec. II A; (b) the overall scale for 
values of X is set by the quantity X0, as seems obvious from 
Eq. (58), but it is leveraged by the degree and depth of al- 

2O0 

180 

160 

140 

120 

80 

6O 

4O 

20 

10 4 

.... perturbation 

4. x o numerical 

50% 

I (cm) 

FIG. 4. The nonlinear expansion of the borehole wall, X, defined by Eq. 
(54), as a function of I for the case of an exponential variation of the shear 
modulus with radius, Eq. (66). We consider the three cases 
[tt•-/.t(a)]//x•= 10%, 30%, and 50%. The elastic parameters are taken from 
Table II and the borehole radius is a=10 cm. The dashed lines are the 

predictions of the perturbation theory, Eq. (99). 
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FIG. 5. Same as Fig. 4, but for the step variation, Eq. (67); 1 is the thickness 
of the annular region. The horizontal dashed line is the value X,, Eq. (70). 

teration of the shear modulus. We make this connection more 

concrete in the next subsection. 

D. Perturbation theory 

Let us consider the case in which all the elastic param- 
eters are nearly constant so that (55) and (57) nearly hold: 

/2(r) =/2 + $/2(r), h(r) = •.+ 8h(r), 

A (r)=,• + 8A (r), B(r) =/} + •B(r), (71) 

C(r)=(7+ 8C(r). 

In this subsection we derive approximations to/2* and X that 
are accurate to first order in 8/2(r). [We are anticipating the 
result (shown below) that only the cylindrically symmetric 
part of 8/2 contributes to the first-order perturbation theory.] 
We use a variational technique that obviates the necessity to 
calculate u(])(r) and u(2)(r) to the desired accuracy. 

The elastostatic energy is the integral of the energy den- 
sity 

W= f U({Cl};{ui,j})dV, (72) 
where the set {Ct} collectively represents the five elastic pa- 
rameters of the problem. The expression for U valid to third 
order in strain for an isotropic material is given by Eq. (A3), 

k(r) 2 A(r) C(r) 
U= • I, +/2(r)I: + • 13 +B(r)IJ: + • I• 

+O(E•j), (73) 
where 

I] =Eii= tr(E), 12 = EijEji= tr(E2), 
13 = E qEjkEki = tr( E 3), (74) 

in terms of the strain tensor (see Appendix), which we repeat 
here for convenience: 

__l 

Eij- 5( ui,j + uj,i + ut,,iut, d). (75) 

The energy is also equal to the work done by the exter- 
nal forces in stressing the medium. For the case at hand, the 
borehole pressure is ramped up to some final value and the 
borehole wall moves out [%=-u(a)] in a nonlinear fashion. 
The work per unit length of borehole is 

w= fføP(u.)2rra du a . (76) 
We view (72) and (76) as microscopic and macroscopic 

expressions, respectively, of the same thing. Let us first 
evaluate each of these quantities for the simple case in which 
all the elastic parameters are independent of position. It shall 
prove extremely useful to express all quantities in terms of 
%. Thus (54) is 

2/2* 8X(/a*) 3 2 
P(u•)=-- u,-• -- u, + '" (7:7) a a2/2• ' 

Therefore (76) is simply 

(/2* 8X(/2')3 3 4 ) W:2wa •- %2• 3a2/2• u•+O(Ua) . (78) 
TO evaluate the microscopic energy, (721, we need to 

express the displacement (38), (55), and (58) in terms of u•,: 

u(r) :au" +4XoU} • O(u•), (79) 
where 

x0 + + 2)/8(X + (8o) 

by analogy with (70). In order to evaluate (73) let us rotate 
the strain tensor 

Err=•'E'•=• +•[drJ 

Eoo=b,E (81) ' •r +• 

as per (AI2). The energy density is simply evaluated from 
(73) and (74), 

U=•(2a2u•r 4+ 3-4 3 3 6 16XoaUar -32xoa'u;r ) 

+ O(u]), (82) 

as is the total energy, 

W= U2•r dr=2•uj+O(u,). (83) 
o 

Comparing (78) and (83) we see that 

•* • •, (84) 

and 

X•0, (85) 

as in Sec. II A. No surprises. 
We now consider the primary problem of this subsec- 

tion. •1 of the elastic parameters have a small radial varia- 
tion, as in (71). We consider displacing the surface of the 
borehole by the same amount as before and at each point on 
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the surface we consider by how much the applied stress 
changed to do this. For the case at hand, u, is the same as 
before but P is different. The displacement has a change 
which is first order in 8/2, &, etc., 

u(r)•'-•u(r)i'+ •Su(r). (86) 

