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Preface 
The present volume is an outgrowth of a Conference on Mathematical 

Tables held at Cambridge, Mass., on September 15-16, 1954, under the 
auspices of the National Science Foundation and the Massachusetts Insti­
tute of Technology. The purpose of the meeting was to evaluate the need 
for mathematical tables in the light of the availability of large scale com­
puting machines. It was the consensus of opinion that in spite of the 
increasing use of the new machines the basic need for tables would continue 
to exist. 

Numerical tables of mathematical functions are in continual demand 
by scientists and engineers. A greater variety of functions and higher 
accuracy ·Of tabulation are now required as a result of scientific advances 
and, especially, of the increasing use of automatic computers. In the latter. 
connection, the tables serve mainly for preliminary surveys of problems 
before programming for machine operation. For those without easy access 
to machines, such tables are, of course, indispensable. 

Consequently, the C"onference recognized that there was a pressing 
need for a modernized version of the classical tables of functions pf 
Jahnke-Emde. To implement the project, the National Science Foundation 
requested the National Bureau of Standards to prepare such a volume and 
established an Ad Hoc Advisory Committee, .with Professor Philip M. 
Morse of the Massachusetts Institute of Technology as chairman, to advise 
the staff of the National Bureau of Standards during the course of its 
preparation. In addition to the Chairman, the Committee consisted of A. 
Erdelyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John 
Todd, C. B. Tompkins, and J. W. Tllkey. 

The primary aim has been to include a maximum of useful informa­
tion within the limits of a moderately large volume, with particular atten­
tion to the needs of scientists in all fields. An attempt has been made to 
cover the entire field of special functions. To carry out the goal set forth 
by the Ad Hoc Committee, it has been necessary to supplement the tables 
by including the mathematical properties that are important in compu­
tation work, as well as by providing numerical methods which demonstrate 
the use and extension of the tables. 

The Handbook was prepared under the direction of the late Milton 
Abramowitz, and Irene A. Stegun. Its success has depended greatly upon 
the cooperation of many mathematicians. Their efforts together with the 
cooperation of the Ad Hoc Committee are greatly appreciated. The par· 
ticular contributions of these and other individuals are acknowledged at 
appropriate places in the text. The sponsorship of the National Science 
Foundation for the preparation of the material is gratefully recognized. 

It is hoped that this volume will not only meet the needs of all table 
users but will in many cases acquaint its users with new functions. 

June 1964 
·washington, D.C. 

ALLEN V. AsTIN, Director 
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Preface to the Ninth Printing 
The enthusiastic reception accorded the "Handbook of Mathematical 

Functions" is little short of unprecedented in the long history of mathe­
matical tables that began when John Napier published his tables of loga­
rithms in 1614. Only four and one-half years after the first copy came 
from the press in 1964, Myron Tribus, the Assistant Secretary of Com­
merce for Science and Technology, presented the lOO,OOOth copy of the 
Handbook to Lee A. DuBridge, then Science Advisor to the President. 
Today, total distribution is approaching the 150,000 mark at a scarcely 
diminished rate. 

The success of the Handbook has not ended our interest in the subject. 
On the contrary, we continue our close watch over the growing and chang­
ing world of computation. and to discuss with outside experts and among 
ourselves the various proposals for possible extension or supplementation 
of the fonnulas, methods and tables that make up the Handbook. 

In keeping with previous policy, a number of errors discovered since 
the last printing have been corrected. Aside from this, the mathematical 
tables and accompanying text are unaltered. However, some noteworthy 
changes have been made in Chapter-2: Phygica] Constants and Conversion 
Factors, pp. 6-8. The table on page 7 has been revised to give the values 
of physical constants obtained in a recent reevaluation; and pages 6 and 8 
have been modified to reflect changes in definition and nomenclature of 
physical units and in the values adopted for the acceleration due to gravity 
in the revised Potsdam system. 

The record of continuing acceptance of the Handbook, the praise that 
has come from all quarters, and the fact that it is one of the most-quoted 
scientific publications in recent years are evidence that the hope expressed 
by Dr. Astin in hi& Preface is being amply fulfilled. 

November 1970 

LEWIS M. BRANSCOMB, Director 
National Bureau of Standards 
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Ftlreword 
This volume i.s the result of the cooperative effort of many persons and a number 

of organizations. The National Bureau of Standards has long been turning out 
mathematical tables and has had under consideration, for at least 10 years, the 
production of a. compendium like the present one. During a Conference on Tables, 
called by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo­
witz of that Division mentioned preliminary plans for such an undertaking, but 
indicated the need for technical advice and financial support. 

The Mathematics Division of the National Research Council has also had an 
active interest in tables; since 1943 it has published the quarterly journal, "Mathe­
matical Tables and Aids to Computation" (MTAC), editorial supervision being 
exercised by a Committee of the Division. 

Subsequent to the NBS Conference on Tables in 1952 the attention of the 
N ationa.l Science Forindation was drawn to the desirability of financing activity in 
table production. With its support; a. 2-da.y Conference on Tables was called at the 
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the 
needs for tables of various kinds. Twenty-eight persons attended, representing 
scientists and engineers using ta.blElB as well as table producers. This conference 
reached consensus on several conclusions and recommendations, which were set 
forth in the published Report of the Conference. There was general agreement, 
for example, "that the advent of high-speed computing equipment changed the 
task of table making but definitely did not remove the need for tables". It was 
also agreed that 11an outstanding neE1d is for a. Handbook of Tables for th0 Occasional 
Computer, with tables of usually encountered functions and a. set of formulas and 
ta:bles for interpolation and other :bechniques useful to the occasional computer". 
The Report suggeste<J that the NBS undertake the production of such a. Handbook 
and that the NSF contribute financial assistance. The Conference elected, from its 
participants, the following Committee: P . M. Morse (Chairman), M . Abramowitz, 
J . H. Curtiss, R. W. Ramming, D. H. Lehmer, C. B. Tompkins, J . W. Tukey, to 
help implement these and other'recommendations. 

The Bureau of Standards undert;ook to produce the recommended tables and the 
NationaJ Science Foundation made funds available. To provide technical guidance 
to the Mathematics Division of the ]Bureau, which carried out the work, and to pro­
vide the NSF with independent judgments on granta for the work, the Conference 
Committee was reconstituted as the Committee on Revision of Mathematical 
Tables-of. the Mathematics Division of the National Research Council. This, after 
some changes of membership, beca.m1~ the Committee which is signing this Foreword. 
The present volume is evidenM tha·t Conferences can sometimes reach conclusions 
and that their recommendations sometimes get acted on. 

v 



VI FOREWORD 

Active work was started at the Bureau in 1956. The o:verall plan, the selection 
of authors for the various chapters, and the enthusiasm required to begin the task 
were contributions of Dr. Abramowitz. Since his untimely death, the effort has 
continued under the general direction of Irene A. Stegun. The workers at the 
Bureau and the members of the Committee have had many discussions about 
content, style and layout. Though many details have had to be argued out as they 
came up, the basic specifications of the volume have remained the same as were 
outlined by the Massachusetts Institute of Technology Conference of 1954. 

The Committee wishes here to register its commendation of the magnitude and 
quality of the task carried out by the staff of the NBS Computing Section and their 
expert collaborators in planning, collecting and editing these Tables, and its appre­
ciation of the willingness with which its various suggestions were incorporated into 
the plans. We hope thi~ resulting volume will be judged by its users to be a worthy 
memorial to the vision and industry of its chief a.rchi:tect, Milton Abramowitz. 
We regret he did not live to see its publication. 

P. M. M oRsE, Clwirman. 
A. ERDELYI 

M . c. GRAY 

N. C. METROPOLIS 
J . B. RossER 
H. C. THACHER, Jr. 
JoHN ToDD 
0 . B. ToMPKlNB 
J . w. TUK.EY. 



Preface .. 
Foreword . 
Introduction 
1. Mathematical Constants 

DAVID s. WPWI.N 

Contents 

2. Physical Constants and Conversion Factors 
A. G. M<:NISH 

3. Elementa.ry Ana.lyticul Methods . . 
MILTON Al!RAl!!OWITZ ' 

4. Elementa.ry Transcendental Functions 
Logarithmic, ExpOiltential, Circular and Hyperbolic Functions 

RuTH ZucKER 
5. Exponential Integral nnd Related Functions . . . 

WALTER GAUTSCln and WILLIAM F. CAHILL 
6. Gamma Function and Related Functions. 

PHILIP J. DAVIS 
7. Error Function a.nd Flresnel Integrals 

WALTER GAUTSCHI 
8. Legendre Functions . . . . . . . 

IRENE A. STEGU:N 
9. Bessel Functions of Intteger Order . 

F. W~ J. OLVER 
10. Bessel Functions of Fractional Order. 

H. A. ANTOSIEWICZ 
ll. Integrals of Bessel F\JID.ctions . . . . 

Y UDELL L. LuKJ!l 
12. Struve Functions and Related Functions . 

MILTON ABRAMOWITZ 
13. Confluent Hypergeometric Functions 

LucY JoAN SLAT'ER 
14. Coulomb Wave Functions 

MILTON ABRAMOWITZ 
15. Hypergeometric Func1~ions 

FRITZ 0BERHETT.INGER 
16. Jacobian Elliptic Funetions a.nd Theta Functions 

L. M. MILNE-THOMSON 
H . Elliptic Integrals . . . . . . . . . . . . 

L. M. MILNE-THOMSON 
18. Weierstrass Elliptic alld Related Functions . 

THoMAs H. Soml'lLUU> 
19. Parabolic Cylinder Functions . . . . . . . 

J. c. P. MILLER 

Page 
m 
v 

IX 
1 

5 

9 

65 

227 

253 

295 

331 

355 

435 

479 

495 -

503 

537 

555 

567 

587 

627 

685 

vn 



VIII 

20. Mathieu Functions . . . . 
GERTRUDE BLANCH 

21. Spheroidal Wave Functions. 
ARNoLD N. LowAN 

22. Orthogonal Polynomials . . 
URs W. HocHSTRASSER 

CONTENTS 

23. Bernoulli and Euler Polynomials, :Riemann Zeta. Function 
E~ILIE V. lli YNSWORTH and KA.RL GoLDBERG 

24. Combinatorial Analysis . . . . . . . . . . . . . . . 
K. GOLDBERG, M. NEWMAN and E. HA YNS'WORTH 

25. Numerical Interpolation, Differen1~iation and Integration . 
PH1LIP J. DAvrs and I vAN ]PoLoNsKY 

26. Probability Functions . . . . . . . . . . . . 
MARVIN ZELEN and N ORMAJ~ C. SEVERO 

27. Miscellaneous Functionl'; . . 
IRENE A. STEG UN 

28. Scales of Notation . . . . 
S. PEAVY a.nd A. ScHOPF 

29. Laplace Transforms . 
Subject Index . . 
Index of Notations ... 

Page 
721 

751 

771 

803 

821 

875 

925 

997 

1011 

1019 
1031 
1044 



Handbook of Mathematical Functions 

with 

Formulas, Graphs, and Mathematical Tables 
Edited by Milton Abra.mowitz and Irene A. Stegun 

I. Introduction 

The present Handbook has been designed to 
provide scientific investigators with a compre­
hensive and self-contained summary of the mathe­
matical functions that arise in physical and engi­
neering problems. The well-known Tables of 
FUnct.ions by E . Jahnke and F . Emde has been 
invaluable to workers in these fields in its many 
editions' during the past half-century. The 
present volume extends the work of these authors 
by giving · more extensive and more accurate 
numerical tables, and by giving larger collections 
of mathematical properties of the tabulated 
functions. The number of functions covered has 
also been increased. 

The classification of functions and organization 
of the ohapte~ in this Handbook is similar to 
that of An Index of Mathematical Table! by 
A. Fletcher1 J . 0. P. Miller; and L . Rosenhead.2 

In general, the chapters contain numerical tables, 
~raphs, polynomial or rational approximations 
for automatic compu.ters, and statements of the 
principal mathematical properties of the tabu­
lated functions, particularly those of computa-

tiona! importance. Many numerical examples 
are given to illustrate the use of the tables and 
also the computation of function values which lie 
outside their range. At the end of the text in 
each chapter there is a short bibliography giving 
books and papers in which proofs of the mathe­
matical properties stated in the chapter may be 
found. Also listed in the bibliographies are the 
more important numerical tables. Comprehen­
sive lists of tables are given in the Index men­
tioned above, and current information on new 
tables is to be found in the National Research 
Council quarterly Mathematics of Computation 
(formerly Mathematical Tables and Other Aids 
to Computation). 

The mathematical notations used in this Hand­
book are those commonly adopted in standard 
texts, particularly RigLer Transcendental Func­
tions, Volumes 1-3, by A. Erd6lyi, W. Magnus, 
F . Oberhettinger· and F. G. 'l'ricomi (McGraw­
Hill, 1953-55). Some alternative notations have 
also been listed. The introduction of new symbols 
has been kept to a minimum, and an effort has 
been made to avoid the use of conflicting notation. 

2. Accuracy of the Tables 

The number of significant figures given in each 
table has depended t o some extent on the number 
available in existing tabulations. There has been 
no attempt to make it uniform throughout the 
Handbook, which would have been a costly and 
laborious undertaking. In most tables at least 
five significant figures have b.een providedh and 
the taoulai intervals have generally been c osen 
to ensure that linear interpolation Will yield. four­
or five-figure accuracy, which suffices in most 
physical applications. Users requiring higher 

' Tha most ~nt, the IIlith. wtth F. Loesch added aa co-autbor, waa 
publlahed In 1960 by McOraw·Hfil, U .S.A., and Teubner, Oerxnany. 

• Tbe eeoond adiUon. v.·ltb L. J. Comrie added u co-autbor.l 10'118 publ1abed 
In two volamea In 1962 by Addlson·Wesley, 'U.S.A., and ttcl811tlllc Com· 
'PUtlntl Ben1ce Ltd., Great Britain. 

precision in their interpolates may obtain them 
by use of higher-order interpolation procedures. 
described below. 

