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Summary 

The theory of Gaussian wave packet (GWP) propagation in elastic materials is de- 
veloped. The GWP solutions are in the form of localized disturbances with Gaussian 
spatial envelopes at any instant in time. The method is explicitly time dependent, but 
is conceptually no more difficult than time halmonic ray theory. The equations of prop- 
agation and evolution are very similar to those of standard, elastodynamir ray theory, 
but include an extra degree of freedom not considered previously: the temporal width 
of the pulse. The theory is valid if the carrier wavelength is short in comparison with 
typical length scales in the medium. Interfaces of discontinuity in material properties 
give rise to reflected and transmitted GWPs. Explicit expressions are presented that 
relate the incident GWP to the reflected and transmitted GWPs. These results are illustrated 
by numerical simulations of a pulse incident upon a spherical interface. 

1. Introduction 

A time dependent theory is developed for the propagation of localized dis- 

turbances  in elastic media. The elastic medium is assumed to be smoothly varying 

in space, except possibly at smooth surfaces of discontinuity. The shape of 
the disturbance is Gaussian in space at any instant in time. The Gaussian form 

is not initially assumed, but follows from the theory as the simplest type of 

localized disturbance. The related theory for the scalar wave equation is dis- 
cussed by Norris, White and Sehrieffer [1]. 

The present theory follows the asymptotic theory of time harmonic wave 
propagation in elastic media due to Karal  and Keller [2]. However, the starting 
ansatz is now explicitly time dependent. In  addition, it is assumed that the 

solution is of finite spatial extent. The center of the pulse follows the usual ray 
trajectories for longitudinal or transverse wave motions. The evolution of the 

Gaussian envelope is governed by  a 3 • 3 complex analog of the real 2 • 2 wave- 
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front curvature matrix of geometrical optics. This new matrix has not been 
considered previously, although it is related to 2 • 2 matrices used in the theory 
of time harmonic Gaussian beams. The latter theory has been discussed exten- 
sively in the context of the scalar wave equation [3], [4], [5]. Cerveny and Fsencik 
[6] describe the theory of Gaussian beams in elastic media. An individual Gaussian 
beam is defined by a paraxial approximation of the phase about the central ray. 
The Gaussian wave packets in the present paper also involve a paraxial approxi- 
mation in the ray direction itself. Thus, Gaussian beams may be viewed as special 
eases of Gaussian wave packets of infinite length. 

The fundamental equations, starting ansatz and resulting sequence of asymp- 
totic equations are discussed in Section 2. A wave packet traveling with the 
longitudinal wave speed is specifically considered in Section 3. A transverse 
GWP is considered in Section 4. The GWP solutions of Sections 3 and 4 use 
a local approximation to the phase in the neighborhood of the packet center 
that  is correct to second order in space and time. The pre-exponential amplitude 
used is simply that  at the packet center. I t  is shown in Section 5 that  these 
two approximations are consistent. The procedure for extending the local approxi- 
mations is outlined in Section 5. Section 6 considers the steps necessary for ob- 
taining further terms in the asymptotic series solution. Finally, in Section 7, 
the reflection and transmission of GWPs at interfaces are discussed. 

2. Equations of Motion 

The equations of motion in a linearly elastic, isotropic but  spatially in- 
homogeneous material are, in the absence of body forces, 

( 2 @ # ) V V . u - ~ # V 2 u - ~  V)~V . u ~- V u  ^ (V A u )  ~-  2 V #  . V u  - -  o~ u t t  ---- O. (2.1) 

Here u ( x ,  t) is the displacement vector, 2(x) and Iz(x) the Lamd moduli, and 
@(x) the density. The subscript t denotes the partial time derivative. The starting 
point of the theory is the ansatz 

u ( x ,  t) = U ( x ,  t) e i~ (2.2) 

o o  

U ( x ,  t) = Z (ic~ - n  Un(x ,  t) .  . (2.3) 
n = O  

This ansatz should be compared with that  of Karal  and Keller [2]. In their 
paper they made the time dependence explicitly harmonic by putting ~(x, t) 
= S(x) - - t .  However, this assumption is not made here, and as we will see, 
the dependence of ~b(x, t) upon t will be more complicated than ~(x, t) = S(x) - -  t. 
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Substituting (2.2) and (2.3) into (2.1) yields after some rearrangement of 
Serms 

oo 

n ~ O  

+ [-eu._Icb,t  - 2eu._~.,4,~ + (2 + / t )  v (U. -~ .  Vep) 

