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Complex point-source representation of real point sources
and the Gaussian beam summation method
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A new exact representation for point sources is given in terms of complex point sources. In the simplest configura-
tion, a point source is equivalent to a distribution of sources on the surface of a sphere in complex space. The
representation can be used to consider the propagation of point disturbances through inhomogeneous media and
across interfaces. In the high-frequency limit, these solutions may be obtained by the use of complex ray-tracing
methods, which are just the analytic extension of ordinary ray methods. It is shown that the additional use of the
paraxial approximation yields a procedure that is similar to the Gaussian beam summation method. The latter
technique is normally based on a matched asymptotics argument. However, the complex point-source representa-
tion now offers an exact basis for this widely used method.

INTRODUCTION

The use of complex point sources has received much atten-
tion recently because of its advantages over ordinary point
sources in real space. Deschamps,' the originator of the
concept of complex point sources, proposed them as an ele-
gant and simple means of considering beams in electromag-
netic wave theory. Other authors, particularly Felsen,2' 3

have explored the relation between complex point sources,
evanescent waves, complex rays,4 and Gaussian beams. All
the classical solutions for real point sources, such as scatter-
ing from spheres and cylinders and diffraction from an
edge,5 can be converted quite simply into solutions for com-
plex point sources by analytic continuation. These new
solutions are particularly relevant to Gaussian beam phe-
nomena. For example, it provides an exact method to study
the Goos-Hinchen lateral beam shift of Gaussian beams at
boundaries where the reflection coefficient varies with the
angle of incidence. 6

There has also been quite a bit of interest recently in
Gaussian beams for quite different reasons.7' 8 The idea is to
use Gaussian beams as an indirect means to compute the
field of a point source in an inhomogeneous medium. It is
well known that the field of a point source, considered in the
context of geometrical optics in its simplest form, possesses
singularities at caustics and foci. These singularities are an
artifice of the asymptotic approximation employed and may
be overcome by well-known but complicated boundary layer
treatments. Individual Gaussian beams, on the other hand,
are guaranteed to remain bounded at all points.8'9 Also,
they may be considered by using the same mathematical
techniques of simple geometrical optics without recourse to
boundary layer methods.9 The key to the Gaussian beam
summation method rests with the representation of the
point source by an isotropic distribution of Gaussian beams
all emanating from the same point. The amplitude of each
beam is found by asymptotically matching the Gaussian
beam field to that of a point source in the far field.

This paper describes a new method of representing real
point sources through complex point sources. All the re-

sults are presented for a scalar, time-harmonic field but may
be easily converted to the time domain. The simplest
representation involves placing complex point sources of
equal amplitude on the surface of a sphere in complex space.
This representation is particularly relevant to the Gaussian
beam summation method. It is shown how the latter follows
from the exact representation in the high-frequency or
short-wavelength limit, thus obviating the necessity of in-
voking matched asymptotics arguments.

The new representation can also be used to treat problems
involving interfaces. The idea is to use complex ray-tracing
techniques that satisfy Fermat's principle when either or
both end points are in complex space. Application of this
procedure yields the exact solution in a homogeneous medi-
um, unlike the Gaussian beam method. A comparison of the
two techniques is given for transmission across a spherical
interface.

REPRESENTATION INTEGRALS

The single-frequency, time-dependent factor exp(-iot) is
assumed in what follows. The field at position x = (x, y, z)
due to a point source at position x0 = (o, yo, zo) in a homoge-
neous medium is

ikR
uG(x, x0) = e R4rR' (1)

where k = /c is the wave number and R is the distance
between x0 and x. The function uG is the fundamental
solution or the Green function of the Helmholtz equation,

V2UG + k2UG = _6(X- X). (2)

A complex point source' is defined by letting x0 be complex,
i.e., each of its three components can be a complex number.
The distance R is then defined as the complex number,

R(x, x 0) = [(x - x0 )2 + (y - yo) 2 + (z - zO)2]1/2, (3)

where the branch of the square root is specified by requiring
that Re R ' 0. For example, if x0 = (ib, 0,0 ), b > 0, then -b
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< Im R < b, and R and u are continuous everywhere in real
space except across the disk x = 0, y 2

+ Z
2 < b2. In the limit

of b - 0, the complex point source reduces to a real point
source at the origin.