In certain tables many-figured function values 
are given a.t irregular intervals in the argument. 
An example is provided by Table 9.4. The pur­
pose of these tables is to furnish ''key values" for 
the checking of .Programs for automatic computers; 
no question of mterpolation arises. 

The maximum end-figure error, or "tolerance" 
in the tables in this Handbook is '{o of 1 unit 
everywhere in the case of the elementary: func­
tions, a.nd 1 unit in the case of the higher functions 
except in a few cases where it has been permitted 
to rise to 2 units. 



X INTRODUCTION 

3. Auxiliary Functions and Arguments 

One of the objects of this Handbook is to pro­
vide tables or computing methods which enable 
the user to evaluate the tabulated functions over 
compleLe ranges of real values of their parameters. 
In order to achieve this object, frequent use has 
been made of auxiliary functions to remove the 
infinite part of the original functions at their 
singularities, and auxiliary arguments to cope with 
infinite ranges. An example will make the pro­
cedure clear. 

The exponential integral of positive a.tgument 
is given by 

Ei(x)= -du f r e" 
-a>'U 

The logarithmic singularity precludes direct inter­
polation near z=O. The functions Ei(z)-ln x 
and z-'[Ei(x)-ln :r;-'Y], however, are well­
behaved and readily interpola.ble in this region. 
Either will do as an auxiliary function; the latter 
wa.s· in fact selected as it yields s1ightly higher 
accuracy when Ei(z) is recovered. The function 
z-1lEi{x)-ln Z-'Y] has been tabulated to nine 
decimals for the range 0 5z5!. For ! 5:z:.52, 
Ei(z) is sufficiently well-behaved to admit direct 
tabulation, but for larger values of z, its expo­
nential character predominates. A smoother and 
more readily interpola.ble function for Ja.rge x is 
u-"Ei(x) i this has been tabul&ted for 2 5:z: 510. 
Finally, the range 10 5z5co is covered by use of 
the inverse argument z-1

• Twenty-Qne entries of 
u-"Ei(z), corresponding to z-1= .1( -.005)0, suf­
fice to produce an interpolable table. 

4. Interpolation 

The tables in this Handbook are not piovided 
with differences or other a.id.s to interpolation, be­
cause it was felt that the space they require could 
be better employed by_: the tabulation of additional 
functions. Admittedly aids could have been given 
without consuming extra space by increasing the 
intervals of tabulation, but this would have con­
flicted with the requirement that linear interpola­
tion is accurate to four or five figures. 

For applications in which linear interpolation 
is insufficiently accurate it is · intended that 
Lagrange's formula or Aitken's method of iterar 
tive linear interpolation 3 be used. To help the 
user, there is a statement at the foot of most tables 
of the muimum error in a linear interpolate, 
and the number of function values needed in 
Lagrange's formula or Aitken's method to inter­
polate to full tabular accuracy. 

As an example, consider the following extract 
from. Table 5.1. 

:z: xe=Et(:z:) X xe•Et(:z:) 
7. 5 . 89268 7854: 8.0 . 89823 7113 
7. 6 . 89384 6312 8. 1 . 89927 7888 
7. 7 . 89497 9666 8. 2 . 90029 7306 
7. 8 . 89608 8737 8. 3 . 90129 60"3 
7.9 . 89717 4302 8. 4 . 90227 4695 

The numbers in the square brackets mean that 
the maximum error in a linear interpolate is 
3 X w-e, and that to interpolate to the full tabular 
accuracy five points must be used in Lagrange's 
and Aitken's methods. 

1 A. C. Aitken On 1ntert>olatlon by l~tlon of proportional parts, wttb· 
oat tho use of dliloerences, Proo. Edlnbd.r&b Math. Boo. s, a&-16 (1932) . 

Let us suppose that we wish to comJ?ute the 
value of u"E1(x) for x=7.9527 from this table. 
We descnoe in turn the application of the methods 
of linear interpolation Lagrange and Aitken, and 
of alternative methods based on differences and 
Taylor's series. 

(l) Linear interpolation. The formula for this 
process is given by 

} 11= (1-p)Jo+Pft 

where j 0, f 1 are consecutive tabular values of the 
function, corresponding to arguments :to, z., re­
spectively; p is the given fraction of the argument 
interval 

p= (z-zo)/(xt-Xo) 

and f 11 the required interpolate. In the present 
instance, we have 

fo=.89717 4302 p= .527 

The most convenient way to evaluate the formula 
on a desk calculating machine is to set fo and f• 
in "turn on the keyboard, and carry: out the mul~l­
plications by 1-p a?dj cumulattvely i a.. part~al 
check is then ~Vlde by the multtplier dial 
reading unity. We obtain 

f.m= (1-.527)(.89717 4302) + .527(.89823 7113) 
= .89773 4403. 

Since it is known that there is a possible error 
of 3 X w-e in the linear formula, we round off this 
result to .89773. The maximum possible error in 
this answer is composed of the error committed 
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by the last rounding1 that is, .4403 X I0-6, plus 
3Xl0-e, and so certainly cannot exceed .8X l0- 5• 

(2) Lagrange's formula.. In this example, the 
relevant formula is the 5-point one, given by 

f= A - 2(p)f- 2+A-t(p )j - t + ~(p )fo+ At (p ).ft 
+A~(p)f2 

Tables of the coefficients A~(p) are given in chapter 
25 for the range p=O(.Ol)l. We evaluate the 
formula for p= .52, .53 and .54 in tum. Again, 
in each evaluation we accumulate the At(P) in the 
multiplier register since their sum is unity. We 
now have the following subta.ble. 

2: zt"E1(z) 

7.952 .89772 9757 
10622 

7.953 . 89774 0379 -2 
10620 

7.954 .89775 0999 

The numbers in the third and fourth columns are 
the first and second d.iff~ences of the values of 
x~Et (x) (see below) i the smallness of the second 
difference provides a check on the three interpola­
tions. The required value is now obtained by 
linear interpolation : 

fp=.3(.89772 9757)+.7(.89774 0379) 

= .89773 7192. 

In cases where the correct order of the Lagrange 
polynomial is not known, one of the preliminary 
mterpolations may have to be performed with 
polynomials of two or more different orders as a. 
check on their adequacy . 

(3) Aitken's method of iterative linear interpola­
tion. The scheme for carrying out this process 
in the present example is as follows: 

n z. y,.=:u•Et(z) Yo," l/0, 1, " l/0,1,2.• Yo.1.2,1." z,.-z 
0 8.0 . 89823 7113 . 0473 
1 7. 9 . 89717 4302 . 89773 44034 - . 0527 
2 8.1 . 89927 7888 . 89714 48~~64 . 89773 71499 . 1473 
3 7. 8 . 89608 8737 
4 8.2 . 90029 7306 
5 7. 7 . 89497 !)666 

Here 

1 lt/0 '1/o,,.=z.-zoy,. zo-z~ 
:z;,.-:t 

1 11/0,1 
Yo .. ... =~ 'I/ 

.. " •1 o •• 

1 ll/0,1. • • .. wo-1.• 
1/o, 1, . . .... -~. ..... =z-=;- ., 

" "".-0,1, • • •• m-l ,tt 

7 9m~2o 
4 98n3 
2 35~!21 

x,.-:z:l 
x,.-x 

If the quantities z,.-z and Z171-z are1 used as 
multipliers when forming the cross--prod uot on a 
desk machineLtheir accumulation (z" -z) ·- (zfft- z) 
in the multiplier register is the divisor to be used 
at that stage. An extra decimal place is usually 
carried in the intermediate interpolates to safe­
guard against accumulation of rounding errors. 

The order in which the tabular values are used 
is immaterial to some extent, but to achieve the 
maximum rate of convergence and at 1~he same 
time minimize accumulation of roundin.g errors, 
we begin, as in this example, with tht~ tabular 
argument nearest to the given a.rgume1nt, then 
take the nearest of the remaining tabular argu­
ments, and so on. 

The number of tabular values required to 
achieve a given precision emerges naturally in 
the course of the Iterations. Thus in th•e present 
example six values were used, even though it was 
known in advance that five would suffice. The 
extra row confirms the convergence and provides 
a. valuable check. 

(4) Difference formulas. We use th•a central 
difference notation (chapter 25), 

2394 . 89773 71938 -. 1527 
1216 16 89773 71930 '2473 
2706 43 30 -. 2527 

:to /o 
~flit 

a•J, x, / I 
llfal2 o'f•n. 

:e, ,, Olfs "*~• 
5/a/2 "'~•12 

xa fa ll'/1 
_6/rn 

x, /. 
Here 

llfth =ft-Jo, 6fal2= f,-ft, · · • , , 
tl!l=llfal3-6ftt2=f,-2ft+fo 

5'fal2=a'f2-6'ft=h-3h+3J, - fo 
6•f2=61ftn-ll~al2=f•-~s+6h-4f1+fo 

and so on . 
. In the presen~ example the relev_ant part of ~he 

difference table IS a.s follows, the differences bemg 
written in units of the last decimal place of the 
function, as is customary. The smallness of ~he 
high differences provides a check on the ftmct1on 
values 

x ze"E1(x) 
7. 9 . 89717 4302 
8. 0 . 89823 7113 

ll'f 
-2 2754 
-2 2036 

TN 
- 34 
- 39 

Applying, for example, Everett's interpolation 
formula 

fp= (l - p)fo+Es(P)6'fo+E,(pWfo+ · · · 
+Pf1+ Fs(p)41f,+ F,(p}6'f, + 

and taking the numerical values of the interpola~ 
tion coefficients E 2(p), Ef('P) , F2(p) and F.(p) 
from Table 25.1, we find tlia.t 



ll'I'J:nu11Ul:1'.1U.l'l 

10°/.&27= .4:73 (89717 4302) + .061196(2 2754)- .012(34) 
+ .527(89823 7113) + .063439(2 2036) - .012(39) 

= 89773 7193. 

We may notice in passing that Everett's 
formula shows that the error in a linear interpolate 
is approximately 

E,(p)62/o+ F2(p)6'j, ~i[E,(p) + F,(p)J[6'/o+cl2!J] 

Since the maximum value of jE2(p)+F2(p)! in the 
range O<P< 1 is %, the maximum error in a linear 
interpolate is approximately 

1
1
6 l8'/o+cl2/d, that is, : 6 1/J-f, - fo+ / -1l· 

(5) Taylor's series. In cases where the succes­
sive derivatives of the tabulated function can be 
computed fairly easily, Taylor's expansion 

f (:r.) = f (xo)+ (a:-:z:o) J'(:z:o) + (:z:-:z:0)2/" (:z:o) 
11 2! 

+ (:~;-xo)•f"'(:z:o) + 
31 

can be used. We first compute as many of the 
derivatives j<"> (Xo) as are significant, and then 
evaluate the series for the given -value of x. 
An advisable check on the computed -values of the 
derivatives is to reproduce the adjacent tabular 
values by evaluating the series for z=x-1 a.nd z1• 

In the present example, we have 

f(x~=xt"Et (x) 

!" :c = (1+ a:-1)f'(x) - :z:-2/ (:c) 
f'~z = (1 +x- 1)f(:c) - 1 

f''' :c)= (1 +x-l)j " (:r;)- '};x-!j l (X)+ Z,X-Ij(:z:) . 

With Xo=7.9 and x-:~:o=.0527 our computations 
are as follows; a.n extra decimal has been retained 
in the values of the terms in the series to safeguard 
against accumulation of rounding errors. 

k Jli>(zo)/kl (:z:-:c0) lfCll(xo)/kl 
0 .89717 4302 .89717 4302 
1 .01074 0669 .00056 6033 3 
2 - .00113 7621 - .00000 3159 5 
3 .00012 1987 .00000 0017 9 

.89773 7194 

5. Inverse Interpolation 

With linear interpolation there is no difference 
in principle between direct and inverse interpola­
tion. In cases where the linear formula provides 
a.n insufficiently accurate answer, two methods are 
available. We may interpolate directly, for 
example, 'by Lagrange's fonnula to prepare a new 
table at a. fine interval in the neighborhood of the 
approximate value, and then apply accurate 
inverse linear interpolation to the subta.bula.ted 
values. Alternatively, we may use Aitken's 
method or even possibly the Taylor's series 
method, with the roles of function and argument 
in tercha.nged. 

It is important to realize that the accuracy of 
an inverse interpolate may be very different from 
that of a direct interpolate. This is particularly 
true in regions where the function is slowly 
varying, for example, near a. maximum or mini­
mum. The maximum precision attainable in an 
inverse interpolate can be estimated with the aid nf 
the formula 

&;~6J/fx. 
in which 6j is the maximum possible error in the 
function v8J.ues. 

Example. Given z~El(z) =.9, find :rJ from the 
table on page X. 

(i) Inverse linear interpolation. The formula. 
for pis 

p = (fp-fo) /{jl- fo) · 

In the present exl!.lllple, we have 

.9- .89927 7888 72 2112 
p=.90029 7306-.89927 7888 101 9418 ·708357. 

The desired z is therefore 

a:= :r.o+p(Zt-Xo) = 8.1+.708357(.1) =8.17083 57 

To estimate the possible error in this answer, 
we recall that the maximum error of direct linear 
interpolation in this table is 6f= 3X 10--e. An 
approximate value for dffdx is the ratio of the 
first difference to the argument interval (chapter 
25), in this case .010. Hence the maximum error 
in z is approximately 3X l0-e/(.010), that is, .0003. 

(ii) Subta.bulation method. To improve the 
approximate value of x just obtained, we inter­
polate directly for p=.70, .71 and .72 with the aid 
of Lagrange's 5-point formula., 

:c xe><E1(:z:) 4 62 
8. 170 . 89999 3683 

1 0151 
8. 171 . 90000 383~ - 2 

1 0149 
8. 172 '90001 3983 

Inverse linear interpolation in the new: table 
gives 

=.9-.89999 3683 6223 
p .00001 0151 . 

Hence x=8.17062 23-. 