The change & has components that are both first and second 
order in P. Because of the condition on the displacement, we 
have 

•Su(r = a)---0. (87) 

We consider the changes in the macroscopic and in the mi- 
croscopic expressions for the static energy. First, (78) holds 
for the macroscopic expression but 

•*-•+ a•, X•0. (88) 

That is, 

( • 2 8X(•*)3 ) 3 4 
• W= 2•a • u• + u• +O(ua) (89) a 3a2•} ' 

[Note that X• aX because of (85).] 
Our aim is to derive expressions for 8) and X exact to 

first order in 8•(r). To do so we need the change in the 
microscopic expression (72), 

•W= • 8Ct dV+ ToSu•, • dV, (90) 
where 

Ttj - c)ui,j , (91) 
is the Piola-Kirchhoff stress tensor. Both Tij and c•U/(•C t 
are to be evaluated using the constant values of the elastic 
parameters and the concomitant unperturbed solution [Eq. 
(79) in the case of the borehole problem]. Let us integrate the 
second term by parts: 

(92) 

The first term can be converted into a surface integral that 
vanishes identically because 8u(r) vanishes on the surface. 
The second term vanishes because the unperturbed solution 
satisfies (35). Therefore the change in the energy to first or- 
der in {•SCt} is 

AW= • AU dr, (93) 
where 

&(r) 8A(r) 
AU= 2 I•+ •u(r)12+-• 13+ 8B(r)lll 2 

6C(r) 
+• I• +O(E•j), (94) 

where li (i= 1,2,3) are evaluated using the unperturbed so- 
lutions. For the case at hand only the second term in (94) 
contributes to O(u3.) and we have 

AU= •5/2(r)(2a2u•2r 4+ 16Xoau3, r-4_ 32Xoa3U3ar 6) 

+ O(Ua4). (95) 
At this point it is apparent that only the azimuthally and 
axially symmetric part of •5/2 contributes to the first-order 
perturbation result. So without loss of generality, we consider 
only a radially dependent &a,(r). Equation (95) implies 

2. fj •W=4•a2u r• dr+32mXou} 8•(r) 

X •- rS j dr. (96) 
Comparing (96) against (89) we have the desired result for 
the linear response: 

a=2a2ff a(r) r7 dr, (97) 
which can be rewritten 

•, =2a2f• = •(r) 7 dr. (98) 

Note that this result is independent of the choice of fl. Simi- 
larly the quadratic response can be expressed in this pertur- 
bation theory as 

6•a fj [a 2a3• x:(•,)• x0 •(r)[j-7Jdr. (99) 
This result is also independent of the choice of fl. 

Let us compare the predictions of these perturbation 
theory results against our numerically calculated results. 
First, for the linear response (98) it is convenient to collapse 
the data by defining 

2a 2 fa• •- •(r) dr. (m0) 
We have x•0 for shallow depth of alteration and x•l for 
deep. Equation (98) reads 

[•* - •(a )]/[• - •(a)] = 1 -x. (101) 

With this definition the constant background fi has been re- 
moved. The quantity x can be evaluated in closed form for 
the concentric shell problem (67) and it can be expressed in 
terms of an exponential integral for the exponential variation, 
(66). In Fig. 6 we plot all our data for the linear response •* 
and we compare against (101). Even for the case of large 
values of A•/•, (101) works quite well. 

Baker 3• has considered the effect of an invaded zone on 
linear borehole acoustic waveforms. Our result in (98) is 
relevant to that part of his waveforms dominated by the low- 
frequency tube wave. 

For the quadratic response of the system, the integrals in 
(99) can be done in closed form for the step variation (67) 
and can be expressed in terms of exponential integrals for the 
exponential variation (66). These perturbation theory results 
are also plotted in Figs. 4 and 5. 

We have several observations. 
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FIG. 6. Results of the calculated linear response it* plotted as 
[•*-tt(a)]l[Ix•-t•(a)] vs x for the case of exponential varialion of the 
shear modulus, Eq. (661, and step varialion. Eq. (67). The straighl line is the 
perturbation theory result, Eq. (98). The degree of alteration is 1(}%. 30%, 
and 50% as in Figs. 4 and 5. 