Let (r, 0, 0) be spherical coordinates with respect to the
origin, and let er be the unit vector in the radial direction.
Then for any real number a, it follows that for r > a,

1 (2,, ,~
J do J sin OdOuG(x, aer) = uG(x, 0), (4)

47rjo(ka) o Jo

where jo(x) = (sin x)/x is the spherical Bessel function of
order zero. Equation (4) follows from symmetry consider-
ations and from the fact that both sides are outgoing solu-
tions to the Helmholtz equation in r > a. The constant of
proportionality in Eq. (4) can be deduced by equating both
sides as r - a. The equations analogous to Eqs. (1) and (4)
in two dimensions (no z or 0 dependence) are

uG(x, x0 ) = -i Ho(')(kr), (5)
4

2irJjka ) |: dku x, aer) = uG(x,0). (6)

These results, Eqs. (4) and (6), may be generalized to
inhomogeneous media that are homogeneous for r < a. The
point-source solutions uG of Eq. (2) that are used in Eqs. (4)
and (6) are now different from those given in Eqs. (1) and (5).
In order to prove the generalization, define the Green func-
tion uoG(x, x0 ) as the solution to Eq. (2) for x and x0 inside r
= a, and such that u0G is zero on r = a. It then follows from
Green's theorem that at any point x0 inside r = a,

OuoG
u(x 0 ) = - u(x') n(x', x 0)dS(x'),

where S is the surface r = a and n is the outward norn
Now, since the medium inside r = a is assumed homo
neous, we can solve for u0 G by standard methods. In par
ular, for any x on S.

oI ( ) [4rajo(ka)]
an X - [2-raJo(ka)]`

in 3D

in 2D

average of the field on the surface of a sphere (circle) of
radius a is just jo(ka) [JO(ka)I times the field at the center.

If the radius a in Eq. (4) is real, then as k varies, the
integral must become infinite at k = nir/a, the roots of jo(ka)
= 0. This instability problem is not present for a complex.
Hence the representation will be stable for all frequencies.

Other representations may also be considered. For exam-
ple, one could place point sources on the surface of a complex
ellipsoid. However, the amplitude of each complex point
source must vary with position if the ensemble is to be
equivalent to a single point source in real space. The ampli-
tudes can be found by solving an integral equation over the
surface of the ellipsoid.

THE GAUSSIAN BEAM SUMMATION METHOD

For simplicity, consider the field at x = (0, 0, z) due to a point
source at the origin in a homogeneous medium. According
to the Gaussian beam summation method,7 8 one first ob-
tains the field at x due to a Gaussian beam propagating in
the direction e. This is accomplished using the paraxial
approximation about the central ray of the beam (see Fig. 1).
The individual beam contribution is

I ike 1 [( 2 )2UO(x = -I exp ik s+ - ii8r2/( (+ ) (S 2 c +s/ (9)

where is the arbitrary beam parameter,7 8 subject only to
the constraint that Im e < 0. An exhaustive discussion of
the dependence of the beam method on is given in Ref. 9.
Also from Fig. 1, s = z cos 0 and n = z sin 0. The pre-
exponential amplitude in Eq. (9) is deduced from the re-
quirement that the beam sum satisfy

(7) J2r i eikz

do I sin OdOuo(x) -
Jo Jo 47rzial.

ge-
tic-

(8)

Now let u(x') = uG(x', x) in Eq. (7), where x is outside r = a.
Then Eqs. (4) and (6) follow from Eqs. (7) and (8), and the
reciprocity relation uG(x, x0) = uG(x0, x).