+ (2 + / t )  v 6 ( v .  u._~) + 2/t(v4, �9 v) u._~ +/tu._~w4~ 

+ v~(u._~,  vr + v/t ,~ (v4) ^ u._~) + (2v/t. v4,) u . - d  

+ [ -ou . -~ . , ,  + (2 + / t )  v( v. u._~) + / t v2c ._~  

+ v~(v .  ~._,) + v/t ^ (v ^ c._~) + 2(v/t .  v) u._~]} = 0 

( 2 . 4 )  

where by definition, U-1 = U_~ = 0. In the time harmonic case, ~(x, t) 
= S(x) - - t ,  and Eq. (2.4) reduces to Eq. (61) of Karal and Keller [2] (there 
is a mistake in the latter equation: the final V2 should be V/t). The asymptotic 
assumption ~o >> 1, allows us to form a sequence of equations from (2.4) by 
equating to zero each coefficient of w -n, for n --~ 0, 1, 2 . . . .  The first equation 
for n --~ 0 is 

where 

c~2vq~(v~ . Uo) - cr2Vq~ ̂  (vq~ A Uo) - q~t2Uo -- o (2.5) 

c~(x) = (~-~- + 2-~) 1/~ (2.6) 

c r ( x ) = ( - ~ )  1/~ . (2.7) 

The speeds c~ and cT are the longitudinal and transverse wave speeds. Eq. (2.5) 
is the elastodynamic eikonal equation. The necessary condition that  a non- 
trivial U0 exists is either 

U0 IIVr and cz2(Vr ~ = Ct 2 (2.8.1, 2) 

Uo _1_ lTq ~ and cr2(17~b) ~ ---- qbt ~. (2.9.1, 2) 

Denote the first case (2.8) as a longitudinal (L) solution, and the second case 
(2.9) as a transverse (T) solution). We will discuss each possibility separately. 

Before proceeding to the longitudinal solution, we note the n ~ 1[ or elasto- 
dynamic transport equation 

o~[cL2V4(U1. V$) - -  cr2V4 ^ (V4 ^ U1) - -  4 t2U,]  

- -  eU04tt - 2~Uot4t + (2 §  V(Uo. Vdp) + (2 §  Vqb(F �9 Uo) (2.10) 

+ 2/tVq~. VUo +/tUoV~q, + V~(Co. g4,) + V/t ^ (Vr ^ Uo) + 2UoV/t. v4) = o. 

7 A c t a  Mech.  71/1-4 
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3. Longitudinal Gaussian Wave Packets 

3.1 The Ray  and Transport Equations 

Define the unit vector 

= Vr . (3.1) 

Then, by Eq. (2.8.1), define a scalar amplitude V0, 

[7o =- r o T .  (3.2) 

Substituting (3.2) into the transport Eq. (2.10) and taking the dot product of 
this with T gives, after some simple rearrangement, 

V .  [o~cL 2 Vo2V4] - -  ~4t(V02)t --  Q V024u --~ 0. (3.3) 

The eikonal Eq. (2.8.2) has two roots. We consider explicitly the root 

c~ IV4] + 4t =- 0 (3.4) 

but  the other root can be treated by the same methods. The physical significance 
of the separate solutions corresponds to waves propagating in opposite directions. 
Using Eq. (3.4), Eq. (3.3) can be rewritten 

[ 0 ] ( 
][74] • + czV4 . [7 log (oc~ro ~) -~ V . cLV4 --  ~ ]  -= O. (3.5) 

e l l  

The ray paths are curves in space defined by  the ray equations of (3.4), 

~(t) = cL(~(t)) p(t)/]p] (3.6) 

p(t) = --IP[ [7cL(x(t)). (3.7) 

Here ~ is the ray position and p the value of [7 4 on the ray, 

p(t) = 74(~(t ) ,  t). (3.8) 

The ray parameter t is the travel time on the ray. The dot over the quantities 
in (3.6) and (3.7) denotes the total derivative along the ray with respect to time. 
Alternatively, one could use arc length as the ray parameter. The relation 
between s and t is 

t 

s - So = f oL(~(t)) ~t. (3.9) 
to 

The ray is entirely specified by its initial position and direction. 
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Let  $ be the value of ~b on the ray, $ = r t)), then nq. (3.4) implies 

---- 0. (3.10) 

Thus, ~ is constant along the ray. Note also, from (3.7), that  

cz IP! = 0. (3.11) 

Therefore c~ Jp] is constant on a ray. Without loss of generality, we may take 
the constant as unity, so that  

IPi = 1/c~. (3.12) 

I t  then follows from (3.5) that  along a ray, 

d log (QezVo ~) + [V.  e~Vdp -- ~tt / = O. (3.13) 
ds \ e~ ] 

3.2 Ray Matrices and Their Ray ETtations 

Define the tangent vector 

t = p / ] p ]  = T(~(t), t) (3.14) 
and ray quantities 

M(t) = VV4(~(t), t) (3.15) 

Vo(t) : Vo(~(t), t). (3.16) 

I t  follows from Eq. (3.4) that  

~ 
t - - -  0 

on a ray. This result can be written, using (3.12), as 

Cu = cL 2trMt �9 t .  Vc~. 

Define the projection operator 

P• ~-- I -- t t  T. 

Combining Eqs. (3.17), (3.18) and (3.19) gives 

d 1 ~ss og (~e~F0 e) + Tr(cz P• = O. 