.An estimate of the maximum error in this result 
is 

l:ij/ df ~ 1 X lO- D 1 X lO- T 
dx .010 

(iii) Aitken's method. This is carried out in the 
same manner a.s in direct interpolation. 
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n y,.=u~E,(x} ::&,. ::r:o,ft :Z:O.t ... 
0 . 90029 7306 8.2 
1 . 89927 7888 8.1 8. 17083 5712 
2 . 90129 6033 8. 3 8. 17023 1505 8. 17061 9521 
3 . 89823 7113 8.0 8. 17113 8043 2 5948 
4 . 90227 4695 8. 4 8. 16992 9437 1 7335 
5 . 89717. 4302 7. 9 8. 17144 0382 2 8142 

The estimate of the maximum error in this 
result is the same as in the subtabulation method. 
An indication of the error is a.lso provided by the 

::r:o.a .s ... :l:o.a.u ... y,.-y 
. 00029 7306 

-. 00072 2112 
. 00129 6033 

8. 17062 2244 - . 00176 2887 
415 8. 17062 2318 . 00227 4695 
231 265 -. 00282 5Cfl8 

discrepancy in the highest interpolates, in this 
case Xo.u.3..4. a.nd ~.1.1.3.5· 

6. Bivariate Interpolation 

Bivariate interpolation is genera.ll;r most simply 
performed as a sequence of univanate interpola­
tions. We carry out the interpolation in one 
direction, by one of the methods already described, 
for several tabular values of the second argument 
in the neighborhood of its given value. The 
interpolates are differenced as a. check, a.nd 

interpolation is then carried out in the second 
direction. 

An alternative procedure in the case of functions 
of a complex va.nab)e is to use the Taylor's series 
expansion, provided that successive derivatives 
of the function can be computed without much 
difficulty. 

7. Generation of Functions from Recurrence Relations 

Many of the special mathematice.l functions 
which depend on a. parameter, called their index, 
order or .degree, satisfy a linear difference equa­
tion (or recurrence relation) with respect to this 
parameter. Examples are furnished by the Le­
gendre function. P.(z), the Bessel function J,.(z) 
and the exponential integral E,.(z) 1 for which we 
have the respective recurrence relations 

(n+ 1)P,.+1- (2n+ l ):z:P.+nP_.1=0 

2n J,.+,--J,.+J,.- a=O 
% 

nE-+a+xE,.= e- •. 

Particularly for automatic work, recurrence re­
lations provide an important and powerful com­
puting tool. If the values of P"'(z) or J,.(x) are 
known for two consecutive va1uea of n, or E,.(x) 
is known for one value of n, then the function may 
be computed for other values of n by successive 
applications of the relation. Since generation is 
carried out perforce with rounded values, it is 
vital to know how errors may be propagated in 
the recurrence process. If the errors do not grow 
re)a.tive to the size of the wanted function, the 
process is said to be stable. If, however, the 
relative errors grow and will eventually over­
whelm the wanted function, the process is unstable. 

It is important to realize that stability may 
depend on (i) the particular solution of the differ­
ence equation being computed; (ii) the values of 
x or other parameters in the difference equation; 

(iii) the direction in which the recurrence is being 
a.pplied. Examples are as follows. 

Stability- increasing n 

P..,(r.) , P:(x) 

Q.(x), Q:(x) (z<l) 

Y,. (:z:} , K,.(r.} 

J--~(z}, 1--~(:z:) 

E,.(~) (n < z) 

Stability-decreasing n 

P,.(:z:}, P:(x) (z<l ) 

Q .. (:z:) , Q;:(x) 

J,.(z), T,.(:z;) 

J -+~(:t) I I t<+lf(:Z:) 

E,.(x) (n>.:t} 

F,.(fl , p) (Coulomb wave function) 

Illustrations of the generation of functions from 
their recurrence relations are given in the pertinent 
chapters. It is also shown that even in cases 
where the recurrence process is unstable, it may 
still be used when the starting values are known 
to sufficient accuracy. 

Mention must also be made here of a. refinement, 
due to J . C. P . Miller, which enables a. recurrence 
process which is stable for decreasing n to be 
applied without any knowledge of starting values 
for large n. Miller's algorithm, which is well­
suited to automatic work, is described in 19.28, 
Example 1. 
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2. Physical Constants and Conversion Factors 

The tables in this chapter supply some of the 
more commonly needed physical constants and 
::onversion factors.* 

The International System of Units (SI) 
established in 1960 by the General Conference 
of Weights and Measures under the Treaty of 
the Meter is based upon: the meter (m) for 
length, defined as 1 650 763.73 wave-lengths 
in vacuum corresponding to the transition 
2Pto- 5ds of krypton 86; the kilogram (kg) 
for mass, defined as the mass of the prototype 
kilogram at Sevres, France; the second (s) for 
time, defined as the duration of 9 192 631 770 
periods of the radiation corresponding to the 
transition between the two hyperfine levels of 
cesium 133; the kelvin {K) for temperature, 
defined as 1/273.16 of the thermodynamic tem­
perature of the triple point of water; the am­
pere {A) for electric current, defined a& the 
current which, if flowing in two infinitely long 
parallel wires in vacuo separated by one meter, 
would produce a force of 2 x 10-• newtons per 
meter of length between the wires; ~nd the 
candela (cd) for luminous intensity, defined as 
the luminous intensity of 1/600 000 square 
meter of a perfect radiator at the temperature 
of freezing platinum. 

All other units of SI are derived from these 
base units by. assigning the value unity to the 
proportionality constants in the defining equa­
tions (official symbols for other SI units appear 
in Tables 2.1 and 2.2). Taking 1/100 of the 

*See also "Preface to Ninth Prlot!Jlg," page llia and page II. 

meter as the unit for length and 1/1000 of the 
kilogram as the unit for mass gives rise simi­
larly to the cgs system, often used in physics 
and chemistry. 

SI, as it is ordinarily used in electromagne­
tism, is a rationalized system, i.e. , the electro­
magnetic units of Sl relate to the quantities 
appearing in the so-called rationalized electro­
magnetic equations. Thus, the force per unit 
length between two current-carrying parallel 
wires of infinite length separated by unit dis­
tance i'Yl vcLcuo is 2f = p.ni ~i~/4.,., where p.,, has 
the value 4.,. X 10-' H/m. The force between 
two electric charges in vacuo is corresponding­
ly given by f = q~q~f4.,.tur~, El• having the value 
1/~,c2, where c is the speed of light in meters 
per second. ((11~8.854 X 10-1 ~F /m) 

Setting ~· equal to unity and deleting 471" 
from the denominator in the first equation 
above defines the cgs-emu system. Setting t ., 

equal to unity and deleting 471" from t he de­
nominator in the second equation correspond­
ingly defines the cgs-esu system. The cgs-emu 
and the cgs-esu systems are most frequently 
used in the unrationalized forms. 

Table 2.1. Common Units and Conversion 
Factors, CGS System and SI 

SI CGS 
Quantity Name - Name Factor 

Force newton (N) dyne lOS 
Energy joule (J) erg 107 

Power watt (W) ·-···· ~--·~······ ·· ...... 107 

Table 2.2. Names and Conversion Factors for Electric and Magnetic Units 

sr emu esu emu-81 esu-SI 
Quantity name name name factors factors 

Current ampere ( A) abampere Statampere 10-1 - 3 X 10' 
Charge coulomb (C) abcoulomb statcoulomb 10- 1 -a >< to• 
Potential volt (V) abvolt statvolt 108 - (1/3) X 10-2 
Resistance ohm (O) abohm statohm lOn -(1/9)X 10-11 
Inductance henry (H) centimetel' ·····-··········· ... ····· 109 .-(1/9)X 10-11 
Capacitance farad (F) ........................ centimeter 10-9 -9 X 1011 
Magnetizing force A·m-1 oersted ························ 4:w X 10-a -s x to• 
Magnetomotive force A gilbert ......................... __ , .. 41r >< 10-1 -3/10~ 

Magnetic flux webe.r (Wb) maxwell ........... ....... -....... 108 ,...... ( 1/3) X 10-2 
Magnetic flux density tesla (T) gauss (G) ...................... ~· 104 - ( 1/3) X 10-6 
Electric displacement ......... ····· ·~ .-. .... • • • -~-- • •••• 4 •••••••••••• ························· 10· 5 - 3 X 105 

- - -
E.xample: If the value assigned to a current is 100 amperes its value in abamperes is 100 X lD-1 = 10. 
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The values of constants given in Table 2.3 are based on an adjustment by Taylor, Parker, and Langenberg, 
Rev. Mod. Phys. 41, p.375 (1969). They are being considered for adoption by the Task Group on Fundamental Con­
stants of the Committee on Data for Science and Technology, International Council of Scientific Unions. The uncer­
tainties given are standard errors estimated from the experimental data included in the adjustment. Where appli­
cable, values are based on the unified scale of atomic masses in which the atomic mass unit (u ) is defined as 1/ 12 of 
the mass of the atom of the 12C nuclide. 

0 

Table 2.3. Adjusted Values of Constants 

Constant Symbol 

Speed of light in vacuum ·······- ······· c 
Elementary charge ............................ e 

Avogadro constant ·····-·····--·--·--···· j N ,_ 
Atomic mass unit ............................ , u 
Electron rest mass - -·--··--····--······· m, 

I Proton rest mass .............................. i m, 

Neutron rest mass ··--·--······-······---· j m. . 

Faraday constant ------··----·---··----·! F 

Planck constant ................................ ! h 
-X · 

Fine structure constant ----····---·--- ~ 11 
11/ 11 

Charge to mass r~tio for electron.. elm. 

Quantum-charge ratio --·····--··-·. hie 

Compton wavelength of electron .... >.0 

Xo/211" 
Compton wavelength of proton .... Xo •• 

>.o .• l2 .. 
Rydberg constant ···--------------------· Roo 
Bohr radius ...................................... <Xo 

Electron radius ................................ "'· 
Gyromagnetic ratio of proton ........ -y 

'Y/2 .. 

(~~~;re-~~-~-~~~--~~~-~~~~: .... { ~:/2 .. 
Bohr magneton ......... -....................... p.a 

Nuclear inagneton -........ .................. "'" 
Proton moment --------·---------------------

(uncorrected for diamagnetism, 
H,O) ................................................ p.'Jp.w 

Gas constant ...................................... R 
Nonnal volume perfect gas ............ v. 
Boltzmann constant .......................... k 
First radiation constant (8 .. hc) .... c, 
Second radiation constant .............. c. 
Stefan-Boltzmann constant ............ 11 

Gravitational constant ---------------~ G 

Value 

2.997 925 0 
1.6021917 
4.803 250 
6.022169 
1.660 531 
9.109 558 
5.485 930 
1.672 614 
1.007 276 61 
1.674 920 
1.008 665 20 
9.648 6'70 
2.892 599 
6.626196 
1.054 5919 
7.297 351 
1.370 360 2 
1.758 802 8 
5.272 759 
4.135 708 
1.379 523 4 
2.426 309 6 
3.861592 
1.32144.0 9 
2.103139 
1.097 37312 
5.2917715 
2.817 939 
2.675196 5 
4.257 707 
2.675127 0 
4.257 597 
9.274 096 
5.050 951 
1.410 620 3 
2.792 782 

2.792 709 
8.314 34 
2.24136 
1.380 622 
4.992 579 
1.438 833 
5.669 61 
6.673 2 

Unit 
Uncer-----------------.--------------------­
tainty Systeme International 

t (SI) 

±10 
70 
21 
40 
11 
54 ; 
34 
11 ' 

8 
11 
10 
54 

Xl01 m/s 
10- lf c 

1013 
lQ-IT 

lO-S! 
10-4 

mol-l 
kg 
kg 
u 

lQ-27 kg 
10' u 
10-U kg 
10' u 

C/mol 

' 

16 ............... - ....................... . 
50 
80 
11 
21 
54 

lQ-H 

lQ-H 

10-1 
10' 
1011 

J. s 

Clkg 
16 ............................... ___ _ 
14 
46 
74 
12 
90 
14 
11 
81 
13 
82 
13 
82 
13 
65 
50 
99 
17 

17 
35 
39 
59 
38 
61 
96 
31 

1o-a J ·siC 

10-12 m 
10-13 m 
10-15 m 
10-a m 
10' 
10-11 m 
10-15 

108 

10' 
108 
10' 
10-14 

10-tf 
l0-11 

10• 

10° 
100 
10-1 

lO-U 
10-24 
lQ-' 
10-8 

10-11 

m 
rad• s-IT-1 
HziT 
rad • s-1T-1 

HuT 
J/T 
J/T 
J/T 

J • K-1 mol-1 

m3/mol 
J/K 
J •m 
m•K 
W·m-.sK-4 

N • m1/kg2 

Centimeter-gram-second 
(CGS) 

X101o 
10-20 

cm/s 

10-10 
1023 
10-1~ g 
lQ-18 g 
10-• 

cml/tgl/1 • 
ems/2gt/2s-l t 
mol-1 

u 
lQ-St g 
100 u 
lO-U g 
lOG u 
lOS 
1014 
lQ-IT 

l0-11 
lQ-3 

10! 
tor 
1017 
lQ-f 

10-H 
lQ-10 
1Q-11 

emt/ tgt/2nJol-1* 
emS/tgi/ ts-lmol-1 t 
erg· s 
erg• s 

emi/2/gl/2 • 
cm!/tg-I/2s-l t 
cmstzg1./2s-t • 
cm1./2gt/2 t 
em 
em 

10-13 em 
10-14 em 
105 cm-1 

lQ-11 

10-u 
104 

103 

to• 
103 
lQ-11 

to-•• 
lO-U 
10° 

100 
10' 
104 
10-18 

lQ-15 

100 
lQ-5 
lQ-8 

em 
em 
rad • s-1G-1 • 
s-1G-1 • 
rad • s-1G-1 • 
s-IG-1 • 
erg/G • 
erg/G • 
erg/G * 

erg • K- 1 mol- 1 

emS/mol 
erg/K 
erg · ern 
ern • K 
erg· c.m-2s-1K-4 
dyn • cm1/g' 

~Based on 1 std. de¥; applies to last digits in preceding column. *Electromagnetic system. tElectrostatic system. 
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Table 2.4. Miscellaneous Conversion Factors 

Standard gravity, go 
Standard atmospheric pressure, Po 

1 thermodynamic calorie,~ calc 
1 IT calorie2, cal, 
1 liter, 1 
1 angstrom unit, A 
1 bar 

1 gal 

1 astronomical unit, AU 
1 light year 
1 parsec 

= 9.806, 65 meters per second per second* 
= 1.013 25 X 10~ newtons per ·square meter• 
= 1.013 25 X 10° dynes per square centimeter* 
= -1.1840 joules* 
= 4.1868 joules* 
= 10-a eubic meter* 
= 10-10 meter* 
= 105 newtons per square meter* 
= 108 dynes per square centimeter• 
= 10-~ meter per second per second* 
= 1 ce1Jltimeter per second per second* 
= 1.496i X ton meters 
= 9.46 X 1015 meters 
= 3.08 :x 1016 meters 
= 3.26 light years 

1 curie, the quantity of radioactive material undergoing 3.7 X 101 0 disintegrations per second*. 
1 roentgen, the exposure of x- or gamma radliation which produces together with its secondaries 

2.082 X 1011 electron-ion pairs in O.OD12913 gram of air. 

The index of refraction of the atmosphe~re for radio waves of frequency less than 3 X 1010 Hz 
is given by (n- 1)108 = (77.6/t) (p + 4810e/ t), where n is the refractive in4ex; t, temperature 
in kelvins; p, total pressure in millibars; e, water vapor partial pressure in millibars. 