(a) The perturbation theories work well as long as •/.t(r) 
is small, regardless of the depth of the alteration but they do 
not apply if the depth is small but the degree of alteration 
A/.t//x• is large. This is apparent from Figs. 4 and 5 and 
especially 6 where we can see that the slopes near x=0 and 
x=l are not correctly given by (1011 when the degree of 
alteration is large. 

lb) Even when the perturbation theory is inapplicable, it 
gives quite reasonable estimates of the required quantities. 

(c) Equation (99) makes clear our earlier claim that the 
overall scale for •V is set by the quantity Xo, leveraged by the 
degree and depth of alteration of the shear modulus as ex- 
pressed by the integral in (99). 

(d) There is no first-order contribution to X from &(r). 
•A(r), •B(r), or (SC(r), as was already obvious from (60). 

(e) If there is an axial or azimuthal variation in the elas- 
tic parameters, only the radially dependent part contributes, 
to first order in the variation. 

E. Significance of A +2B 

Evidently the important combination of nonlinear pa- 
rameters would seem to be A + 2B, as is suggested by the 
perturbation theory, (99). We conclude this section with a 
description of a simple measurement that would yield this 
combination directly. We remind the reader that the third- 
order elastic constants allow one to compute the changes in 
the speeds of sound to first order in applied stress. tt'•2 Equa- 
tions (11 and (2) are specific examples wherein the applied 
stress is an isotropic pressure but similar results have been 
derived for the case of an applied uniaxial stress. In the case 
at hand, the application of a quasistatic pressure in the bore- 
hole causes the formation to expand radially. if the shear 
modulus is spadally uniform then the (linear) deformation is 
purely a shear, i.e., V-u-=0, as is obvious since (55) does not 
involve X. The deformation is such that a thin arc segment 
gets thinner in the radial direction and longer in the circum- 

ferential direction just such that the volume remains un- 
changed. Meanwhile the displacement is itself in the thinning 
direction. 

We are led to consider the following case of plane wave 
propagation in an unbounded medium: We apply a static 
shear deformation in the x•-x 2 plane of the form 
u0=(sx t ,-sx2,0 ) and we calculate the change in the speed 
of small-amplitude longitudinal sound propagating in the xt 
direction. Each point at position r has moved to a position 
r"=r' +(•(X'l,t),O,O), where r' =[( l + $)x I ,( 1 --S)X 2,x3] is 
the new coordinate system, and •(x'•,t) is the small- 
amplitude wave in the new coordinate system. Following 
exactly the derivation of Hughes and Kelly H we find that the 
change of the speed of longitudinal sound in the new coor- 
dinate system is 

Po ds s_, =2(2h+5lz+A+2B)' (1021 
We may rewrite this as 

V t, ds • =l-8xu. (1031 -0 

We see from (102) and (1031 that the combination of param- 
eters A + 2B has a simple physically intuitive interpretation. 
We note that A+2B=2Cts 5 in Brugger's 32 notation, and 
A + 2B:2m in Murnaghan's 33 notation. See Green 34 for a 
useful table that allows a comparison of the different conven- 
tions for the third-order elastic constants. 

Let us consider the difference between a dry and a liquid 
saturated porous medium. The equation that led to (102) is of 
the form 

A2u 

p, • =K(s) c•x2 , (1041 
where x = x[ and K(s) is an effective P-wave stiffness in 
the new coordinate system: V•,(s) K(s)/po. When a shear 
stress of the form described above is applied to a sample 
there is no change in the volume to the required order of 
accuracy for (1021. Therefore, there is essentially no change 
in the contribution to the P-wave stiffness from the fluid 

because the pore pressure has not changed because of the 
static shear. This would seem to imply that dK/ds is the 
same for a wet or dry porous medium. It is known 35 that 
fluid-saturated rocks have very much smaller pressure depen- 
dences than dry rocks, basically because an externally ap- 
plied pressure is partially supported by the pore fluid. There- 
fore the individual third-order constants A, B, and C can be 

expected to be very different, as implied by (11 and (2). In 
the case of sedimentary rocks in which the dry frame has 
enormous values of A and B as in Table 11, we believe that 
the combination A + 2B, however, is essentially independent 
of fluid saturation. 