Now consider the matrix A(t) defined by 

_~j(t) = - b - ~  ' i,  j = 1, 2, a 

7 '  

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 
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where a is an arbitrary parametric vector independent of t, for example a =  ~(to), 
or a = p(to). Similarly, define the matrix B(t) by 

~p~(t) 
B~(t) -- , i, ] = 1, 2, 3. (3.22) 

0aj 

The evolution equations for A and B follow by differentiating (3.6) and (3.7), 
to give 

A = t (Vc~)rA  ~- c~2PxB (3.23) 

where 

1 
B -~ - - - -  C~A --  (Vcz) tTB  (3.24) 

Oh 

( ~ ) , ~  (t) - 
o%(~(t)) 
- - ,  i, ] ----- 1 , 2 , 3 .  (3.25) 
0x~ ~xj 

Eqs. (3.23) and (3.24) along with 

M(t) = B A  -1 

imply 
dA ) 1 dcz 

Tr (cLP• ---- Tr -~s A-1 CL d8 

Combining Eqs. (3.20) and (3.27) gives 

(3.26) 

_ d log [det (a)]. (3.27) 
d8 1 eL J 

Vo(t) = Vo(to)[ o(x(to))det A(to)Ix/2 
~(~(t)) det A(t) * 

(3.28) 

3.3 A Local Approximation Leading to the Gaussian Wave Packet Solution 

The first term in the asymptotic series (2.2) and (2.3) now follows from (3.2), 
(3.14), and (3.28) 

U(~(t), t) = Vo(t) ei~(t')$. (3.29) 

This describes the solution at the ray position ~(t), which is determined by Eqs. (3.6) 
and (3.7), subject to initial conditions. At points in space and time near (X(~), ~), 
U(x, t) may be approximated by  taking the same pre-exponential amplitude, 
but using a local Taylor series approximation to qb(x, t). Retaining terms up to 
second order in the latter gives, 

4 ( x ,  t) = 4~(x, ~) + ( x  - ~ )  . v~ (~)  + (t - ~) (~,(~) 

1 1 
q- -ff (x - -  ~)r VVTp(v) (x - -  ~) + -ff (t --  ~)2 ~tt(~) (3.30) 
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where �9 is understood. This may be simplified by using (3.17), which 
gives ~t(r) ---- --1. Also, (3.4) implies 

v ~ , ( 3 )  = - c ~ M ( 3 )  t - 
[7C L 

. (3.31) 
CL 

The quadratic paraxial approximation to the phase becomes, with ,dt ~ t -- r 
and A x  -= x - -  ~(r) ,  

1 1 
~(x,  t) = ~(to) -~ - -  t . zJx - -  zlt ~- AXTM(~) AX 

CL -2 

1 A x  r [ Vc~ t] ~- ~ (At)2[CL2tTM(3) t -~ t .  Vc~] - -  L i t _ - ~  c~M(r) 

1 
= 4(to) + - -  t .  (Ax  - -  tcz 3t) (3.32) 

CL 

1 
-~ -~ (Ax  - -  tc~ zJt) T ~I(T) (Ax  - -  tc~ At) 

Vc~ ] + A t  �9 t - ~  A t - -  A x  . 
CL 

This localized phase is then combined with the solution (3.29) on the ray, to 
give a GWP solution that  is asymptotically valid in the neighborhood of the 
ray 3), 

U(~, t) = tYo(V) e ~r (3.33) 

Here, t is the ray direction, V0(3) is given by Eq. (3.28) and dp(x, t) by Eq. (3.32). 
The decay of the solution away from the center at (~(3), 3) is governed through 
(3.32) and (3.33) by the quantity 6(x, t) -- 6(t0). However, all the variables in 
this expression are implicitly real except for the 3 • 3 matrix M(3). Thus, 

(3.34) 

where, within the paraxial approximation (3.32) 

1 
Im [~(x, t) -- 4(to)] = ~- (3w -- tcz At) T ImM(3) (Ax  - -  te l  Alt). (3.35) 

3.4 Uni]orm Localization and Boundedness 

In order that  the paraxial approximation to ~b(x, t) gives a localized solution, 
we must have (1) that  M(3) is symmetric for all 3. This is a natural condition 
since M is the matrix of second order spatial derivatives. The solution is in the 
form of a localized Gaussian if (2) Im M(3) is positive definite. Examining (3.28), 
it is clear that  (3) det A(3) ~= 0 is also necessary in order that  the amplitude 
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remains finite. In  Ref. [1], the same set of coupled equations, (3.23) and (3.24), 

was derived in the context of the scalar wave equation. I t  was shown there 
tha t  the necessary and sufficient conditions to ensure (1), (2) and (3) are simply 

tha t  they be satisfied at to. The form of the evolution equations for A ,  B and 
M = B A  -1 then guarantees their subsequent satisfaction. 