Factors for converting the customary United Geodetic constants for the international 
States units to units of the met ric system are (Hayford) spheroid are given in Table 2.6. 
given in Table 2.5. The gravity values are on the basis of the re­

Table 2.5. Factors Cor Converting Customary 
U.S. Units to Sl Units 

1 yard 
1 foot 
1 inch 
1 statute il!lile 
1 nautical mile (inter­

national) 
1 pound (avdp.) 
1 oz. (avdp.) 
1 pound force 
1 slug 
1 poundal 
1 foot pound 
Temperature 

(Fahrenheit) 
1 British thermal unit3 

0.914 4 meter* 
0.304 8 meter* 
0.025 4 meter* 
1 609.344 meters* 
1852 meters* 

0.453 592 37 kilogram* 
0.028 349 52 kilogram 
4.448 22 newtons 
14.593 9 kilograms 
0.138 255 newtons 
1.355 82 joules 
32 + (9/ 5) Celsius 

temperature* 
1055 joules 

1 Used principally by chemists. 
!I Used principally by engineers. 

vised Potsdam value. They are about 14 parts 
per million smaller than previous values. They 
are calculated for the surface of the geoid by 
the international formula. 

Table 2.6. Geodetic Constants 

a = 6 378 388m; f = 1/ 297; b = 6 356 912 m 

Latitude 
Length of 

1' of 
Length of 

1' of g 
longitude latitude 

Meters Metef's mls• 
oo 1855.398 1842.925 9.780 350 

15 1792.580 1844.170 9.783 800 
30 1608.174 1847.580 9.793 238 
45 1314.175 1852.256 9.806154 
60 930.047 1856.951 9.819 099 
75 481.725 1 860.401 9.828 593 
90 0 1861.666 9.832 072 

3 Various definitions are given for the British therma 1 unit. This represents a rounded mean value differing 
from none of the more important definitions by more than 3 in 10•. 

* Exact value. 
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3. Elementary j~alytical Methods 

3.1. Binomial Theorem and Binomial Coeffil­
cients; Arithmetic and Geometric Progre!l­
sions; Arithmetic, Geometric, Harmonic and 
Generalized Means 

Binomial Theorem 
3.1.1 

(a+b)"=a"+(~) a"- 1b+G) a"-2b2 

+(~) a"-3b3+ 0 • 0 +b" 

(n a positive integeJr) 

Binomial Coefficients (see chapter 24) 
3.1.2 

(n)- 0 n(n-1) 0 0 0 (n-k+l) 
* k -,. " k! 

n! 
(n-:-k)lk! 

3.1.3 (~)=(n n k)=(-J)kck-~-1) 

3.1.4 (ntl)=(~)+(k n 1) 

3.1.5 (~)=(:)=1 

3.1.6 t+(~)+(~)+ . 0 0 +(:)=2" 

3.1.7 1 -(~)+(;)- 0 •• +(-I)" (:)=o 
Table of Binomial Coefficients(~) 

3.1.8 

~k 0 1 2 3 4 5 6 7 8 9 10 11 

~ - -
l2 

1_ ___ 1 I 2 ____ 1 2 ] 
3 ____ 1 3 3 1 
4_ _ __ 1 4 6 4 1 5 ____ 

1 5 10 10 5 1 6 __ __ 1 6 15 20 15 6 l 

7_ ___ 1 7 21 35 35 21 7 1 
g __ __ 1 8 28 56 70 56 28 8 1 
g __ __ l 9. 36 84 126 126 84 36 9 l 

10 ____ 1 10 45 120 210 252 210 12Q 45 10 1 
n _ --- 1 11 55 165 330 462 462 330 165 55 11 1 
12 __ __ 1 12 66 220 495 792 924 792 495 220 66 12 

For a more extensive table see chapter 24. 

• See page IL 

10 

3.1.9 

Sum of Arithmetic Progression tO n Terms 

a+(a+d)+(a+ 2d)+ 0. 0 +(a+(n-l)d) 
1 n ( =na+ 2n(n-l)d= 2 a+l), 

last term in series=Z=a+(n-1)d 
Sum of Geometric Progression to n Terma 

lim Sn=a/(1-r) 
fi-+CIO 

Arithmetic Mean of n Quant ities A 

Geometric Mean of n Quantities G 

Jlarmonic Mean of n Quantities H 

(a~r.>O,k=1 ,2, .. . ,n) 

Generalized Mean 

3.1.14 M (t)= .!. t at ( )

I ll 

n t•l 

3.1.15 M(t)=O(t<O, some at zero) 

3.1.16 lim M (t)- max. (a1, ~2, . 0 ., a,)=ffillXo a 
1.--t<» 

3.1.17 lim M(t)=rnino 
1-t-cm 

3.1.18 limM(t)=G 
I-tO 

3.1.19 M(1)=A 

3.1.20 M (-l )=H 

3.2. Inequalities 

R elation Between Arithmetic, Geometric, Harmonic 
and Gene ralized Means 

3.2.1 

A'i G~H, equality ii and only if a1=a2= 0 • 0 =an 

3.2.2 min. a<M (t)<max. a 
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3.2.3 min. a< G<max. a 

equality holds if all a~ are equal, or t<O 
and an a.~: is zero 

3.2.4 M (t)<M(s) if t<s unless all a.~; are equal, 
or s<O and an a.~: is zero. 

Triangle Inequalities 

3.2.5 

3.2.6 

Chebyshev's Inequality 

If ll:!~a2~aa~ ... ~a .. 

b1~b2~bs~ ... ~b,. 

Bolder's Inequality for Sums 

l 1 
If -+-=1 p>I n> l p q I I 1 

equality holds if and only if lb.~:l=cl a.~: l11-1 (c=con­
sta.nt> O). If p=q=2 we get 

Cauchy's Inequality 

b~ (equality for a.~:=cb., 

Bolder's Inequality for Integrals 

If !+!=1, p>l, q>l p q 

3.2.10 

i b lf(x)g(x)jdx~[.[blf(x) l~'dx J 11"[ib lg(x)lqdx J 11q 

equality holds if and only if jg(z)l=clflx}lll-1 

(c=constant>O). 
If p=q=2 we get ' 

Schwarz's Inequality 
3.2.11 

[ib j(x) g(x)dx J z ~ ib [j(x) ]2dx io [g(x)l2dx 

Minkowski's Inequality for SUIDB 

If P>~ and a~;, b1>0 for all k, 

3.2.12 

equality holds if and only if b~c=ca" (c=con­
stant>O). 

Minkowski's Inequality for Integrals 

If P> l , 

3.2.13 

( fb ) 1111 ( f b )''~' Ja IJ(x)+g(x)j~'dx ~ Ja IJ(x)j~'dx 

( ro )1/J> + Ja jg(x) l11dx 

equality holds if and only if g(x) =cf(x) (c=con­
stant>O). 

3.3. Rules for Di:fferentiation and Integration 
Derivatives 

3.3.1 
d du 

dx (cu) = c dx, c constant 

3.3.2 
d du dv 

dx (u+v)= dx + dx 

3.3.3 
d dv du 

dx (uv) =u dx + v dx 

3.3.4 
d vd1.t/dx-udv/dx 

dx (u/v) vz 

3.3.5 
d dudv 
-u(v)=--
dx dv dx 

3.3.6 d (v du dv) - (u•) =u• - - + ln u-
dx u. dx dx 

Leibniz's Theorem for Differentiation of an Integral 

3.3.7 

d f. b(c) 
de 

j(x, c)dx 
a(c) 

f.
O(c) () db da 

= ()cj (x, c)dx+ j (b, c) de - f (a, c) de 
4(C) 
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Leibniz's Theorem for Differentiation of a Product The following formulas are useful for evaluating 

3.3.8 f P (x)dx h P( ) . . 1 · ft 1 d 
(ax2+bx+c)" w ere x lB a po ynorntru an 

d" d"v. (n) d"-1u dv (n) d"-2u d'lv 
dx" (v.v)= di" v+ 1 dx"- 1 dx + 2 dx"- 2 dx2 n>1. is an integer. 

3.3.9 

3.3.10 

3.3.11 

(n) an-'u d'v d"v 
+ · · · + r dx"-' dx'+ · · · + u dx" 

dx=lf!l 
dy dx 

a:ax =-[d}y dy _ 3 (d}y)~ (dy)-6 
d'!/ dx! dx dx2 J dx 

Integration by Parts 

3.3.16 

f dx 2 2ax+ b 
(a:lf+bx+c) (4ac-b2)t arctan (4ac-b2)t 

3.3.17 

3.3.18 

3.3.19 

(b2- 4ac<O) 

1 12ax+ b- (b2- 4ac)41 
(b2- 4ac)t In 2ax+b+ (b2-4ac)t 

-2 
2ax+b 

(b2- 4ac>O) 

f xdx 1 2 bJ dx 
ar+bx+c 2a ln lax + bx+c1-2a ax2+bx+c 

3.3.12 J udv=uv-J vdu 3.3.20 

f dx 1 1 lc+dxl 

3.3.13 J uvdx=(J udx) v-J (Judx) ~~ dx 

(a+bx) (c+dx)= ad-be 
0 

a+bx 

Integrals of Rational Algebraic Functions 

(Integration constants are omitted) 

3 3 1 f( +b)"d (ax+ b)"H 
.. 4 ax x a(n+l) 

3.3.15 f dx 1 I 
J ax+b=a;ln ax+bl 

(n~-1) 

3.3.21 

3.3.22 

3.3.23 

Integrab of Irrational Algebraic Functions 

3.3.26 . f dx 2 c -d(a+bx)] 1
'
2 

[(a+bx) (c+dx)]112 (-bd)ll2 arctan b(c+dx) (bd<O) 

3.3.27 -1 . (2bdx+ad+bc) 
(-bd)li"Z arcsm be-ad (b>O, d<O) 

3.3.28 = (~ 112 ln i[bd(a+bx)]l12+b(c+dx)113
1 (bd>O) 

3.3.29 f dx 2 [ d(a+bx)J
1
'
2 

(a+bx) 112(c+dx) ld(bc-:-ad) ]112 arctan (be-ad) (d(ad-bc)< O) 

(ad~bc) 

3.3.30 1 ld(a + bx) 1
'

2-[d(ad-bc)l1
'

2
1 

[d(ad-bc))l'2 ln d(a+bx)1' 2+[d(ad-bc)Jl12 
(d(ad- bc)>O) 



3.3.31 

J [(a+ bx) (c+fk)]'12dx 

(ad-bc)~~b(c+dx) [(a+bz) (c+dx)]ll~ 

(ad-bc)2 J dx 
8bd [(a+bx)(c+d~~)]ll2 

3.3.32 

J[c+dx] 1
' 2 1 

a+bx dx=b [(a+bx)(c+dx)]ll2 

3.3.33 

3.3.34 

3.3.35 

3.3.36 

3.3.37 

3.3.38 

(ad-be) J dx 
2b [(a+bx)(c+d~~)P" 

' 
_ _ - 112 inh (2ax+b) 
-a arcs (4ac-b2)112 

(a>o, 4ac>b'2) 

=a-112 ln /2ax+bl (a>O, b2=4ac) 

= _ (-a) _112 a.rcsin (2ax+ b) 
(52-4ac)l"2 

(a<O, b2>4ac, j2ax+bl<(b2-4(l.(:)I12) 

f dx J dt x(ax2+bx+C)l1~ - (a+bt+ ct2) 112 where t==l/x 

3.3.39 

f xck 
(ax2+ bx+o) 1

'
2 

. I 

·: .. c!. (a~+bx+c)l()_i_ J - dx 
1~ 2a (ax2+bx+c)112 

3.3.40 J (x2~aZ)~ ln lx+(x2±a2)i/ 

3.3.41 

3.3.43 

3.3.44 

3.3.45 

3.3.46 

3.3.47 

3.3.48 

3.3.49 

f dx 1 a . -arccos­
x(x2-a2)t a x 

f dx . x-a 
(2ax-x2)t=arcsm a 

f dx 
(ax2+b)(cx2+d)t 

1 . x(ad-bc)l 
[b(ad-bc)]t arctan [b (cx2+d)]t 

3.3.50 

1 ln l[b(cxa+d)Ji+x(bc-ad)ll 
2{b(bc-ad)]i [b(cx2+d)]l-x(bc-ad)i 

(bc>ad) 

3.4. Limits, Maxima and Minima 

Indeterminate Forms (L'Hoapital'a .Jlul,e) 

3.4.1 Let j(x) and g(x) be differentiable on an 
interval a~x<b for which g'(x)~O. 

If 
limj(x)=O and lim g(x)=O 

r-+b- Hb-

or if 
lim.j(x)= a:> and lim g(x)= CD 

~~- ~-

and if 

lim 1', (x) =l then lim j(x) =l. 
x~- g (x) Hb- g(x) 

Both b and l may be finite or infinite. 
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Maxima and Minima 

3.4.2 (1) Functi<Jns of One Variable 
The function y j(x) has a marimum at :z:=:z:o 

ii j'(x0)=0 and j"(x0)<0, and a minimum at 
:L=Xo if f'(Xo)=O and f"(xo)>O. Points x1D for 
which f' (x0) = 0 are called stationary points. 