III. DISCUSSION 

In this section we connect the results of Sees. I and 1I 

and we estimate the rate with which tube wave speed 
changes with pressure and also the efficiency with which 
second-harmonic generation may occur. First we emphasize 
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that Af and Bf of Sec. I are not to be confused with A, B, or 
C of Sec. II. It is possible, though unconventional, to de- 
scribe second-order fluid elasticity by means of the Lagrang- 
Jan formulation of Sec. II. Kostek et al. 36 have shown that 
for a fluid the Lagrangian elastic parameters are related to the 
two Eulerian ones by 

h=A/, /x=O, 
(105) 

A =0, B = -A[, C=(Af-Bf)/2. 

Second, the response of the solid is more conveniently ex- 
pressed in terms of the Lagrangian pressure P, as per (54), 
whilst the tube wave properties are expressed in terms of the 
Eulerian pressure p, as per (9). Using Eqs. (9), (34), and (54) 
we have 

and 

Nl = 1//2' (106) 

N2= 1/(2/2')-2/2'X//22•. (107) 

Therefore (24) may be rewritten as 

1 3 3 

(108) 

Let us estimate the value of this parameter with the available 
information. We consider a water-filled borehole in a rock 

whose properties are the same as those of Table II. The pa- 
rameters for water TM are Aœ=2.27 GPa (1 GPa=10 m 
dyn/cm 2) and B f/A f=5.2. With these values we have the 
fluid contribution to (108): 

af--=A7 2+ = 1.4X 10 t5 s2/N. (109) 
If the shear modulus has no radial variation then/2'-=/2• and 
x--=O, and there is only a small change in the nonlinear pa- 
rameter a. We find 

a[/x(r)•/2•]= 1.86>( 10 -•5 s2/N, (110) 

there being a small nonlinearity due to the shear modulus of 
the solid. If, however, there is a modest amount of alteration 
in the region near the borehole then, as we have seen, the 
value of X can be quite large and it will dominate the non- 
linear response. Using a ray-tracing approach Hornby 37 has 
found that the compressional speed of sound in the vicinity 
of the borehole can be very significantly reduced, relative to 
that farther away, due presumably to a combination of stress 
relief, drilling induced damage, and (in the case of some 
shales) swelling. More than likely there is at least as great an 
alteration of the shear modulus as there is the compressional. 

To be specific, we consider that the shear modulus has 
been reduced by 30% relative to that of the'unaltered forma- 
tion. We consider the exponential variation for p.(r), Eq. 
(66). For the case in which the decay length I equals a, our 
calculations give /2*=3.0 GPa and /,=50. In this case the 
nonlinearity is dominated by that of the solid 

a(altered zone) = 16.9 • 10-15 s2/N. (111) 

Thus, assuming the approximate validity of the values of the 
parameter set with which we have been working, the value of 
the nonlinearity parameter can be much enhanced relative to 
that of the fluid alone. We caution that the rock in question is 
rather poorly consolidated and is air-saturated. A water- 
saturated sample may well have much reduced values of the 
parameters A, B, and C, although we have argued that the 
combination A + 2B should be the same. 

Let us estimate the relative amplitude of a second- 
harmonic tube wave relative to that of the fundamental, from 
Eq. (32). We take P0=100 Pa and 
field z•0 one has 

IP(2•o)/P(•o) I = 2.7 • 10 -7, 

whereas farther along the borehole, 

IP(2 to)/P( to)l = 3.0 x 10 -s. 

60=2rr kHz. In the near 

Z=10 3 cm, say, 

(112) 

(113) 

These values are well within the ability to measure with 
lock-in techniques. Naturally, the amplitude of second- 
harmonic generation is enhanced for higher frequencies; 
most laboratory measurements are done in the megahertz fre- 
quency range. In this paper, however, the low-frequency as- 
sumptions limit the validity of our results to the kilohertz 
range, for a 10-cm-radius borehole. 