Let  us examine these initial conditions on A and M. The condition det A(to) 

0 just  means tha t  the starting GWP has finite amplitude. We may,  without 

loss of generality, set A(to) = I.  Then, B(to) = M(to) is by  definition a complex 
matrix with positive definite imaginary part .  At later times, A(t)  will generally 
be complex, due to the explicit coupling in Eqs. (3.23) and (3.24). Note that  
the coefficients in these equations are all real. I t  is also shown in [1] that  the 

matr ix  M(t)  is the most important .  In  fact, we do not need A or B ;  the am- 
plitude and phase can be determined completely from M. The equation for M 
follows from (3.23)--(3.26) as 

1 
IFl(t) = - - - -  Cz - -  c z2MP•  - -  m t (Vcz )  r - -  (Vcz) tTM.  (3.36) 

CL 

3.5 Example:  Propagation in a Uni/orm Med ium 

Explicit solutions for A, B and M in a uniform medium are given in Ref. [1]. 

For example, let to = 0, N ( o ) =  0, t = k ,  the unit vector in the z-direction, 
and M ( o ) - - d i a g  (a, a, b). At t ime 3, the ray is at ~ = c~v. The longitudinal 

displacement at  neighboring positions z = 5 q- Az, V-~ + y2 = r, and times 

t = ~ + At, is 

kVo(o) e x p [ i o ) [ A z  1 ar 2 
U(x,  t) = (1 q- cLa5) I [ ~  - -  At  q- 2 (1 q- cza-5) 

b ]/ 
+ - f f  (Az  - -  c~ At)~ . 

(3.37) 

The hMf-width W of the GWP is defined by r = W such tha t  [U(x, z)]/lU(~,(r ) ~)[ 
= e -1. l%r simplicity, let a = i~, where ~ is real and positive, then the half- 
width is 

W = + c~2~ 2 . (3.38) 

This is almost constant in the Fresnel or near field region, ~ ~ 1/acz. I t  increases 
as the square root of 5 in the Fraunhofer or far field region 5 >~ 1/o~cz. The pulse 
half-length L, on the other hand, remains constant for all ~ a t  

2 / 1/2 
L =  \ -Imb! " (3.39) 
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4. Transverse Gaussian Wave Packets 

Assume that  
Uo(x ,  t) = VoQ (4.1) 

where Q is a unit vector perpendicular to V~b. Substituting (4.1) into the transport 
Eq. (2.10), then taking the dot product of this equation with ~ ,  and using (2.9), 
gives 

V . (~cT2Vo2V dp) - -  ~dpt( Vo~)t - -  e Vo~dptt = 0. (4.2) 

Note the similarity this equation has to (3.3). I f  we now consider the root 

cT ]V~b] -~ ~bt = 0 (4.3) 

to the eikonal Eq. (2.9), then there is a complete correspondence between the 
analysis in Section 3 and the solution to (4.2) and (4.3). In fact, a]l we need 
do is replace the subscript L by  subscript T in Eqs. (3.3)--(3.28) and (3.30)-- (3.35). 
Therefore the analysis will not be repeated. Note that  Eq. (3.29) becomes, for 
the transverse wave solution, 

U(~(t ) ,  t) -~ Vo(t) e~%(t~ (4.4) 

where q( t )  is the value of ~ on the ray, 

q(t)  = Q(~(t) ,  t).  (4.5) 

The major difference between the transverse and longitudinal GWPs is 
in their polarization vectors, which are perpendicular and parallel to the ray 
direction t, respectively. In  order to obtain the evolution of the transverse 
direction vector q, introduce the unit transverse vectors [6] 

e~(t) ---- n cos 0 --  b sin 0 (4.6) 

e~(t) ~- n sin 0 + b cos 0. (4.7) 

Here n and b are the ray normal and binormal unit vectors, and 

$ 

O(t) = f T(s) ds + Oo (4.8) 
So 

where ,(s) is the ray torsion. The Frenet  equations are then 

el = --cz~ cos 0 t (4.9) 

~ = --cTx sin 0 t (4.10) 

= eTa(cos 0 el ~- sin 0 e2) (4.11) 

where u is the ray curvature. 
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The system (t, e~, e2) forms a right handed triad of orthonormal vectors. 
Define the transverse unit displacement vector in this basis as 

q(t) = e~(t) cos ~b @ e~(t) sin ~b (4.12) 

where ~ --~ ~b(t). We now show that  ~b is constant along the ray, and thus q rotates 
as e~ and e2 rotate. Consider the relation 

q(t) = --c~,z cos (0 --  ~b) t ~- t A q4J (4.13) 

which follows from the Frenet Eqs. (4.9) and (4.10). However, taking the dot 
product of the transport  Eq. (2.10) with t ^ q, using (4.i), (4.3) and (4.5), and 
evaluating it on the ray, gives 

t A q .  q = 0 .  (4 .14)  

Eqs. (4.13) and (4.14) combined imply that  ~ = 0, which completes the proof. 
In summary the transverse GW-P in the neighborhood of {~(T), ~) is 

U(x ,  t) = q(T) V~0(v) e ~(x't~ . (4.15) 

Here q is orthogonal to the ray direction and remains constant in the basis 
(e~, e~), which rotates with the ray. The amplitude V0 and paraxial phase ~b(x, t) 
follow from the results in Section 3. 