3.4.3 (2) Functions of Two Variables 
The functionj(x, y) has a maximum or minimum 

for those values of (x0, y0) for which 

. J o2ff?>x()y and for which ?.fj/b?f 

(~) j(x,y) has a maximum 

3.5.8 

3.5.9 

3.5.10 

3.6.1 

Approximate Valuee 

(a+b)~~aAl+ka1-1b 

(1 +t)(l +?]) ~1+E+TJ 

l + E 
l +7] ::.::l +E-"7 

3.6. Infinite Series 

Taylor's Formula for a Single Variable 

j(x+h)= j(x) +hf'(x) +~;j''(x) 

. ?>2j ()2_/ 
1f ?>:z:l<O and ()y2<0 at (xu, Yo), 3.6.2 

(b) j(x, y) has a minimum 

• ()2_/ ()Zj 
ii ?>r>O and ()y2>0 at (xo, Yo). 

3.5. Absolute and Relative Errors 

(1) If Xo is an approximation to the true v-alue 
of x, then 

3.5.1 (a) the absolute error of Xo is ilx=x:0-x, 
x-:z:o is the correction to x. 

3.5.2 (b) the relative error of x0 is ox=.:lx ::.::~~ 
X ;:z;0 

3.6.3 

3.6.4 

h/' fl (1-t)"- 1jC">(x+th)dt 
(n-l) !Jo 

f(x)- j(a)+ (x 11 a) j'(a)+ (x;a)z j"(a)+ 

+(x-a)"-tj<n- ll( )+R 
. . . (n-1) 1 a n 

3.5.3 (c) the percentage e'!1'or is 100 timesr the 3.6.5 R,.= (x-;:t)" j<"l (~) (a<~<x) 
relative error. 

3.5.4 (2) The absolute error of the sum. or 
difference of several numbers is at most equal to 
the sum of the absolute errors of the individual 
numbers. 

3.5.5 (3) If j(z1, x2, . . ., x,.) is a functiom of 
x., x2, ••• , x, and the absolute error in x, 
(i=l, 2, ... n) is A.x,, then the absolute error 
injis 

3.5.6 (4) The relative error of the produnt or 
quotient of several factors is at most equal to the 
sum of the relative errors of the individual fac.tors. 

3.5 •. 7 

(5) If y= j(x), the relative error oy=~~ ~f;,~~ .:lx 

Lagrange's Expansion 

If y j(x), Yo j('xo),j'(xo) #0, then 

3,6.6 
"' (y-yo)~ d~-l X-Xo ~ 

x=xo+ t;t k! [dr-1 {j(x) -Yo } l"'-"'o 

3.6.7 

g(x)=g(xo) 

+ i;t (ykro)t [f;~l (u'(x) {J~)~~oy) J x-ro 

where g(x) is any function indefinitely differenti­
able. 

Binomial Series 
3.6.8 

(1+x)0=~ (~) r 
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3.6.9 

(1+ ),._1
+ a(a-1) 2+a(a-1)(a-2) ....!!+ 

X - ax+ 
21 

X 
31 

~- . . . 1 

3.6.10 

(l+x)-1=1-x+x2-zll+x'- ... 

3.6.ll 
x x2 z3 5x' 7xs 21x6 

<1+x)•=I+2- s+16-128+256-1024+ · · · 

3.6.14 

( + )- t- _! ~ 2_14 :z:S 35 ! 1 X - 1 3 x+ 9 X • 81 + 243 X 

91 6 728 a 
-729 X +6561 X- . • . 

Asymptotic Expansions 

... 

15 

(-l<x< l) 3.6.15 A series 2: a..,x-t is said to be an a.symp­
k•O 

3.6.12 

(1+x)-•=1-~ 3t-~~ + ;;~·-~~~ 
to tic expansion of a function j(x) if 

231x8 

+ 1024- · · · (-1<x<l) 
for everyn=1,2, . . . . We write 

3.6.13 
1 1 5 10 

(1 +x)t= l+a x-9 xz+sl :z:S- 243 x' 

22 6 154 6 

+729 X -6561 X + ... 
The series itself may be either convergent or 

divergent. 

3.6.16 

3.6.17 

3.6.18 

3.6.19 

3.6.20 

3.6.21 

3.6.22 

Operation 

sa=s\1 

sa=s~ 

sa=sJ4 

sa=sl){ 

1 

~· 

3.6.23 sa~exp (s1 -1) a, 

3.6.24 Ba=l+ln 81 

Operations With Seriet~ 

Let s1 =l+a~x+~x2+aar+a,:t+ 

s2=1+b~x+b,r+bar+b,:t+ .. . 
sa=l +c~x+ear+ca:z:S+c,:c4+ .. . 

3a~-2as 

1 1 2 
2a,-sa• 

3 2 1 
Ba.-2a' 

b2+a1b1+a2 

a,- (b1c1 + b,) 

+1. a, 2a, 

1 1 + 1 J 2aJ-4ala, 16a, 

3 1 5 
4a,a,-2as-161t. 

c1a,(n-l) 
+!c,at(n-1) (n-2) • 

6 +naa 

ba+albs+a,b,+aa 

aa- (b,c,+b,cl+bsJ 

1 
aa+a1aa+6at 

C; 

2a1a,-3afa,-a,+~+at 

oo1aa+3~-2a;- 121t.a,+5at 

1 1 1 • L_~_ • 5 • 
2a, - 4a,a3 - 8a; '16a,a2 - 128a, 

3 +3 2 1 15 1 + 35 4 
4aJaa 8a;-2a' - 16a,a, 128a• 
. 
na,+c1as(n- 1)+~n(~-1)a~ 

1 +2(-n-1) (n -2)c,ala, 

+ 2~(n-1) (n-2)(n-3}c1a~ 

b.+alba+a,ba+ aab,+a• 

a.- (bJca+bac,+bac•+b•) 

+ +1 ,__~_1 '+ 1 • a. a1a8 2a.-rza,a, 24a, 
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Revenion of Series 

3.6.25 Given 

y=ax+lnf+cx3+da:'+exs+fxe+gx1 + 
then 

x=Ay+By3+CV+Dy'+E7t+Fy&+G1l+ ... 

where 

aA=l 

a8B = -b 

a50=2b'J-ac 

a1D= 5abo - a2d-5b8 

a'E=6a2bd+3a2c2+ 14b'-a8e-2lab2c 

a11F=1a8be+1a8cd+84ab3c-a•f 
-28a2bc2-42b6 - 28a2b2d 

a13G=8a'bf+8a4ce+4a'cP+ 120aWd 
+ 180a2b2c2+ 132b6-a5g-36a3b2e 

- 72a3bcd-12a3c3-3_30ab4c 

Kummer's TranAformation of Series 

.. 
3.6.26 Let "5: aA:=B be a given convergent series aod r=o .. 
L; cA:=c be a given convergent series with known 
t-o 
sum c such that lim at=>- ~0. 

k-+• ell 
Then 

Euler'• Transformation of Series .. 
3.6.27' If "5: (-l)~a~:=ao-a1+~- ... is a con­w 
vergent series with sum s then 

.. . (- l)t~~ao ~ _ " ,.(k) 
8= >' 2t+l I ~ ao-L; ( -1) (J,l-m 

k-0 m•O m 

Euler-Maclaurin Summation Formula 

3.6.28 

~f~:= fa" f(k)dk-~ [J(O)+f(n)]+1; [J'(n)- j'(O)] 

__ I [f'"(n)-J"'(0)]+-1- [j(V>(n)-J <Yl(O)] 
720 30240 

-120~600 [J<vm(n)-J(Vm (O)]+ . .. 

3. 7. Complex Numbers and Functions 

CaJ"tesian Form 

3.7.1 

3.7.2 

3.7.3 

Polar Form 

3.7.4 Argument: arg z=arctan (y/x)=8 (other 
notations for arg z _are am z and ph z). 

3.7.5 

3.7.6 

3.7.7 

3.7.8 

3.7.9 

3.7.10 

3.7.11 

3.7.12 

3.7.14 

3.7.15 

3.7.16 

3.7.17 

3.7.18 

3.7.19 

3.7.20 

Real Part: x= f!lz=r cos 8 

Imaginary Part: y=.fz=r sin 8 

Complex Conjugate of 111 

z=x-iy 

lzl=lzl 
-arg z= - arg z 

MultipUcation and Division 

Zt22=XtX2- YIY2+i(XIY2+X2Yt) 

lztz,l =lztll z,l 

arg (ziz,)=arg z1+ a.rg 22 

Powers 

=r" cos n8+ir" sin n8 
(n=O,± 1,±2, ... ) 

zt=r-if+i(2xy) 

z3=r- 3x1f+iC3x7-1f> 

z'=x•-6rif+t+i(4x'y-4x1f) 

3.7.21 z5=x5-10x3y2+5xy'+i(5x'y-10x2y3+y5
) 

3.7.22 

z"=[z"-(~) x"-2if+(~) x"-'y'- . .. } 

+ i r(~) z"- 1y-(~) x"-at+ ... J, 

(n=l, 2, ... ) 
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3.7.23 U11+t=XU.,.-yv,.; vt&+1=:tv,.+yu,. 
!1,l z" and .f z" are ca.lled harmonic polynomials. 

3.7.24 
1 z x-iy -z=rzr= xz+y2 

3.7.25 

Roots 

3.7.26 zl=..{z=rtetts=rt cos 16+irt sin j8 

If -7r<8~1r this is the principal root. 'rhe 
other root has the opposite sign. The principal 
root is given by 

3.7.27 z4=[i(r+x)]t±if!(r-x)]t=u±iv where 
2uv=y and where the ambiguous sign is taken to 
be the same as the sign of y. 

3.7.28 zlltt=r1'"e(81", (principal root ii -'lr<B!;?r). 
Other roots are r 11,.eHH2r.tlt" (k= 1, 2, 3, ... , n--1). 

lnequalities 

3.7.29 

Complex Functions, Cauchy-Rie~nann EqqatioDIS 

f(z) f(x+iy)=u(x,y)+iv(x, y) whereu(x,y), v(a:, y) 
are real, is analytic at those points z=x+ili at 
which 

3.7.30 

3.7.31 OulOvlOu- Ov -=--, --=--br r ()q r ()(J ()r 

Laplace's Equation 

The functions u(x, y) and v(x, y) are called 
harmonic functions and satisfy Laplace's equation: 

Cartesian Coordinates 

3.7.32 

Polar Coordinates 

3.7.33 

3.8. Algebraic Equations 

Solution of Quadratic Equations 

3.8.1 Given az3+bz+c=O, 

21 n=-(.!)±.l qt n=b2-4ac ·• 2a 2a ':r. · ' 

Zt tz:~= -b/a, Zt~=cfa 

If q>O, two real roots, 
q=O, two equal roots, 
q<O, pair of complex conjugate roots. 

Solution of Cubic Equations 

3.8.2 Given ·Z'ta:zz2+atz+ao=O, let 

1 1 1 1 q=s a19 ~; r=6 (a~~-3ao)-27 ~· 

If tf+r>O, one real root and a pair of complex 
conjugate roots, 

Let 

then 

t+r=O, all roots real and at least two are 
equal, 

q8+r<O, all roots real (irreducible ca.se). 

{Hz' 
Zt=(st+si)-3 

1 ~ i-{'6 
Z2=-2 (.s1+s2)- a-+2 (St-~2) 

1 ~ i..['J 
z3= - 2 (s,+s2)-3- 2 (s~-~~>-

If zt, 2:1, z3 are the roots of the cubl.c equation 

z1+z2+za=-a2 

Solution of Quartie Equations 

3.8.3 Given zt+aszB+~z2+a-.z+ao=O, find the 
real root u1 of the cubic equation 

u3-~u2+ (a1aa-4ao)u- (a~+aoa~-4lloCL:l)=O 

and determine the four roots of the quartic as 
solutions of the two quadratic equations 
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If n.ll roots of t he cubic equation n.rc real, t11SC 

the value of ·tt1 which gives real coefficients in thP 
*quadratic equation and select signs so thnt if 

z'+a3Z3+~z2+atz+CLQ= (z2+ptz+qt) (Z2+p2z+~[!z), 

then 

3.9. Successive Approximation Methods 

General Comments 

3.9.1 Let x=x1 be an approximation to x== E 
where f(E)=O and both :Z:t and tare in the interv·al 
a~x~b. We define 

x'*1 =x,. +c,J(x,.) (n=l, 2, . . . ). 

Then, if f' (x) ~ 0 and the constants c,. are 
negative and bounded, the sequence x11 converges 
monotonically to the root E. 

If c,.=c=constant<O and J'(x)>O, then the 
process converges but not necessarily monotoni­
cally. 

Degree of Convergence of s en Appro:dmation Proct::ee 

3.9.2 Let Zt. x2, X31 •.. be an infinite sequen·ce 
of approximations to a number E. Then, if 

(n= l , 2, .. . ) 

where A and k a.re independent of n, the sequence 
is said to have convergence of at most the hh 
degree (or order or index) to E. If k= 1 and 
A < 1 the convergence is linear; if k=2 the con­
vergence is quadratic. 

Regula Falsi (False Position) 

3.9.3 Give~ y=f(x) to find E such that f (E) =O, 
choose Xo and x 1 such that f(z0) and f(x1) hn:ve · 
opposite signs and compute 

x -x (x.-xo) f J.xo-fox• 
2

- 1
- Ut-fo) 1 ft - fo . 