Finally, we consider the pressure dependence of the tube 
wave speeds. Equation (16) may be rewritten as 

dV• Bf/Aœ-Af//2* -A•/2(/2*)2+4(Af//2*)21, 
Po dp ø Pø=ø = (1 +A f//2*) 2 

(114) 

As we mentioned earlier the value for a plane wave in water 
is simply 

dc 2 
-- - -5.2, (115) Po dp A f 

which value would apply for a rigid borehole. In the case 
that the formation shear modulus is radially independent 
with a value given by /2• of Table II, we find 

dV} 
P0 • = 1.66, (116) 

which is a rather significant reduction relative to (115). In 
fact, in this case Eq. (114) can be alternatively written as 

Po dp ø Po =ø 
If, however, we consider the values appropriate to the altered 
zone discussed above we find 

Po • =25.1. (118) 
We see from (117) that an unaltered zone will always act to 
reduce the pressure dependence of the speed relative to that 
of the fluid alone and that modest alteration can enhance it 

enormously. In principle, either measurement, that of 
pressure-dependent speed or that of second-harmonic genera- 
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tion, will yield the same information about the formation's 
nonlinear parameter, namely, X. 
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APPENDIX: SECOND-ORDER EQUATIONS OF 
ELASTICITY IN CYLINDRICAL COORDINATES 

In this Appendix we develop the equations of motion for 
nonlinear elasticity appropriate to cylindrical symmetry. Our 
results are accurate through second order in the displacement 
field. First, we present some general results, then we review 
the equations in cartesian coordinates, finally we present re- 
sults for the cylindrically symmetric case. 

Let .• be a typical particle of an elastic body and let X 
and x be its material (Lagrangian) and current (Eulerian) 
position vectors. The motion is thus defined by x=x(X,t), 
and the relative displacement vector is u=x-X. The defor- 
mation gradient F is defined by 

Px 

F= • = I+ c•-•' (A1) 

where I is the identity tensor. In component form (A1) is 
given by Fij= 8ij + Hi,j, where ,j denotes 8/c•X i . The relative 
Lagrangian (Green's) strain tensor is defined as 

E: •(FrF - I). (A2) 

It measures local distortions in the neighborhood of a mate- 
rial point through changes in differential intervals 
dx2-dX2=2El•t dX k dX l. 

For a hyperelastic material, the strain energy function U, 
defined per unit volume of the undeformed material, is a 
function of the Green's strain tensor only, U= U(E). For an 
isotropic material it can only depend on the rotational invari- 
ants of that tensor. We consider the Taylor's series expansion 
for an isotropic material in the absence of any prestress as 
given by Landau and Lifshitz m 

X A C 

) , 
where 

l•=Eii, I2=EijEij , I3=EijEj•Eki. (A4) 
Here, X and/z are the usual second-order Lam• constants and 
A, B, and C are the third-order elastic constants. All quanti- 
ties of interest, the stress-strain relation and the equation of 
motion are derivable from the energy density. Specifically, 
the nonsymmetric first Piola-Kirchhoff (pseudo-) stress ten- 
sor T is given by 38 

0U 

Tij-- 8Ui, j , (AS) 
which can be rewritten in a form more useful for our pur- 
poses as (Kelvin-Cosserat) •a 

c•U 

Tij = c• Fi•. (A6) 
Finally, the Lagrangian form of the equation of motion is 

pou,tt = V .T+ p0f, (A7) 

where f is a body force per unit mass of undeformed mate- 
rial. Equations (A1)-(A7) together with proper initial and 
boundary conditions form the basis for studying nonlinear 
dynamic phenomena in solids. These foregoing points are 
discussed in more detail by Eringen and Suhubi. 38 

The second-order elasticity theory is obtained by ne- 
glecting all cubic and higher-order terms on the right-hand 
side of equations (A6) and (A7). For completeness we will 
first present them in Cartesian coordinates. From (A1) and 
(A2) we obtain the following expression for the components 
of the Green's strain tensor 

Eli I_•(Ui,i+Ui,i+U•,iUk,j). (A8) 
Equations (A3)-(A6) give 

, + h u/•,/u/•,l+Cuk,kul,I) Tij=kukj•ij+tz(ui,j+uj •) (• 
A B 

X (•ij+BI/lk,kUj,i+• Uj,kUk,i+• (Hk,lUk, I 

+ ua,•ut,a) A,i + (h + B )uk,au id 

+ I•+• (u•,•uj,•+u•,•u•,y+u•,•u•,./), (AS}) 
where only terms quadratic in the displacement gradient 
were kept. The equations of motion in terms of the displace- 
ments are obtained by substituting (A9) into (A7): 

ui,,, (V}- ' ' -- V,•)Uk,kt-- V•u i,,L•-- f i 

= ( 1/p0) [ (•. +/z +B +A/4)(uk•uki • + ui,•ut3•) 

+ (• + B)u•,•ui,•+ (B + 2C)ut,tuk,ki+ ¬(A + 4B) 

X (Uk,lUl,ik+ Ul,iUk,kl ) + (S_t. +A/4)(Ul,iUl,•.l• 

+ 2Uk,lUi,kl+ Ui,lUl,kk)] , (AI0) 

where V•=(X+2/z)/po and Vs2=/z/po. Equation (A10) is de- 
rived in Goldberg '•9 and is used by Jones and Kobett, 4 among 
others. 