5. Local Corrections to the Gaussian Wave Packet Solution 

The GWP solutions (3.33) and (4.15) use the amplitude and displacement 
direction for a point on the central ray, but use a paraxial approximation to 
the phase near the ray. Further  local corrections could be implemented by (1) 
using a higher order Taylor series approximation to q~(x, t), and (2) by locally 
expanding the pre-exponential term U0(x, t) about the ray. The question of 
obtaining the higher order terms U~, n > 0 of Eq. (2.3) is discussed in the next 
section. 

To proceed with (1), one needs to calculate third order derivatives of q~ on 
the ray, for example VVVgp(~(~), ~). i f  we define the third order tensors ~(2) ~idk 
---- ~Aii/0% and ~ij'k~(e) = ~B~i/8ock , then VVV~b = (B  (2) - - M A  (2)) A - 1 A  -~. Coupled 
evolution equations for A(e)(t) and B(~)(t) can be obtained from Eqs. (3.23) and 
(3.24) in the same way that  these equations were derived from Eqs. (3.6) and 
(3.7). Thus, the procedure to improve on the paraxial approximation is conceptu- 
ally simple, but  very laborious. Further details are given in Appendix A. 

In regards to (2), consider the expansion of Uo for the longitudinal GWP 
to first order in Ax ----- x --  ~(v) and At = t -- r. I t  follows from Eq. (3.2) that  

Vo(x, t) = tVo + t ( ~ x .  vFo + ~tY0,) + ~0(~x �9 ~T + AtT~) (5.]) 
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where V0 = Y0(v). The two bracketed terms on the right hand side of Eq. (5.1) 
are the corrections to U0 parallel and perpendicular to t. The latter follows 
from Eqs. (3.1), (3.15), (3.19) and (3.31) as 

A x .  VT + A t T t = c z P z [ M ( z l x - - t c ~ A t ) - -  At V%].% (5.2) 

The term V0t in (5.1) can be related via Eq. (3.3) to quantities discussed in 
Section 3 plus the new quanti ty t .  VV0. Thus, the parallel correction for U0 
depends upon VV0, which has not been determined as yet. An evolution equation 
could be derived for VV/o(t) by considering the variational equation of Eq. (3.3), 
in the same sense that  (3.23) and (3.24) are variational equations of (3.6) and 
(3.7). However, the equation for V~Vo(t) would contain the tensors A (2) and B (2) 
discussed above. Thus, knowledge of the third derivatives of the phase are 
necessary for any consistent corrections to the GWP solution. 

A similar argument can be made for corrections to Uo for the transverse 
GWP. Thus, to first order, 

Uo(x, t) =- qVo d- q(zlx . VVo § xItVot) Jr- Vo Ax  . Vq. (5.3) 

Again, this requires VVo, which must be obtained by solving an evolution equation 
involving the third spatial derivatives of gb. In  conclusion, the GWP solutions 
of Sections 3 and 4 are entirely consistent with a quadratic approximation to 
the phase. 

6. Higher Order Asymptotic Corrections 

The GWP solutions of Sections 3 and 4 used only the first term U0 of the 
asymptotic sequence in Eq. (2.3). We now discuss the procedure for obtaining 
further terms. Consider the longitudinal solution of Section 3. Taking the cross 
product of Eq. (2.10) with t then using Eqs. (3.2) and (3.4), gives on the ray, 

3T2 ) 

+ 2__~_~ t ^ (t .  V) V0t + V0_ t A V2 = 0.  
% % 

(6~1) 

Some simplification is obtained by using relations like (3.4), (3.15) and (3.31), 
to give 

t A tt ~ - - t  A [Vcz -~ c~Mt] (6.2) 

1 
t A ~(V01w~1) = V0t A M t  + - -  t ~ ~Fo (6.3) 

CL 

t A (t" I7) Vot = FocLt ^ M r .  (6.4) 
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Eq. (6.1) becomes 

[ _--{ cT2 - - 1 )  U ~ -  2~go(Vcz + c~2~lt)-~ (A ~-3#)VoMt t A ~ ~CL ~ 

Therefore, 

where 

(o.5) 

U~ ---- W1 ~- V~t (6.6) 

Vocz 
WI = cLVVo -- c fVoMt § ~ (c~fV~ -- 2V/~). (6.7) 

Eqs. (6.6) and (6.7) are analogous to Eqs. (126) and (127) of Karal and Keller [2]. 
Proceeding in the same fashion as Karal and Keller [2], an evolution equation 

for Vflt) of Eq. (6.6) could be obtained by taking the scalar product of t with 
the n = 2 term in Eq. (2.4). Note, however, that the vector W~ in Eq. (6,7) 
contains the term VV0. As discussed in the previous section, this vector can 
only be determined after we have obtained the third spatial derivatives of the 
phase r Therefore, higher order variational equations must be solved before one 
can proceed with the analysis. 