Now let the "radius" a in Eqs. (4) and (6) be complex.
Then, by analytic continuation, these identities imply inte-
gral representations of real point sources in terms of com-
plex point sources. Thus the field at x due to a source at x0
is equivalent to a distribution of complex sources on the
surface of the complex sphere (circle) of radius a about x0.
It also follows from reciprocity that the field at x due to a
source at x0 is equivalent to the sum, with suitable weight-
ing, of the fields at points on the surface of the complex
sphere (circle) or radius a about x. For example, let a = ib,
b real. Then each complex source on the surface of radius a
about x0 forms the sphere of radius b about x0. Therefore
the representation integrals (4) and (6) are valid in real space
for r > Ibi. In general, when a is any complex number, Eqs.
(4) and (6) are valid for r? Ia>. Note that Eq%. (4) and (6)
can be viewed as mean value theorems, which state that the

(10)

asymptotically for k >> 1. The upper limit to the 0 integral
in Eq. (10) is unspecified, indicating that only a fan of Gauss-
ian beams in the neighborhood of 0 = 0 is required.

Now consider the three-dimensional (3D) point-source
representation in Eq. (4) with the radius a complex. Refer-
ring to Fig. 1, the following paraxial approximation is valid
for small angle 0:

S

Fig. 1. A complex point source x0 on the surface of the sphere of
complex radius a and receiver at x. The exact diotanco i R(x, x0) -
[(s - a) 2 + n 2]1/2. The paraxial approximation is in Eq. (11).
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1 n 2

R(x, ae,) = s -a + + (04). (11)2 s- a
Let a = - and substitute Eq. (11) into Eqs. (1) and (4) to
obtain for the integrand in Eq. (4)

UG(x, aer) - 1
4irjo(ka) L12 -j()J( + S)

X exp[i ( + 1 n ) (12)

which is asymptotically valid for 0 << 1. Note the similarity
between Eq. (9) and expression (12). The difference is in the
amplitude factors. The exact amplitude of expression (12)
reduces to the Gaussian beam amplitude asymptotically for

-k Ime >> 1, (13)

in which case

eie ikE
7r2 ~~~(14)

167r2jo(ke) 8r2

Thus, satisfaction of the inequality (13) is a necessary condi-
tion for the validity of the Gaussian beam summation meth-
od. The Gaussian beam method, therefore, has its origins in
the exact complex point-source representation.

We also give the equations analogous to expressions (9)-
(14) in two dimensions. Let x = (x, 0), s = x cos X, and n = x

sin 0. Then the beam in direction 0 gives

>her0(X) = (4 ( + )112 exP[i2(s + 2 -] e+1s

where the amplitude follows from the asymptotic matching,

J u,,(x)do e-Ci3r/4(87rkX)-l/2ekx. (16)

The right-hand side of expression (16) is the asymptotic
approximation to Eq. (5). In comparison, the integrand of
the exact representation Eq. (6) becomes, with a = -e, and,
using a paraxial approximation similar to Eq. (11),

1 UG(x ae [-exp[i(ke - 3r/4)]1 1
2rJo(ka) u 2(x(27) 3/2jo() J(e + S)1/2

X exp ik s+ + S) (17)

The right-hand side of expression (17) reduces to up(x) when
the asymptotic condition (13) is satisfied.

A COMPARISON OF THE TWO METHODS BY
EXAMPLE

The complex source and Gaussian beam methods are now
compared by considering the problem of refraction through
a hemispherical interface. The geometry of the configura-
tion is illustrated in Fig. 2, where the point source is at S and
the receiver R is on the axis through SO. The position of R
is specified by the distance x from 0. A typical ray diagram
for the refracted real rays is shown in Fig. 3.