We will now present the equations in terms of a cylin- 
drical coordinate system. The position of a material particle 
in its original configuration is expressed by X=(r, O,z). The 
position in its current configuration is x=X+u in which the 
displacement coordinates are referenced to the original coor- 
dinates: u=(%,uo,u•). In this appendix we consider only 
the axisymmetric case such that all the dynamical quantities 
depend only upon r and z and the displacement u has com- 
ponents only in the r and z directions. First, we compute the 
components of the tensor F in cylindrical coordinates using 
F•=•'.F.•, etc. The only nonzero components of this tensor 
are 

F•,•= 1 +u•,•, F•=u,.,•, Foo = I +u•/r, 
(All) 

Fzr- Uz, r , Fzz = 1 + Uz, z . 
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The components of the strain tensor are given by (A2): 

1 2 2 
Err = Hr, r 

Erz = Uz, r q- U r,r u r,z q- ttz,rttz,z), 2t-( tt r,z + 

Eoo=Ur/r+ «(Ur/r) 2, Ezr=Erz, 

(A12) 

1 2 2 

E• = u•, z + 5( u,.,• + Uz,z). 

The strain energy function can be expressed in terms of dis- 
placement gradients by means of Eqs. (A3), (A4), and (A12); 
the relationships between stresses and displacements are ob- 
tained from (A6) and (All). For example, the component 
is obtained as 

ou ou 

t":= OE• F.•+ 8•z F"z' (A13) 

Neglecting all cubic and higher-order terms in the displace- 
ment gradient we find 

k(Ur,•.+ ur/r + Uz,z) + 2/zu•,• + (X/2) 

X [ u r2,,. + (ur/r) 2 + U•,2 + Uz2,,. + Uz2. z] + C(u•,,. + u•/r 

+ Uz,z) 2 + (A/4)(U•2, r + Ur,zUz,r) + B[U•, r + (Ur/r) 2 

+ «(Ur,z+ Uz,,.)2+ Uz2, z] + (h. + 2B)(ur,r+ u,./r 
2 

+Uz,z)u,-,r+(•+A/4)(3u•,,-+ur2,z +uz,• 

+ u r,zUz,fi, (A14) 

•(Ur,z + Uz,•) + (A/4 )(Ur,r+ Uz,z)Uz,r + (2X + B ) 

X (Ur, r q- U,./F q- Uz,z)Ur,zq- B(u,.,,. + ur/r + Uz,z)Uz, • 

+ (tx+A/4)[2u•,rur,•+ 2u•,•u•,• 

q- Uz,r(Ur,r q- Uz,z) ], (A15) 

Too = k ( u•,,. + ur/r + us, z) + 2pau•/r + (k/2) 

2+ 2 + 2 Uz2,z]+C(tlr,r+Ur/F X[Igr2, r q-(Ur IF) Igr, z 
2 2 1 

+ttz,z)2+(A/4)(Ur/r)2+B[ur,r+(Ur/r) +•(Ur, z 

q- Uz,r)2 + ttz2, z] + (•. + 2B)(u•,•+ u,./r+ Uz,z)Ur/r 
+ 3(,u +A/4)(Ur/r) 2, (AI6) 

rzr: [&(gtr, z q- Hz,r) q- (A/4)(u,.,r+ Uz,z)Ur, z + (X + B) 

X ( Ur,r + Ur/r + ttz,z)Uz,r + B( ur,r + Ur/r + tlz,z)Ur, z 

+ (t•+A/4)[2Ur,rUz,r+ 2Uz,zUz,r 

+Ur,•(u,.,r+Uz,z) ], (A17) 

Tzz = k(ur,• + Ur/r + Uz,z) + 2tzuz,• + (X/2) 

X[Ur2,,.+(Ur/r)2+ 2 + 2- 2 Ur,z uz,,--I-Uz,z]+C(u,.,r+Ur/r 

+ Uz,z)2+ (A/4)(Ur,zUz,r+ uz2,z) +B[u•,r+ (u•/r) 2 

+ '7(Ur,z+Uz,r)2q-Uz2, z]+(•.+gB) 

X ( Ur, r q- ur/r + Uz,z)Uz, z + (tz +A/4) 
2 2 

)'( (U•,z q- Ur,zUz,rq- Uz,rq- 3Uz,z). (A18) 

These equations were also obtained independently, starting 
from the Cartesian ones and carrying out the proper coordi- 
nate transformations. 