This complication was overlooked by Karal and Keller [2]. They deduced 
a sequence of ray type equations for the amplitudes a~--~ V~/]Vr But the 
inhomogeneous terms in their equation contained the vectors Va~_~. Thus, 
just as we require VV0 to get U1, se they needed Vcr to get ~1. However, they 
did not indicate how to obtain V~0. It  is clear from the discussion in the previous 
section that higher order spatial derivatives of the phase are necessary. Karal 
and Keller [2] did not emphasize this fundamental complication. They correctly 
pointed out that VfS (their phase is S(x)) is related to the ray tube area mapping 
along the ray, or wave front curvature. Higher spatial derivatives, e.g. V4S, 
are also related to the waveffont geometry, but are not usually considered. 
But such waveffont parameters are a necessary prerequisite to obtaining further 
asymptotic terms. In consequence, the hierarchy of Eqs. (132)--(136) in Ref. [2] 
is not a closed system of equations. Similar conclusions apply to the higher 
order (in co -~) terms in the transverse GWP solution. 

7. Reflection and Transmission at Interfaces 

7.1 Jump Conditions 

Consider a GWP of either L or T type, incident upon a smooth surface S 
across which the material properties are discontinuous. A similar problem was 
discussed by Norris, White and Schrieffer [1] for the scalar wave equation. 
The method of solution follows that in l~ef. [1] very closely. Introduce reflected 
and transmitted GWPs on either side of S. The total solution must give continuous 
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normal tractions and displacements on S. Following Achenbach et al. [7], it 

is clear that  both L and T GWPs are reflected and transmitted.  Thus, the various 

parameters  for four additional GWPs need to be determined. 
The necessary equations follow by  asymptot ic  matching on S. By  matching 

the phases on S about  the point Xo on S where the central ray of the incident 

GWP strikes ~ and about  the instant  in t ime to when the center of the GWP 
arrives there, we deduce jump conditions for all the elements of the •! matrices. 
Details are given in Ref. [1]. J u m p  conditions on the slowness vectors p also 
come from the local phase matching (see Ref. [1]). The polarization vectors 
and pre-exponential amplitudes are deduced by  satisfying the boundary con- 

ditions at  (x0, to). This results in a set of 4 simultaneous equations for the amph-  
tudes, 2 in the case of an interface tha t  is free of traction. We note tha t  the local 
curvature of the interface enters into jump conditions for the M matrices, bu t  
not in the amplitude equations. Thus, the reflection and transmission coefficients 

follow from the canonical problem of a plane, t ime harmonic wave incident 
upon a flat interface separating half spaces. 

Relatively compact equations are now presented for the reflected and trans- 
mit ted M matrices. Define the interface locally about  the point x0 at  which the 
incident beam's  central ray strikes S at  t = to as 

x = Xo + ~itl + ~2t2 + ~ '  $i~lDilto. (7.1) 
j.t=l.2 

Here, {$1, t,, f0} is a right-handed triad of orthonormal vectors such tha t  f0 
is the normal to S at  x0. The 2 • 2 symmetric matr ix  D describes the local cur- 
vature of S, and ~1 and ~2 are local coordinates on S. Define a right-handed 
triad of orthonormal vectors {el ~), e2 ~ ,  e0 r for each of the incident (~ ~- I) ,  
reflected (~ = R) and t ransmit ted (~ --~ T) GWPs. [Following Ref. [1], specify 
e0 r as the unit vector in the ray direction, thus e3 ~ ---- pC*~/Ipr for each of 
o~ = I ,  R ,  T .  In  general, there will be five sets of e vectors, one for I ,  and two 
each for R and T. The slowness vectors pr follow from Snell's law tha t  p(~ �9 f~. 

: pr fi, for ] -~ 1, 2 plus the fabt tha t  Ip(~I -~ 1/c r where c r is the wave 
speed of the associated GWP. Define the 2 • 2 matrices Q(~ by  

Q! ~) = f~. e/~) ~ = I ,  R, T (7.2) 

and the 3 • 3 matrices U ~ by  

U c~) = , ~ = I ,  R ,  T .  (7.3) 
C( a ) 

Then with obvous notation, with M r defined in the {e c~)} basis, 

M CD -~ UI~)-~U(I)MCD(U(~)-~U(I)) T + Ca. CD + G r fl ~-- T ,  R .  (7.4) 