Then continue with 3i2 and either of x0 or x1 for 
which J(:ro) or f(x. ) is of opposite sign to f(x2). 

Regula falsi is equivalent to .inverse linear inter­
polation. 
a.c: ...... ___ ... •• 

Method of Iteration (Succel!llive Sub&titution) 

3.9.4 The it~ration scheme x H 1 =F(z.~:) will 
converge to a zero of x=F(x) if 

(1) IF'(x)i<q<l for a~x$b, 

(Z) < ±IF(xo)-xol<b a_Xo l-q _ . 

Newton's Method of Successive Appro:rliDations 

Newton's Rule 

If x=xt is an approximation to the solution 
x=~ of f(x)=O then the sequence 

j(x,:) 
Z.t+t= Zt-f'(z.;) 

will converge quadratically to x=~: (if instead of 
the condition (2) above), 

( 1) Monotonic convergence, f(x0)f'' (z0) >O 
and f' (x), f'' (x) do not change sign in the 
interval (Xo, ~), or 

(2) Oscillatory convergence, f(Xo)f" (xo) < 0 
and f' (z), f"(x) do not ohange sign in the 
interval (xo, Xt), xo~c~x~. 

Newton's Method Applied to Real nth Roota 

3.9.6 Given x"=N, if x.~: is an approximation 
x=N1" then the sequence 

Zt+t=! [ ~1+(n-l)x,~:J 
n Zt 

will converge quadratically to x. 

lh~=2, Z.t+t=~ (~I x,} 

If n=3, x.t+1=& (~+2x.t} 
Aitken's 112-Procees for Acceleration of Sequences 

3.9.7 If Xt, xt+., :tt+2 are three successive iterates 
in a· sequence converging with an error which is 
approximately in geometric progression, then 

(z.~:-XHt) 2 

62z.~: 
XkXH-2-x:+l. 

a"~x, 

is an improved estimate of x . In fact, if xk=x+ • 
O(>.t) then i =x+O(>.t), I}.I<L 
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3.10. Theorems on Continued Fractiions 

Defi.nitions 
3.10.1 

(1) Let 

If the number of terms is finite, f is ,c,illed tt 

terminnting continued fraction. If the number 
of terms is infinite,! is called till infinite continued 
frnction und the terminating fraction 

j A,. b a1 a, ~ 
,.=B.,.= o+bt+ b2+ '• • b,. 

is called the nth convergent of f. 
(2) If lim BA,. exists, the infinite continued fruc-

n~co 11 " 

tion j is said to be convergent. If ac=1 und the 
b1 are integers there is dwuys convergence. 

TheoreDl.!l 

(1) If at and b1 nre positive then J211<f2n+21 

fh-t>An+t· 

(2) Ifj,.=~:l 

Bn=b,.B,._1 +a,.B,.-2 

where A_1=1, Ao=bo, B_t=O, Bo=l. 

(3) [A"]=[A .. -1 

B,. B,._t 
A~~.-2] [ ab:J 
B .. -2 

(4) 

(5) 

H 

..A,.Bn-1-An-tBn=(-1)"-1 II at 
II,= I 

For ev~ryn~O, 

* 

f =bo+ C1a1 CtC2a.l c~caaa c,._1c,.a11• 

" Ctbt + Czhz+ Csba+ · · ' Cnb ,. 

(6) 1+bz+b:?b3+ . . . +h2b3 . . . b,. 

1 b2 ba bn 
-1- b2+1- b3+1- · · · -b,.+ 1 

_!_+..!..+ . .. +_!._=__!_ ~ . . . 'U~-1 
'Ut U2 u,. 'Ut- ut+u~- -Un-t+u,. 

1 z " 
X I X . . .. + ( -1)" X 

ao aoat aoal~ aoa1~ . . . a,. 

2 .0 

1.8 

1.'6 

1, 4 

1.2 

1,0 

.8 

. 6 

. 4 

.2 

0 

1 aox al;t a,._lx 
= ao+ a~-x+ 112-x+ · · · +a,.-x 

' ' ' 

''' / .. , 

- I "•-.S 
oc...c::==---rr -=-:--... ,-~·-, ----~ ____ t_:-_._ .. .:;._ - , --,----1 _:.....• 
' 
0 .4 .6 .a 1.0 1.2 1.4 1.6 1.e 2.0 

FIGURE 3.1. y=x". 
1 1 

±n=O, s' 2. 1, 2, 5. 

Numerical Methods 
3.11. Use and Extension of the TaMes 

Example 1. Compute x1g and xu foJr x=29 
using Table 3.1. 

= (1.45071 4598 ·1013) (4.20707 2333 . 101') 

=6.10326 1248·10P 

z'1= (x2•)2fx 

= (1.25184 9008-1036) 2/29 

=5.40388 2547 ·1068 

Example 2. Compute :r;-311 ior :t=9.19826. 

(9 .19826 )114=(919.826/100)114= (919.826)111/lOl 

Linear interpolation m Table 3.1 gives 
(919.826)1 /t ~ 5.507144. 

By Newton's method for fourth roots with 
N-919.826, 

!. [ 919
·
826 

+3(5 507144)] =5 50714 3845 4 (5.507144)3 • . 

Repetition yields the same result. Thus, 

x1" =5.50714 3845/IOt= 1.74151 1796, 
x-3"=xifx= .1893:3 05683. 

3.12. Computing Techniques 

Example 3. Solve the quadratic equation 
x2-l8.2x+.056 given the coefficients as 18.2±.1, 

•see page u. 



20 ELEMENTARY ANALYTICAL METHODS 

.056 ± .00 1. From 3.8.1 the soh,1tion is 

x=t(18.g± [ (18.g)2-4(.05n)]!) 

=!(l8.~±[331.016]t)=i(18.l± 18.1939) 

= 18.1969, .00,3 

The smaller root may be obtained more accurately 
from 

* .05§/18.1969= .0031± .0001. 

Example 4. Compute (- 3+.0076i)*. 

From 3.7.26, (-3+.0076i)4=u+iv where 

Thus 

r=[ ( -3)2 + (.0076) 2]i= (9.00005776)•=3.00000 9627 

v=[ 3.00000 9~27-(-3)T=l.73205 2196 

y .0016 
u 2v 2(1.73205 2196) .00219 392926 • 

We note that the principal square root has been 
computed. 

Example 6. Solve the quartic equation 

:r.4-2.37752 4922x3+6.07350 5741x2 

- 11.17938 023x+9.05265 5259=0. 
Hesolu.tion Into Quadratic Factors 

(xt+p,x+ql) (x~+Pfl+qt) 
by Inverse Interpola tion · 

St11,rting with the trinl v1tlue q1 = l we compute 
successively 

ql CJ(I a1-a3q1 p,=a3-Pl y(qJ) =qt.+ !l•+ PtP2 q2=- p,=--
q, q~-fJ t -a2 

1 9. 053 -l. 093 -1. 284 5. 383 
2 4. 526 -2. 543 . 165 . 032 
2. 2 4. 115 -3. 106 . 729 - 2.023 

-

ql 1/2 PI 

Example 5. Solve the cubic equa.tion:t-18.1x 
- 34.8=0. 

To use N ewton1s method we first form the 
table of f(x)=x3-18.1x-34.8 

X f(x) 
4 -43.2 
5 - .3 
6 72.6 
7 181.5 

We obtain by linear inverse interpolation: 

0-(- .3) 
Xo=5+72_6_ (-.a) =5.004. 

Using Newton's method,j'(x)=3x2-18.1 we get 

·x.~ <=:::XQ-f(xo) If' (xo) 

-5 004 (-.07215 9936) <::::5 00526 
- . 57.020048 . . 

Repetition yields x1 =5.00526 5097. Dividing 
f(x) by x-5.00526 5097 gives x2+5.00526 5097·x 
+6.95267 869 the zeros of which are -2.50263 2549 
± .83036 BOOi. 

We seek thut value of q1 for which y(ql) =0. 
Inverse interpolation in y (qt) gjves y(q1) ""'0 for 
q1 :::::<2.003. Then, 

q, ll2 Pt P2 y(qt)• 

2. 003 4. 520 -2. 550 . 172 . 011 

Inverse interpolation between cZt=2.2 und q1= 
-2.003 gives q1=2.0041, nnd thus, 

P2 y(q,) 

2. 0041 4. 51706 7640 - 2. 55259 257 . 17506 765 . 00078 552 
2. 0042 4. 51684 2260 - 2. 55282 851 . 17530 358 . 00001 655 
2. 0043 4. 51661 6903 -2. 55306 4:47 . 17553 955 - . 00075 263 

Inverse interpolation gives q1 =2.00420 2152, nnd we get .finnlly, 

Ill q2 Pt p, y{qt) 

2. 00420 2152 4. 51683 7410 - 2. 55283 358 . 17530 8659 - . 00000 00 ll 
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- 4.~lementary Transcendental Functions 
.I 

Logarithmic, Exponential, Circular and Hyperbolic Functions 

Mathematical Properties 

4.1. Logarithmic Function 

lntep'al Repre86ntation 

4.1.1 lnz= -f 'dt 
1 t 

... 0 _, 

FIGuRE 4.1. Branch c'ldjor ln.z and ff. 
(a not an integer or zero.) 

where the path of integration does not pass 
through the origin or cross the negative real 
aris. ln z is a single-valued function, r8g1.1lar in 
the z-pli!Jle cut along the negative l'eal 1B.Xis, real 
when z is positive. 

4.1.2 In z-ln r+iB (-..-<BS11"). 

4.1.3 r=(:t2+y')t, x=r cos 8, 'Y=T sin 8, 

8=a.rcta.n 1L 
X 

The general logarithmic function is the many­
valued function Ln z defined by 

4.1.4 Lnz= -f 'dt 
1 t 

where the path does not pass through the origin. 

4.1.5 
Ln (re")=ln (re 11)+21cri=1n r+i(B+:Zk..-), 

k being an arbitrary integer. 1n z is said to be the 
principal branch of Ln z. 

Logarithmic Identities 

4.1.6 

(i.e.J every value of Ln (zt~) is one of the values 
of Ln z1+Ln ~.) 

4.1.7 

4.1.9 

4.1.10 

4.1.11 

4.1.12 

4.1.13 

4.1.14 

4.1.15 

ln (z1z2)=ln z1+ln z2 
(-'lr'<arg z.+arg Z2$'lr') 

ln z1= ln z~-ln z2 
z2 

(-'lr'<arg z.-arg z2S1r) 

Ln z•=n Ln z (n integer) 

ln z"=nln z 
(n integer, - ... <n arg z$1r) 

Special Values (see chapter 1) 

ln 1=0 

lo 0=- co 

ln (- l)=ri 

ln (±i)=±tn-i 

4.1.1~ ln e=l, e is the real number such that 

r· dt=l 
J, t 

4.1.17 e= lim (t+ !)"=2.7l828 18284 . .. 
n-too n 

4.1.18 

4.1.19 

4.1.20 

4.1.21 

Logarithms to General Baae 

log,. z=ln zfln a 

1 
1ogb z 

og,.z=logba 

1 
logab=-1 -

og11a 

log,z=ln z 

4.1.22 log10 z=lo zfln lO=log,o e ln z 

(see 4.2.21) 

=(.43429 44819 . .. ) ln z 

67 
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4.1.23 ln z=ln 10 log10 2=(2.30258 50929 ... ) log:10 z 

(log4 x=ln x, called natural, N apierian, or hyper-
bolic logarithms ; log10 x, called common or Bnggs 
logarithms.) 

Series Expansions 

4.1.24 ln (1+z)=z-i z2 +tz8
- ... 

(izj.$1 and z¢--1) 

4.1.25 

ln z=( z 
2 

1 )+~ ( z z 1 y +~ ( z 
2 

1 y + ... 
(9lz~~!) 

4.1.26 
ln z=(z-l)-l(z-1)2+Hz-1)3

- ••• 

(lz-11 .$11 z7cO) 
4.1.27 

ln z=2 [ (:+ D+~ (:+ ~J +~ (:+ ~y + ... J 
(~z~O, ' z;cO) 

4.1.28 ln ( :+D=2 (~+3~3+5~6+ · · .) 
( l zf~l, z¢ :1:1) 

4.1.29 

ln (z+a)=ln a+2 [ (2a~z)+~ (2a~zY 

+g (2a~zY+ · · .J 
(a.>O, &iz~-a;c z) 

Limiting Values 

4.1.30 lim x-a ln x=O 

(a constant, 9la>O) 

4.1.31 lim xa ln x=O 

(a constant, &la>O) 

4.1.32 

lim (~ -k1-ln m)=-y (Euler's constant) 
fll-t<D k-1 

4.1.33 

4.1.34 

=.57721 56649 ... 
(see chapters 1, 6 and 23) 

Inequalities 

X 
x<-ln (1-x)< l-x 

(x<l , :z;;;cO) 

4.1.35 

4.1.36 

4.1.37 

4.1.38 

4.1.39 

4.1.40 

4.1.41 

3x 
ll:n (1-x)l< 2 (O<xs .5828) 

ln x.$x-1 (x>O) 

ln x_$n(x11n_1) for any positive n 
(x>O) 

lin (1 +z)l.$ -In (1-lzl) Clzl<1) 

Continued Fractions 

z z z 4z 4z 9z 
ln <1+ z)=1+ 2+ 3+ 4+ 5+ 6+ · · · 

( z in the plane cut from -1 to - oo ) 

ln (1 +z)- 2z ~ 4z2 9z
2 

••• 
1-z 1-3- 5-7-

(z in the cu t plane of Figure 4. 7 .) 