In order to use the complex point-source representation
for the real point source at S, we must consider the interme-

diate problem of determining the field at R due to a typical
complex point source, So in Fig. 2, for arbitrary complex e.
One method is to use the exact solution for a point source
outside a sphere that can be expressed as a sum of spherical
harmonics and analytically extend it to account for So in
complex space. Alternatively, and this is the method that
we adopt here, at high frequencies wa/c >> 1, one can ap-
proximate the field of a complex point source using complex
ray theory.2 4 This is the analytical extension of Hamilton-
Jacobi ray theory into complex space. For the present ap-
plication, it can be thought of as an extension of Fermat's
principle of least travel time, only now the travel time from
So to R is complex. The minimization procedure is de-
scribed in Appendix A, where it is shown that the complex
ray from So to R is refracted at P on the interface, where P
can be parameterized by a complex value of the angle A (see
Fig. 2). Details of the complex ray-tracing procedure and
the summation are given in Appendix A.

The complex ray-tracing problem simplifies in the neigh-
borhood of the real rays defined by the axes of the complex

0,

-£

S
R

C.

Fig. 2. Geometry of the point source at S, receiver at R, and spheri-
cal interface. S represents a typical complex point source on the
complex sphere about S.

-2 0 2

X

Fig. 3. The ray diagram for the spherical interface with a = 1, b = 2,
Co = 2c1.
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= 0. The focus is at infinity for the parameters of Fig. 3.
Also, there is a caustic along the central axis from x = xc to x
= XF, where xc < XF is

(20)

S

C0

Fig. 4. The Gaussian beam geometrical parameter for the spherical
interface.

1.5

lul
IURAYI

0.5

0

ka

Fig. 5. Comparison of the Gaussian beam and complex point
source methods for the spherical interface with c = cl b = 2a, and
receiver at x = 0. Four values of e = -ib are considered.

point sources. These are the Gaussian beam rays associat-
ed with the complex sources. They remain in real space, and
the parameters of the nearby rays in complex space can be
obtained by paraxial approximation. This is essentially
what the Gaussian beam summation method does. It re-
places the difficult task of complex ray tracing by the much
simpler one of real ray tracing. However, the price paid for
the simplification is the paraxial approximation. The real
ray paths for the Gaussian beam method applied to the
interface problem are shown in Fig. 4. The details of the
calculation are given in Appendix B.

The simplest ray theory approximation to the field at R
considers only the direct ray from S to R through 0. This
yields

The value of xc for the parameters of Fig. 3 is xc 1.
We first consider the degenerate case of cl = co. Then the

problem reduces to one of a point source in an infinite homo-
geneous medium. The solution URAY of Eq. (18) is exact.
Figure 5 shows the comparison of the complex source meth-
od and the Gaussian beam method for different values of the
arbitrary parameter e as a function of frequency ka = wa/co.
As expected, the complex source method is exact, indepen-
dent of e. However, the Gaussian beam results are quite
dependent on this "arbitrary" parameter. A thorough
study of the dependence of the method on e is contained in
Ref. 9, in which several canonical problems are considered.
The configuration considered here is different from those in
Ref. 9, but our findings are in qualitative agreement.

Next, let c = 2c, with the other parameters unchanged.
Then the ray diagram is as shown in Fig. 3, with the focus at
infinity. In this case the amplitude of URAy is independent
of x and is equal to 1/67r. Again, as Fig. 6 shows, the agree-
ment between the complex source solution and URAY is excel-
lent, although not exact. However, the maximum relative
error was found to be less than 1%. The Gaussian beam
method fares worse than for the homogeneous medium (Fig.
5) for a given value of the parameter e. One might expect
that the beam solution would be better than in the homoge-
neous medium, because of the focusing of the rays, as shown
in Fig. 3. The focusing should reduce the error incurred in
using the paraxial approximation. However, as Ref. 9 illus-
trates by numerous examples, the dependence of the Gauss-
ian beam results on e is often counterintuitive, especially
when curved interfaces are involved.