Here, C• c~} is a real matr ix  orthogonal to e J  ), which contains the surface cur- 
vature effects, and G I~) is a real matr ix  tha t  depends upon the local gradients 
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of c (z) and c (~) near x0. These matrices are defined below. Eq. (7.4) summarizes 
similar results in Ref. [1] tha t  were cast in the form of jump conditions but  
were left unsolved. Thus, Eq. (7.4) is an explicit s ta tement  of the implicit results 

in Ref. [1], and may  be easily verified from there. 
One immediate consequence of Eq. (7.4), not previously mentioned, is that  

the reflected and transmit ted GWPs are localized. This follows from 

det U (~) ~- c(~)t3 �9 e3,  ~ = I ,  R ,  T (7.5) 

which is non-zero by  assumption. Hence, for any  real vector v 

v T ( I m  M (~)) v = [~)Tu(~)-IU(I}] I m  M(I)[vTu(~) - IU( I ) ]T  > O, fi = R ,  T (7.6) 

and so I m  M (~) is positive definite, implying localization. 
The curvature matr ix  in Eq. (7.4) is for/~ ---- R, T:  

c J  )=2[ ] 0 

where the 2 • 2 matr ix  D is defined in Eq. (7.11). 
The dependence upon the velocity gradients in Eq. (7.4) is 

G (~) = U(~- '[H (I) - -  H c~)] U @-'~, fl = R, T (7.8) 
where 

1 t  (~) = (e3 (~) �9 Vc (~)) g(")g(~)~ - -  l (~)g (")~ - -  g ( " ) F  )~ (7.9) 

y(~) ~ ea ( ~/c (~) , ~ = I ,  R ,  T .  (7.11) 

Note that  G (~) = 0, fl ~- R, T for reflection/transmission between homogeneous 
media, while C• @ = 0, fl ---- R, T for reflection/transmission at  a flat interface. 

7.2 E x a m p l e :  U l t r a z o n i c  T r a n s m i s s i o n  T h r o u g h  a Curved  I n t e r l a c e  

As an example, consider a hypothetical  ultrasonic experiment in a water 
bath. A flat  transducer of radius W0 radiates a pulse of center frequency/0. Thus, 
we take ~ of Eq. (2.2) to be equal to 2z]o,  and ~ of Eq. (3.38) such tha t  Wo 

W(5 ~ 0), or c~ = 1/~]oWo ~. The initial GWP then has half-width equal to the 
transducer radius. Let  the pulse be initiaIly of half-length equal to n wavelengths, 
then from Eq. (3.39), the parameter  b in Eq. (3,37) is b ~ i]o/~czen e. 
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To be  more  specific,  let  us choose the  un i t  of l ength  as 1 mm,  and  the  un i t  

of t ime  as 1 ~zsec. Assuming  a cen t ra l  f r equency /0  of 5 lVIHz, the  nond imens iona l  

rad ia l  f r equency  is ~o ----- 31.42. L e t  the  t r ansduce r  rad ius  be W0 ~ 5 ram,  so t h a t  

-~ 1/393. The  speed of sound in wa te r  is cL ---- 1.5. L e t  the  in i t ia l  pulse  half-  

l ength  be  5 wavelengths ,  so t h a t  b ~ i/35.3. The  form of t he  pulse  pass ing  a 

g iven po in t  on the  axis  is t hus  cos (10~t) exp  (--t2). L e t  the  pulse  be  n o r m a l l y  

inc iden t  upon  a sphere  of a l u m i n u m  of radius ,  50 m m  a t  a d i s tance  of 30 m m  

from the  t r ansducer .  I f  the  center  of the  pulse  leaves t he  t r ansduce r  a t  t = 0, 

i t  will reach  the  in ter face  a t  t ~ 20. Subsequent ly ,  for  t ~ 20, the re  will  be a 

N 

Fig. 1, The incident pulse at  t -~ 0. The plot shows the envelope of the normal stress 
au2(x, y, 0; t). The x and y units are in ram, and the stress is normalized to unity 

14 0 

Fig. 2. The same as in Fig. 1, except that  the phase factor has not been included. This 
shows the actual stress field, with rapid oscillations in the y-direction. These are evident 

from the projected contour lines 
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reflected and a t ransmi t ted  pulse. Because of the normal  incidence, no shear 

pulse is created i n  the aluminum. 

Fig. 1 shows the envelope of the incident pulse at  t : 0. The pulse is prop- 
agating in the positive y-direction. The envelope is defined by  mult iplying 

the solution in Eq. (3.33) by  a phase factor  exp (--iy/cz). The inclusion of this 

factor  eliminates the oscillations in the y-direction, and improves the visual 

appearance of the pulse. For  comparison, :Fig. 2 shows the same pulse with 

the oscillations present.  Subsequent  figures display pulse envelopes only. The 

t ransmit ted  pulse is shown in Fig. 3. Note  the faster propagat ion in the metal,  

and the transverse oscillations in the pulses. These are caused mainly  by  the 

interracial curvature.  Since there are no focusing effects, the shape of the trans- 

mit ted pulse does no t  change much  between t = 21 and t ~ 27. However,  focusing 

occurs if the interface curvature  is reversed, i.e., if the incident pulse strikes 

a concave ra ther  than  a convex interface. This case is illustrated in Fig. 4, where 

we have considered a concave interface which is locally spherical of radius 50 m m  

21 2A 

25 
0.5- 

2 ~  

~05 �9 

~S 2~ 

Fig. 3. The transmitted pulse in the aluminium sphere at times t : 21, 23, 25 and 27. 
The plots display the envelopes of the normal stress a~(x, y, 0; t). At t = 21, the reflected 
pulse in the water is evident. The spherical interface (y -- 50) 2 ~- x 2 = (50) ~ is shown 

at t : 21by  a low rim 



Elast ic  Gaussian Wave  Packets  in Isotropic Media 111 
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�9 2 1  

22.5 

5 -  

4- 
3- 
2- 
1- 
0- 
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22 

T 

23 

Fig. 4. The t r an smi t t ed  pulse for incidence upon  a concave wa te r / a luminum interface. 
The interface is spherical  near  the  poin t  of incidence of radius 50 ram. The t imes shown 

are t ~ 21, 22, 22.5 and  23. Note  the  larger ampl i tudes  compared wi th  Fig. 3. 