PolynomfaJ Approximations 2 

1 ..;-r;n<x< 10 
'Vl.V- -

logr0 x=alt+aat3+E(X), t=(x-1)/(x+l) 

IE(::c)jS6XlO-t 

a t=.86304 a3=.36415 

4.1.42 

log10 x=aLt+a8t3+a&t6+G.?t7+a9t9+E(X) 

t=(x-1)/(x+ 1) 

4.1.43 

jE(:t)j.$10- 7 

a~=.868591718 

aa=.28933 5524 

a6=.17752 2071 

a7= .09437 6476 

ag= .19133 7714 

O.$x$1 

ln (1 +x)=a1x+~x2+aax3+a~•+asx5+E(x) 

jE(x) j$1X 10- 6 

ar=.99949 556 

ai=-.49190896 

aa=.28947 478 

a .= - .13606275 

a5=.03215 845 

2 The apprmd~ati~ns 4.I.<U. t? 4.1.44 are from CJ: Hast­
ings, Jr., Approx1mattons for digital c~mputers: rnnceton 
Univ. Press, Princeton, N.J., 1955 (wtth permJssron). 
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4.1.44 

ln (l tx)=alx+a2xitaax3ta.x~+a6x6+a8x6 

a1 = . 99999 64239 
~=-. 49987 41238 
aa= . 33179 90258 
a,=-. 24073 38084 

+a1X1 +a8x8+e(x) 

as= . 16765 40711 
as=-. 09532 93897 
a1= . 03608 84937 
as=-. 00645 35442 

Approxiination in Tei'Dl.8 of Chebyshev Polynom.ials a 

4.1.45 

T,. *(x)=cos '11.8, cos 0=2x-1 (see chapter 22) 

n. A 11 n A" 
0 . 37645 2813 
1 . 34314 5750 
2 - . 02943 7252 
3 . 00336 7089 
4 - . 00043 3276 
5 . 00005 9471 

6 -. 00000 8503 
7 . 00000 1250 
8 -. 00000 0188 
9 • 00000 0029 

4.1.46 

4.1.47 

4.1.48 

4.1.49 

4.1.50 

10 -. 00000 0004 
11 . 00000 0001 

Differentiation Formulas 

d 1 - In z=­
dz z 

d" -ln z=(-1)"- 1(n-l)lz-" 
dz" 

Integration Fonnulaa 

I dzz-ln z 

I In zdZ=zln z-z 

I zn+t z"+l 
z" In z dz= n+ 1 In z- (n+ I)l 

(n¢-1 , n integer) 

4.1.51 

I z"+1 (In z)m m I 
z" (In z)m dz n+l n+l z"(ln z)W.S-Idz 

(n~-1) 

s The approximation 4,.1.45 is from C . W. Clenahaw, 
Polynomial approximations to elementary functions, 
Math. Tables Aids Comp. 8, 143-147 (1954) (with per­
mission) , 

·4.1.52 

4.1.53 
f dlz =ln In z z n z 

J ln [z+(.z2±I)l]clz=z In [z+(z2±1)!]-(z2± l)l 

4.1.54 

4.1.55 

4.1.56 

4.1.57 

4.2.1 

Definite Integrals 

rl ln t dt=-r/6 
Jo l-t 
rl I.o t 
Jo l+t dt=-r/12 

J
[r ldt =li(x) (see 5.1.3) 

0 nt 

4.2. Exponential Function 

Series Expansion 

z z2 z9 

e'"=exp z-=I+1t+zt+3f+ · · · (z=x+iy) 

where e is the real number defined in 4.1.16 

Fundamental Proper·ties 

4.2.2 Ln (e:x:p ~)=z+2k?ri (k any integer) 

4.2.3 ln(expz)=z (-r<Jz$1r) 

4.2.4 exp (ln z)=exp (Ln z)=z 

4.2.5 

4.2.6 

4.2.7 

d 
dz exp z=exp z 

Definition of General Powen 

If N=a•, then z=Loga N 

a"=exp (z ln a) 

4.2.8 If a=lal exp (i arg a) (-1r<arg a$..-) 

4.2.9 

4.2.10 

4.2.ll 

ja'l= Jaire-r ·~·a 

arg (a#)=y ln lal+x arg a 

Ln a•=z ln a for one of the values of Ln a" 

4.2.12 ln ar=x ln a (a real and positive) 

4.2.13 l~#l=e~ 
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4.2.14 

ELEMENTARY TRANSCENDENTAL FUNCTIONS 

arg (e')=y Special Values (see chapter 1) 

e=2.71828 18284 .• 

4.2.16 a•b•= (ab)' ( -1r<arg a+arg b < 1r) 

4.2.22 

4.2.23 

4.2.24 

4.2.25 

4.2.26 

4.2.27 

4.2.28 

e"' =IX) 

:1::!! 
e ~ =±i 
e2d'=l (k any integer) 

~ponentiallnequalities 

If x is real and different from zero 

4.2.29 

4.2.30 

% 

e-1-z<t-x<e-"' (x<l) 

~>I+x 

FIGURE 4.2. Logarithmic andexponentialfu.nctiO'M. 4.2.31 1 
~<1-z (x<l) 

Periodic Property 4.2.32 

4.2.17 (k any integer) 4.2.33 

4.2.18 

4.2.19 

4.2.20 

Exponential Identities 

Limiting Values 

lim zcrr•=O (!arg z!::; ~-E< !1r, a constam.t) 
I:H"' 

4.2.21 lim (t+.!.)m =e' 
m-tao m 

4.2.34 

4.2.37 

4.2.38 

4.2.39 

Continued FractioDB 

4.2.40 • 1 z z z z z z 
e=--------1- 1 + 2- 3+ 2- 5+ 2- - ... 

_x_<(I-e-•')<z (x>-1) 
I+x 

x<(ez-1)<1 x x (x<1) 

e-"<1~ (O<x$1.5936) 

1 7 
4 lzl<le'- l l<4lzl (O<Izl<l) 

le'- l l5e1•1-15lzle''l (all z) 

Clzl< Q;> ) 

= 1+ z z2/4 ·3 z2/4·1·~ z2/4·35 z2/4(4n2-1) (I I< Q;>) 
(1-z/2)+ 1+ 1+ 1+ · · · I+ · · · 2 

4.2.41 • z,. n!z z (n-t-l )z 2z (n+2)z 3z I 
e -e"_1(z)=nl- (n+I)+ (n-t-2)- (n-t-3)+ (n+4)- (n+5)+ (n+6)- · · · ( zl<cg) 

(For e,(z) see 6.5.11) 
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4.2.42 

e2a arctan ~ l +~ a2 
+ 1 a

2
+4 aLt-9 

z-a+ 3z+ 5z+ 7z+ · · · 

4.2.43 

(z in the cut plane of Irigure 4.4.f 

Polynomial Appro~ations~ 

o::s;x::s;ln 2=.693 ... 

e-'"= 1 +a1x+a2x2+E (x) 

lt(x)j::s;3X1 0~a 

a~=-.9664 a2=.3536 

4.2.4.4 O<x::s;ln 2 

e-z=1 +Q,tx+a2r+asz3+a,x'+E.(x) 

IE(x)l ::s; 3Xl0- 6 

4.2.45 

a1 =- .99986 84 
a2= .49829 26 

a.ac--.15953 32 
a,= .02936·41 

e-:=l+a1x+~x2+aar+a,x'+aar 

+aex6+a1x1 +E(X) 

IE(X) I ::s;2XI0-10 

a1=- .99999 99995 
a2= .49999 99206 
aa=-.1666653019 
a4= .04165 73475 

0.6=-.00830 13598 
a6= .00132 98820 
0.7=-.00014 13161 

4.2.46 6 o::s;x~1 

1Cf=(1 +a~x+a2r+a3r+a,x•)2+E(x) 

IE(x) j::s;7X lO-' 

4.2.47 

al=l.l499196 
a2= .67743 23 

aa=.20800 a:o 
a 4= .12680 89 

10'"= (1 +a~x+~x2+aaxS+a,x4+aer 

+aaX'+ ~x7)2+E(x) 

jE(x)j<5Xl0-8 

at=L 15129 277603 
a2= . 66273 0884;29 
a3= . 25439 357484 
O.t= • 07295 173666 

a6 =. 01742 111988 
a6= · 00255 491796 
~=. 00093 264267 

• The approximations 4.2.43 to 4.2.45 a.re flrom B. Carl­
son, M. Goldstein, Rationa.l ~!.pproximation ·of functions, 
Los Alamos Scientific Laboratory LA- 1943, L os Alamos, 
N. Mex., 1955 (with permission). 

6 The approximations 4.2.46 to 4.2.47 are from C. HMt­
ings> Jr., Approximations for di¢tal computert!. PrincetoA 
Univ.. Preas, Princeton, N.J., 1955 (with perra.ission) . 

Approximations in Terms of Chebyshev Polynomials o 

4.2.48 

T!{x) =cos nB, cos 8=2x-1 (see chapter 22) 
... 

ez= 2J A,.T~(x) 
n=O 

n 
0 
1 
2 
3 
4 
5 
6 
7 
8 

4.2.49 

4.2.50 

4.2.51 

4.2.52 

4.2.53 

4.2.54 

4.2.55 

4.2.56 

A11 
1. 7 5338 7654 

. 85039 1654 

. 10520 8694 

. 00872 2105 
'00054 3437 
. 00002 7115 
. 00000 1128 
. 00000 0040 
. 00000 0001 

n A,. 
0 . 64503 5270 
1 - . 31284 1606 
2 . 03870 4116 
3 -. 00320 8683 
4 . 00019 9919 
5 -. 00000 9975 
6 . 00000 0415 
7 -. 00000 0015 

Differentiation Formulas 

d - a~=a~ In a 
dz 

Integration Fo.rmulas 

f eaz ea• a f en . 
z" dz=- (n-1) zn-1+ n-1 z11-l dz (n>1) 

(See chapters 5, 7 and 29 for other 
involving exponential functions.) 

integrals 

4~3. Circular Functions 

Definitions 

4.3.1 sin z (z=x+iy) 

4.3.2 

e The approximations 4.2.48 llofe from C. W. Glenshaw, 
Polynomial approximations to elementary fu~ctions, 
Math. Tables Aid& Comp. 8, 1~3'-147 (1954) (Wtth per­
mission). 
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4.3.3 

4.3.4 

4.3.5 

4.3.6 

Sill Z 
tan .z=-­

cos z 

1 
cscz=-.­

sm z 

1 
sec z=-­cos z 

1 
cot z=-­

tan z 

Periodic Prope.rties 

4.3.7 sin (z+2lc7r)=sin z (k any integer) 

4.3.8 COS (z+2lc7r)=COS Z 

4.3.9 tan (z+b)=tan z 

4.3.10 

4.3.11 

4.3.12 

- slnx - cscx 
-- cos x -····- sec x 
-- ta~x -cot x 

FIGURE 4 .3. Oircula'r junctions. 

Relations Between Cireular FunctioDJJ 

sin2 z+cos2 z=l 

sec2 z-tan2 z= 1 

csc2 z-cot2 z= 1 

Negative Angle Formulas 

4.3.13 sin ( -z)=-sin z 

4.3.14 cos ( -z)=cos z 

4.3.15 tan (-z)=-tan z 

Ad.ditio:n Formulas 

4.3.16 sin (z,+z,,)=sin z, cos z~+cos Zt sin z~~ 

4~3.17 cos (z1+z2)=cos z1 cos z2-sin z1 sin z2 

4.3.20 

tan z1 +tan z2 

1-tan z1 tan Zz 

Half.Angle Formulas 

. z ±(1-cos z)i SID-= 
2 2 

z ± (1 +cos z)i 4.3.21 cos 2= 2 

4•3•22 tan~=±(l-cos z)i 1-cos z sinz 
2 1 +cos z sm z 1 +cos z 

The ambiguity in sign may be resolved with the 
aid of a di~gram. 

Tranliformation of Trigonometric Integrals 

u If t.a.n 2= z then 

2z 1-z2 2 
4.3.23 sin u=l+z2' cosu=l+z2' du=1+22 dz 

Multiple-Angle Formulas 

4.3.24 0 2 2 " 2ta.nz 
BID z.= Bill Z COS Z 1 +ta.n2 z 

4.3.25 cos 2z=2 cos2 z-1= 1-2 sin2 2 

. 1-ta.n2 z 
=oos2 z-sm2 z 

1+ta.n2 z 

2 tan z 2 cot z 2 
4.3.26 tan 2z 

1-ta.n2 z cot2 z-l cotz- tanz 

4.3.27 sin 3z=3 sin z-4 sin3 z 

4.3.28 cos 3z=-3 cos z+4 cos3 z 

4.3.29 sin 4z=8 cos3 z sin z-4 cos z sin z 

4.3.30 cos 4z=8 cos4 z-8 coS:2 z+ 1 

Products of Sines and Cosines 

4.3.31 2 sin ~1 sin z:=cos (z1-:;:z)-cos (zt+zz) 

4.3.32 2 cos Zt cos Zz=cos (zt-Zz)+cos (z1+z2) 

4.3.33 2 sin Z1 cos Z2=sin (zt-z2)+sin (zt+zz) 

Addition and Subtraction of Two Circular Functions 
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4.3.38 

t.an Zt ±tan 22 

4.3.39 

cot z,±cot z2 

sin (z,± z2) 
COS Zt COS Z2 

sin (zz±z,) 
sin z, sin z2 

Relations Between Squares of Sines and Coeinea 

4.3.40 

sin2 z1-sin2 z2=sin (z,+z2) sin (z,-z2) 

4.3.44 

4.3.41 

4.3.42 

4.3.43 
Signs of the Circular Functions 

in the Four Quadrants 

Quadrant sin cos tan 
esc sec cot 

I + + + II + - -
m - - + 
IV - + -

73 

Functions of Angles in Any Quadrant in Terms of Angles in the FirsL Quadrant . (0 $8 ~i~ k any integer) 

- -8 ~±8 
2 1r±8 31f ±8 

2 
2k,.±8 

sin ________ -sin 8 cos 8 =t=sin8 -cos 8 ±sin 8 
cos _____ __ cos 8 =t=sin 8 -coso ±sin 8 +cos _8 tan ____ ___ -tan8 =F cot 8 ± tan fJ =Fcot 8 ±tan 8 
Q!tC------- -esc 8 +sec 8 =t=csc 8 -sec 0 ±esc 8 
sec. ___ --- sec 8 =Fcsc 8 -sec 8 ±esc 0 +sec 8 
coL ______ - - cot 8 =Ftan 8 ±cot 8 +tan 8 ±cot 8 