The beam and complex source methods are compared in
Fig. 7 for different receiver positions at a fixed frequency.
The only significant error incurred by the complex source
method was at x 0.5, for e = - 2 i, where the complex root to
the ray equation (AS) was found to be unstable. At larger
values of x than shown here, the effects of the caustic x > 1

lul

hI RAY I

0.5

exp{ik[b-a+-(a+x)]}
URAY =

27rr(1 + c0/cl)
(18)

where

(19)

The solution in Eq. (18) has a focus at x = XF, such that r(xF)

0 20 40 60 80

ka

Fig. 6. The same as Fig. 5, except for c0 = 2c1.
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Fig. 7. Comparison of the Gaussian beam and complex point
source methods for the spherical interface with c = 2cl, b = 2, a = 1,
ha = 20, and variable receiver positions on the axis. The absolute
magnitude of URAY is 1/6ir, independent of x.

60 | - l

40 40 -j / \ d~~~=1.5

-20 

/ / ~ ~ --- --- --

0

0 30 60 90 120 150 180

Fig. 8. The angle A of the point of refraction on the spherical
interface (see Figs. 2 and 4). The upper-left-hand curve is for the
Gaussian beams and is independent of e. The other curves show the
real and imaginary parts of A' for the complex point sources with 6 =
iE. The parameters are a = 1, b = 2, co = 2cl.

can become significant. In this region, the single ray solu-
tion, Eq. (18), is invalid. Also, the complex ray solution in
this region has more than one ray contribution from each
source. In fact, there is always a multiplicity of complex
rays for each source at a given value of x, but it is only for x >
1 that those on the branches associated with the caustic
become important. We defer until later a fuller discussion
of the complex ray picture, since it is not germane to the
present topic. However, we note that the results of Figs. 6
and 7 were also checked by using a Kirchhoff integral on the
interface. This yielded the same solution as URAY, modulo
spurious end point contributions that are difficult to re-
move. In general, the relative error of the Kirchhoff approx-
imation was far greater than that of the complex source
method.

Finally, we have plotted in Fig. 8 the real and imaginary
parts of the complex angle 4 that defines the point P at

which the complex ray from So to R intersects the interface.
Note that the imaginary part increases as the imaginary part
of e increases in magnitude. The value of 4 follows from Eq.
(A4). This may be solved for small 0 as

-co

b + c x (b+E-a)
cl (a + x)

+ 0(02). (21)

Thus, Ap is generally complex for 0 if 0. The real angle A
associated with the Gaussian beam rays from Eq. (B4) is also
plotted for comparison. This has a cutoff at 6 = sin-'(a/b),
which is 30° in Fig. 8. Thus we see that the central rays of
the beams do not intersect the complex interface at the
correct points. However, the approximation (21) suggests a
procedure whereby the implicit complex ray tracing of the
Gaussian beams may be improved. In this method we ana-
lytically continue the interface into complex space using a
quadratic or paraxial approximation to the interface about
the point of intersection of the real ray SR. Thus the Gauss-
ian beam rays can be shifted slightly into complex space, it is
hoped in the right direction. We have tested this procedure
on a similar problem in two dimensions and found dramatic
improvements in the Gaussian beam results. However, it is
not clear how to generalize this procedure to arbitrary con-
figurations, so we will not pursue it further.

CONCLUSIONS

A new representation has been given for a point source in
terms of complex point sources. The representation can
also be viewed as an exact basis for the Gaussian beam
representation of a point source. From the latter viewpoint,
it offers a similar but more rigorously justified approach to
problems in inhomogeneous media. The alternative ap-
proach requires performing complex ray tracing rather than
just ray tracing in real space. The comparison of the com-
plex ray-tracing solution with that of the standard Gaussian
beam method for the refraction problem considered shows
that the former is highly accurate and independent of the
arbitrary parameter E. However, it is questionable in gener-
al whether the accuracy and stability gained by using the
complex ray-tracing approach would justify the additional
complexity of the solution method.