Finally the equations of motion are given by considering 
the net force on a material element whose undistorted vol- 

ume is confined to [r,r+dr], [z,z+dz], and [O,O+dO]. The 
Piola-Kirchhoff stress is defined such that T-fi dA gives the 
net force on an element whose undistorted area is dA and 

whose undistorted outward normal is fl. In terms of the com- 

ponents of T we have 

poUr,n = rrr,r + rrz,z + (1/r)(T,'r- Too) + Pofr, (A19) 

pOIgz,tt = r .... q- Tzz,z + ( l/r)Tz•+ Pofz. (A20) 

L. Tsang and D. Rader, "Numerical evaluation of the transient acoustic 
waveform due to a point source in a fluid-filled borehole," Geophysics 44, 
1706-1720 (1979). 

2A. L. Kurkjian and S. K. Chang, "Acoustic multipole sources in fluid- 
filled boreholes," Geophysics 51, 148-163 (1986). 

-•R. T. Beyer, Nonlinear Acoustics in Fluids (Van Nostrand, New York, 
1984). 

4G. L. Jones and D. R. Kobett, "Interaction of elastic waves in an isotropic 
solid," J. Acoust. Soc. Am. 35, 5-10 (1963). 
L. H. Taylor and E R. Rollins, "Ultrasonic study of three-phonon inter- 
actions. I. Theory," Phys. Rev. A 136, 591-596 (1964). 

6L. K. Zarembo and V. A. Krasilnikov, "Nonlinear phenomena in the 
propagation of elastic waves in solids," Soy. Phys. Usp. 13, 778-797 
(1971). 

7R. B. Thompson and H. E Tiersten, "Harmonic generation of longitudinal 
elastic waves," J. Acoust. Soc. Am. 62, 33-37 (1977). 

•R. W. Lardher, "Nonlinear Rayleigh waves: Harmonic generation, para- 
metric amplification and thermoviscous damping," J. Appl. Phys. 55, 
3251-4493 (1984). 

'•Y Shui and I. Y. Solodor, "Nonlinear properties of Rayleigh and Stoneley 
waves in solids," J. Appl. Phys. 64, 6155-6165 (1988). 

mL. D. Landau and E. M. Lifshitz, Theory of Elasticity (Pergamon, Oxford, 
1986), 3rd ed., pp. 106-107. 
D. S. Hughes and J. L. Kelly, "Second-order elastic deformation of sol- 
ids," Phys. Rev. 92, 1145-1149 (1953). 

12R. N. Thurston and K. Brugger, "Third-order elastic constants and the 
velocity of small amplitude elastic waves in homogeneously stressed me- 
dia," Phys. Rev. A 133, 1604-1610 (1964). 

13R. A. Toupin and B. Bernstein, "Sound waves in deformed perfectly elas- 
tic materials. Acoustoelastic effect," J. Acoust. Soc. Am. 33, 216-225 
(1961). 

14h. B. Coppens, R. T. Beyer, M. B. Seiden, J. Donohue, E Guepin, R. H. 
Hodson, and C. Townsend, "Parameter of Nonlinearity in Fluids. ll," J. 
Acoust. Soc. Am. 38, 797-804 (1965). 

•sj. R. Asay, D. L. Lamberson, and A. H. Guenther, "Pressure and tempera- 
ture dependence of the acoustic velocities in polymethylmethacrylate," J. 
Appl. Phys. 40, 1768-1783 (1969). 

16E. H. Bogardus, "Third-order elastic constants of Ge, MgO, and fused 
SiO2," J. Appl. Phys. A 36, 2504-2513 (1965). 
E. Schreiber and O. L. Anderson, "Pressure derivatives of the sound ve- 
locities of polycrystalline alumina," J. Am. Ceram. Soc. 49, 184-190 
(1966). 