05- 4 0  

/05 ~ 

3~ 40 

~5 

05 
.-O5 
~5  

~3.5 

Fig. 5. The reflected pulses in t h e  water  a t  t = 40 for b o t h  the  convex (a) and  concave 
(b) interfaces considered in Figs. 3 and  4, respectively.  Note  the  different  (x, y) scales 

in (a) and  (b) 
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at the point of incidence. A plane wave incident upon this interface has a trans- 
mitted focus at  t = 22.48, i.e., 2.48 9sec after transmission. Note the radical 
change in shape of the pulses in Fig. 4 for t ~ 22.5, and also the increased 
amplitude for t m 22.5. 

Fig. 5 illustrates the reflected pulses in the water for both the convex and 
concave interfaces. In the latter case, it  is clear from the figure that  focusing 
occurs. The corresponding time at which a reflected plane wave focuses is t = 47. 

8.  C o n c l u s i o n  

The basic theory of GWP propagation is essentially just ray theory of elasto- 
dynamics plus ray-type equations for the matrix M. The latter is the complex 
valued 3 • 3 envelope matrix, analogous to the real 2 • 2 wave front curvature 
matrix of geometrical optics. Explicit solutions for all the parameters can be 
obtained for homogeneous media. Very similar explicit solutions are also available 
for media in which the velocity gradients, Ve~ and VeT, are constant [1]. Piecewise 
homogeneous media can be considered by  introducing reflected and transmitted 
GWPs. In  general, the GWPs are uniform asymptotic solutions to the wave 
equations. Thus, unlike ordinary geometrical optics or geometrical elasto- 
dynamics, no boundary layer corrections are necessary at geometrical caustics 
and loci. This feature is one of the major advantages of GWPs. I t  makes them 
eminently suitable for use in modeling pulse propagation and scattering in 
elastic solids. 

A p p e n d i x  

Higher Order Spatial Derivatives o/ the Phase 

I~eferring to Eqs. (3.6) and (3.7), they may be written as 

7f(j(t)  = Fj(X(t)), J : 1, 6 (A 1) 

where X is a 6-vector with ~ in its first 3 elements and p in the remaining ele- 
ments. Similarly, A and B of (3.21) and (3.22) can be combined in the 6 • 3 
matrix G (1), where for n ~ 1, 

G(~ �9 t ~'XK(t) (A 2) 
Kili,...J,( ) = 0ech ~c~i ~ . . .  a ~ "  

Here lower case subscripts have the values 1 to 3 and upper case subscripts 
the values 1 to 6. The evolution equations for G (') follow from (A 1) as 

G(m , (t) -- 0Fx ,~(,,) ~ H(n) (A 3) 
l]xia...j.i ~ X  K (:r g]l],...jn ~ -  Iixi....in 
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where 

H(.) = O~Yi OPl 
1Bi~...i,, 0o~ h 0r162 &xj,) ~-K GKhh"'i'*" (A 4) 

Thus, H (') depends upon G (~), G (2) ... G (n-l) and derivatives of F, but not upon 

G (~). Eq. (A 3) represent a sequence of ordinary differential equations, which 

may  be solved formally as 

f 

a;?:;,...j.(t) -- , , ( t )  %j,...j,,(o) § ,,.,(t) f ~,,,(t-' ') _-'"',,j,j,..,,,o-',, d<. (A 5) 
D 

Here y(t) is the fundamental matrix satisfying 

OF: 
Oiz(t) = ~ g,:j(t) (A 6) 

q~s(o) = ~iJ- (A 7)  

Once the G (~) are known, we may form the matrices 

~W,..4,, &x h Oai, . . .  &xL, 

#d~...]~ 0or h &x h . . .  Oa%" 

(a s) 

(A 9) 

Thus, A (1) = A, B u) = B. The higher order spatial derivatives of the phase, 

M (n) - -  (A 10) JlJ~'"iTt+l - -  0X]I 0X~, ) . .  0Xi~+~ " 

can then be found in terms of the A (n) and B ("). Thus, 

RO)A(1)-* M~ ) -'= ~ * ~ k j  (A 11) 

lB.(2) (1) (2) A(1)-tA(1) -1 (A 12) M}~ )k = ~ , m -  i i m A m m ]  "*,J "~qe 

etc. 
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