APPENDIX A: COMPLEX RAY TRACING
THROUGH A SPHERICAL INTERFACE

Referring to Fig. 2, consider the point So on the complex
sphere with center at S. The complex distance SSO is -E.
There is a point source at So and a receiver at R, which lies in
real space. The wave speed is discontinuous across the
surface of the sphere of radius a, centered at 0. The refrac-
tive index of the medium at R is c/cl. We restrict our
attention to the field at R due to singly refracted rays; i.e., we
neglect multiple reflections from the far side of the sphere.
In this sense, the interface acts as a hemispherical lens.

One way to find the complex ray path from So to R is by
finding the path in complex space that makes the travel time
stationary-Fermat's principle. We complexify the inter-
face by defining it as the complex surface

X2 +y 2 + Z2 = a2. (Al)

/ Complex Sources

- /Gaussian Beams

6=21.5

1

0.5

_ _

I
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Since the media on either side of the interface are homoge-
neous, the ray path is composed of two line segments SoP and
PR that intersect the interface at P (see Fig. 2). The point P
may be parameterized by the complex angle 4'. The travel
time from So to R is do/co + dil/ci, where, referring to Fig. 2,

do(4) = [(b + e cos 0 -a COS 4)2 + (e sin 0 + a sin 4)2]1/2,

(A2)

dj(V9 = (a2 + x2 + 2ax COS ') 1/2 (A3)

The stationary condition is d(do/co + dl/cj)/d4 = 0, which
yields the following equation for 4':

d-[b sin A CO X
[b~ sin4'p+ sin(O + 4')] = - -sin 4'.do ~~~~~cd, (A4)

Once 4 is found as a function of 0, the field at R due to So is

U(0) =

where

T(0O)exp[iw(do/co + dl/cl)]

47rdo(1 + d 1/D1 )'12(1 + dl/D2 ) 1/2

sin 01 = d-sin 4,
1,

4' = o - 0,

r = b cos 0 - a cos 10,

r = a cos 4' + x cos(' 1 - 4

n = a sin Al, + x sin(q/l - 4').

(B4)

(B5)

(B6)

(B7)

The radii of curvature of the refracted beam follow from
standard wave-front curvature equations (e.g., Ref. 10):

2 /Cl COS2 4'0 F 1 (C Xo COS4I
= COS ( + + a

1, 1 1 C -cs'-o4 1
[c (r + ) a co) ]

The individual Gaussian beam contribution is

(A5)

(B8)

(B9)

T(Io)expik [ro + cr 2 c1n/(r + z))

v (l = ik

(A6)

CO
sin 00 = - sin 0. (A7)

C,

The transmission coefficient is

T(O) = 2 cos 0/[cos 0 + (co2
/c1

2
-sin 

2
0)1/

2
], (A8)

and the focal distances D and D2 follow from standard
geometrical optics (e.g., Ref. 10):

D1 = cos2 F c COS 2
+ 1 c COS0-

I Lco d a 
h)]' (A9)

D2=[ C' +1 (C 1OS0 - cosi)j (A10)

The integral of all the contributions from the points So on
the complex sphere becomes, from Eq. (4),

u = 2j f| sin OU(0)dO. (All)
2j0 (ke) o

APPENDIX B: THE GAUSSIAN BEAM
SUMMATION METHOD

Referring to Fig. 4, the refracted beams are defined only for 0
< 0 < m,

°m = sin-' (a/b). (Bi)

Within this range of angles, the various parameters in Fig. 4
are

sin 0 -=-sin 0, (B2)
a

cl
sin 4', =- sin Q0,

Co

v 'y -
87r2 (1 + ro/e)(1 + rl/zl)1/2 (1 + rl/z2 ) 1/2

(B10)

where k = w/co and T is defined in Eq. (A8). The Gaussian
beam summation integral is then

u = 27r Jo V(0) sin 0 dO. (Bll)
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