•aR. T. Smith, R. Stern, and R. W. B. Stephens, "Third-order elastic moduli 

1842 d. Acoust. Soc. Am., Vol. 96, No. 3, September 1994 Johnson et al.: Nonlinear tube waves 1842 



of polycrystalline metals from ultrasonic velocity measurements," J• 
Acoust. Soc. Am. 40, 1002-1008 (19661. 

•D. 1. Crecroft, "Ultrasonic wave velocities in stressed nickel steel," Na- 
ture 195, 1193-1194 (1962}. 

2øL. J. Graham, H. Nadler, and R. Chang, "Third-order elastic constants of 
single-crystal and polycrystalline columbium," J. Appl. Phys. 39, 3025- 
3033 (19681. 

2tp. W. Montgomery, C. Montgomery, D. A. Wald, and J. L. S. Bcllin, 
"Sound velocity measurements at high pressures," Rev. Sci. Instrum. 38, 
1073-1076 (19671. 

-•-• M. N. Toks6z, C. H. Cheng, and A. Timur, "Velocities of seismic waves in 
porous rocks," Geophysics 41,621-645 (19761. 

23p. A. Johnson, T J. Shankland, R. J. O'Connell, and J. N. Albright, "Non- 
linear generation of elastic waves in crystalline rocks," J. Geophys. Res. B 
92, 3597-3602 (19871; P. A. Johnson and T. 1. Shankland, "Nonlinear 
generation of elastic waves in granite and sandstone: Continuous wave 
and travel time observations," J. Geophys. Res. B 94, 17 729-17 733 
(19891; R A. Johnson, A. Migliori, and T J. Shankland, "Continuous 
wave phase detection for probing nonlinear elastic wave interactions in 
rocks," J. Acoust. Soc. Am. 89, 598-603 (19911; G. D. Mcegan, R A. 
Johnson, R. A. Guyer, and K. R. McCall, "Observations of nonlinear 
elastic wave behaviour in sandstone," J. Acoust. Soc. Am. 94, 3387-3391 
(19931. 

24j. E. White, Underground Sound (Elsevier, Amsterdam, 19831. 
25G. B. Whitham, Linear and Nonlinear Waves (Wiley, New York, 19741. 
26R. T. Beyer, "Parameter of nonlinearity in fluids," J. Acoust. Soc. Am. 32, 

719-721 (19601. 

R. T. Beyer and S. V. Letchef, Physical Ultrasonic• (Academic, New 
York, 19691. 

*SB. K. Sinha, S. Kostek, and A. N. Norris (private communication). 
2,•p. j. Westervelt, "Parametric acoustic array," J. Acoust. Soc. Am. 35, 

535-537 (19631. 

K. W. Winkler (private communication). 
L. J. Baker, "The effect of the invaded zone on full wavetrain acoustic 
logging," Geophysics 49, 796 809 (19841. 

•-•K. Brugger, "Thermodynamic definition of higher order elastic con- 
stants," Phys. Rev. A 133, 1611 1612 (19641. 

:•:•F. D. Murnaghan, Finite Deformation,• of an Elastic Solid (Chapman & 
Hall, New York, 19511, pp. 89-95. 

34R. E. Green, Ultrasonic Investigation o[ Mechanical Properties (Aca- 
demic, New York, 19731. 

•SM. S. King, "Wave velocities in rocks as a function of changes in ow:r- 
burden pressure and pore fluid saturants," Geophysics 31, 50-73 (19661. 

•'S. Kostck, B. K. Sinha, and A. N. Norris, "Third-order elastic constants 
for an inviscid fluid," J. Acoust. Soc. Am. 94, 3014-3017 (19931. 

•7B. E. Hornby, "Tomographic reconstruction of near borehole slowness 
using refracted borehole sonic arrivals," Geophysics 58, 1726-1738 
(1993). 

•aA. C. Eringen and E. S. Suhubi, Elastodynamics (Academic:, New York, 
19741, Vol. 1. 

•OZ. A. Goldberg, "Interaction of plane longitudinal and transverse elastic 
waves," Sov. Phys. Acoust. 6, 306-310 (19611. 

1843 J. Acoust. Soc. Am., Vol. 96, No. 3, September 1994 Johnson et aL: Nonlinear tube waves 1843 