4.3.45 Relations Between Circular (or Inverse Circular) Functions 

sin :r=a cos x=a tan x=a esc x=a 

sin x ______ a (l -a2) i a( l + a2)-t a-' 

cos x ______ (l -a2) l a (l +a2)-t a-1(a2-l)i 

tan x __ ___ _ a(l-a2)-t a-1(1-a2)1 a cw-1)-• 

esc x. _____ a-' (l -a2)-t a-1(l+a2) t a 

sec x ___ __ _ (l - a2)-t a-1 (l+a2)1 a (a2-1)-t 

cot x __ ____ a-1(1-a2)l a(l-a2)-i a- ' (a2-J )l 

( O:$x:$~) illustration: If sin x=a, cot x=a-1(1-a2)l 

a.rcsec a=a.rccot (a2- l )-l 

sec x=a 

a- 1(a2-l) i 

a- 1 

(a2-l)t 

a(a2- l )-t 

a 

(a2-l)-i 

cot x=a 

(l+a2)-t 

a(l +a2)-t 

a-1 

(l + a2) • 

a- 1(l+a2) t 

a 
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4.3.46 Circular Functions for Certain Angles 

---------1-- --1---1---

sm 0 ..;2 ( -./3-1) 1/2 
4 -./2/2 ..f3/2 

cos 1 1/2 

tan 0 2-.,;3 

esc (X) .J2 ( .,f3 + 1) 

{3J3 1 

2 .J2 

2-./3/3 ...j2 sec 1 ..f2 ( ..j3-1) 2 

cot (X) 2+ -./3 

sin 

cos 

5r/ 12 
75° 

..j2 (../3-1) 
4 

tan 2+--/3 

esc -./2( ..;3-1) 

sec ..j2 ( ..f3 + 1) 

cot 2---/3 

SJD --/2/2 

tan -1 

esc 

sec 

cot -1 

1 

0 

.J3 1 

-..fi (--/3-1) 
4 

../3/3 

.../3/2 

-1/2 

(X) - (2+-./3) -{3 

l ..fi< .../3-1) 2--/3/3 

(X) -../2(../3+ 1) -2 

0 

1/2 

-(2--./3) 

llr/12 
165° 

--./3/2 

--./3/3 

0 

-1 

--./3/3 - {2---/3) 0 

2 ..fi<-./3+1) (X) 

-2../3/3 -..fic.../3-1) -1 

-..;3 -{2+-./3) (X) 

Euler'• Fonnula 

4.3.47 

De Moivre'a Theorem 

4.3.48 (cos z+i sin z)'=cos vz+i sin vz 

(-r<£!lz~r unless vis an integer) 

Relation to Hyperbolic Function& (see •• 5.7 to •. 5.12) 

4.3.49 sin z= -i sinh iz 

4.3.50 

4.3.51 

4.3.52 

4.3.53 

4.3.54 

cos z=cosh iz 

tan z=-i tanh iz 

esc z =i csch iz 

sec z=sech iz 

cot z=i coth iz 

Circular Functions in Ternu ol Real and hnaginary 
Paru 

4.3.55 sin z=sin x cosh y+i cos x sinh y 

4.3.56 cos z=cos x cosh y-i sin x sinh y 

t 
sin 2x+i sinh 2y 

4·3·57 an z= cos 2x+cosh 2y 

4.3.58 
sin 2x-i sinh 2y 

cot z cosh 2y-cos 2x 

Modulua and Phue (Azgwnent) of Circular Function• 

4.3.59 I sin zl = (sin2 x+sinh1 y)l 

4.3.60 

4.3.61 

4.3.62 

4.3.63 

4.3.64 

4.3.65 

= [i (cosh 2y-cos 2x)]• 

arg sin z=arctan (cot x tanh y) 

Ieos zi=(cos' x+sinh' y)l 

=[! (cosh 2y+cos 2z)]l 

arg cos z=-arctan (tan x tanh y) 

(
cosh 2y-cos 2x)i 

itan zi= cosh 2y+cos 2z 

(
sinh 2y) arg tan z=arctan . 2 SlD X 

Seriea Expanaion1 

. za z& z1 
sm z=z-31+51-71+ · · · (lzl< CD) 

4.3.66 

(!zl< (X)) 
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4.3.67 

z8 2z5 17z7 

tan z=z+3+ 15 + 315 + · · · 

+
(-1)"-122"(22.,.-l)B211 2,._1+ 

(2n)! z · · · 
4.3.68 

1 z 7 ' a 31 8 
esc z=z+6+360 z +15120 z + ... 

( -1)"-12(22"-1-l)B2,. 211_ 1 
+ (2n)l z + · · · 

4.3.69 

z2 5z' 61z0 

sec z=l +"2+24+ 720 + .. , 

4.3.70 
+(-1) 11E2n. 22,.+ . 

(2n)l · · · 

1 z z8 2z5 

cot z=-- -- ---­z 3 45 945 

(-1)"-122" B _ 2n 
2
211-1_ 

(2n)! 

4.3.71 

4.3.72 

CD (-1)"2~"-1(22"-l)B 
In cos z= ~ 2n z2

" 
n-1 n(2n)l 

4.3.89 

4.3.90 

<lzl<v) 

4.3.73 4.3.91 

tan z "' (-1)"- 12~"(22"- 1-l)B ln --= ~ 211 z2" 
z n-1 n(2n)l 

Clzi<P') 4.3.92 

where B~~. and E,. are the Bernoulli and Euler 
numbers (see chapter 23). 

4.3.74 

4.3.75 

L.Uniting Values 

lim tan x= 1 
%-+0 X 

4.3.93 

Infinite Pl'Oducu 

co ( z') sin z=z k-r;}J 1-k2r 

"' ( 4z2 ) 
cos z= !!1 1-(2k-1)2r 

ExpaDBion in Partial Fractions 

1 CD 1 
cot z=z-+2z t;1 22- kY 

(z:;C01 ±?r,±21r, ... ) 

... 1 
csc2 z= ~ ( k )2 11-- oo z- 11' 

(z:;C0,±1r,±21r, ... ) 

1 CD ( -1)~~ 
esc z=-+2z '5: 2 k2 2 z k-}z- 1r 

(z.C0,±1r,±211', . . . ) 

Continued Fractions 

4.3.76 lim 
. x 

z z2 zt z2 ( 1r ) 4.3.94 tan z=
1

_ 
3

_ 
5

_ 
7
_ . . . z :;C2±n1r 

4.3.77 

4.3.78 

nsm-=x 
n-+CD n 

lim 
X n tan - =x 

n-+... n 

lim 
X 

cos-=1 
n-+"' n 

4.3.95 
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Polynomia l Approximations 7 

4.3.96 

a,=-.16605 

4.3.97 

a2=-.16666 66664 

a,= .00833 33315 

aa=- .00019 84090 

4.3.98 

~=-.49670 

4.3.99 

a.=.00761 

as= .ooooo 27526 

a10=-.00000 00239 

a 4=.03705 

cos x=l +<Z2x'+a.x•+aax0+asx8+~10x10+E(x) 

jE(x) j ~2Xl0-9 

a2=- .49999 99963 

a4= .04166 66418 

as=- .00138 88397 

4.3 .100 

as= .00002 47609 

aso=- .00000 02605 

a4=.20330 

1 The approximations 4.3.96 to 4.3.103 are from B . Cs<rl­
son; M. Goldstein, Rational approximation of functions, 
Los Alamos Scientific Laboratory LA-1943, Los Alamos, 
N. Mex., 1955 (with permission). 

4.3.101 

t.a.n x 
-x-= 1 +£t:?x2+a.x•+a6x0+asxB+a10x10 

+a12x'2+ E(x) 

/E(:t)/ ~2Xl0-8 . 
a2=.33333 14036 

a.=.l3339 23995 

aa= .05337 40603 

4.3.102 

• 

4.3.103 

a2=-.33333 33410 

a4=-.02222 20287 

a6=-.00211 77168 

as= .02456 50893 

ato=.00290 05250 

a,2=.00951 68091 

a.=- .024369 

O<x<!. - -4 

as= - .00020 78504 

a10=-.00002 62619 

Approximat ions in Terms of Ch ebysh ev Polynomiala s 

4.3.104 

T!(x)=cosn8, cos8=2x-l (see chapter 22) 

... ... 
sin ~x=x :E A,.T!(z2) cos i-Kx= :2: A,.T: ( z2) 

n-o 71-0 

n A,. n A,. 
0 1.27627 8962 0 .47200 1216 

1 -.28526 1569 1 - .49940 3258 

2 .00911 8016 2 .02799 2080 

3 -.00013 6587 3 -.00059 6695 

4 .00000 1185 4 .00000 6704 

5 - .00000 0007 5 -.00000 0047 

K The approximations 4.3.104 are from C. W. Glenshaw, 
Pol_vuomial approximations to elementary functions, 
Math. Tabh•s AiciK Comp. 8, 143-147 (1954) (with per­
mjssion). 
•see pare u. 
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4.3.105 

4.3.106 

4.3.107 

4.3.108 

4.3.109 

4.3.110 

4.3.111 

4.3.112 

4.3.ll3 

Differentiation Formulas 

d 0 

dz sm z=eos z 

d 0 

dz cos z=-sm z 

d 
dz tan z=sec2 z 

d 
dz esc z=-csc z cot z 

d 
dz sec z=sec z tan z 

d 
-cot z= -csc2 z 
dz 

d" . . ( 1 ) dzn sm z=sm z+~r 

d" ( 1 ) dz'' COS Z=COS z+r 

lntegJ"ation Formulae 

Jsin zdz=-cosz 

4.3.114 J cos z dz=sin z 

4.3.115 Jta.n zdz=-ln cosz=ln secz 

4.3.116 

f z I . 1-cos z 
esc zdz=ln tan 2=In (cscz-co..t.z)=2 .lnl+cos z 

4.3.117 

Jseczdz=ln (secz+t.anz)=ln tan (~+~)=gd-t (z) 

=Inverse Gudermannian Function 

11" gd z=2 arctan e•-2 

4.3.118 J cot ~ dz=ln sin z= -ln esc z 

·4.3.119 

f z" sinzdz=-z" cos z+n f z"-1 cos zdz 

4.3.120 

Jsin zd -sin z 1 J cos zd 
z" z (n-l)z" 1+ n-1. z"-1 z 

4.3.121 J+dz=-z cot z+In sin z 
SID Z 

4.3.122 

I zdz 
sin" z 

4.3.123 

-z cos z 1 
(n-1) sin"-1 z (n-l)(n-2) sin" z z 

(n-2)J z dz ( >2) 
+ (n-1) . sin"-2· z n 

J z" cos zdz=z11 sin z-n J zn-l sin zdz 

4.3.124 

Jcos zdz= 
z" 

cos z 1 Jsin zd - z (n>l) (n-l)z" 1 n-1 zn-1 

4.3.125 J---;-dz=z tan z+ln cos z 
cos z 

4.3.126 

f zdz 
cos" z 

4.3.127 

z sin z 1 
(n-1) cos" 1 z (n-1) (n-2) cos" 2 z 

+(n-2)J zdz (n>2) 
(n-1) cos,.-2 z 

f - sin"'+1 z cos"-1 z 
sm"' z cos• z dz=----:--­

m+n 

+ sm"' z cos"-2 z dz 
(n-1) J . 
(m+n) 

=-
m+n 

+ SID m-t Z COS11 Z dz (m-l)J. 
(m+n) 

(m¢-n) 
4.3.128 

f dz 
sin"' z cos" z 

1 
(n-1) sin"'- 1 z cos" 1 z 

m+n-2J dz 
+ n- 1 sin"' z cos" 2 z 

(n>l ) 

-1 
= (m-1) sin"'- 1 z cos" 1 z 

m+n-2J dz 
+ m-1 sin"' 2 z cos" z· 

(m> 1) 

J ta.n"-1 z J 4.3.129 ta.n"zdz= n-
1 

- tan"-2 zdz (n¢1) 

f eot"-1 z J 4.3.130 cot"zdz=- n-
1

- cot"-2 zdz.(n¢ 1) 
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4 .3.132 

... 3.134 

4.3.135 

-'.3.136 

f dz tan! 
l+cos z 2 

f dz 
1-cos z 

z -cot-
2 

J ef'J sin bz dz= at~b' (a sin bz-b cos bz) 

4.3.137 

J ~cos bz dz= at~b'~ (a cos bz+b sin bz) 

4.3.138 

J eaz sin" bz dz 

4.3.140 

Definite Intevals 

i ... sin mt sin nt dt=O 

(m>=n, m and n integers) 

i ""cos mt cosnt dt=O 

4.3.141 .c· sin2 nt f],t= i .. cos2 nt dt=~ 

4.3.142 r ... sin mt dt=~ 
J o t 2 

(nan integer, n >=O) 

(m>O) 

=0 (m=O) 

=-~ (m<O) 

4.3.143 .["' cos at~ cos bt dt=ln (bja) 

4.3.144 .["'sin t2 dt= .["'cos t2 dt=~~ 
4.3.1415 

("'2 ("12 '11" 

Jo ln sin t dt= Jo ln cost dt=- 2ln 2 

4.3.146 f "' cos mt dt=! --m 
Jo l + t2 2 e 

(See chapters 5 and 7 for other integrals involv­
ing circular functions.) 

(See [5.3] for Fourier transforms.) 

4.3.147 

Formulas for Solution of Plane Right Triangles 

B 

c 
0 

b A 

If A B and G are the vertices (G the right 
angle), ~nd a, b aad c the sides opposite respectively, 

sin A=~=-1--c cseA 

b 1 
cosA=-=- ­c secA 

a 1 ta.nA=-=-­
b cotA 

versine A=vei's A=l- cos A 

coversine A= covers A=l-sin A 

haversine A=hav A=i- versA 

e.leseca.nt A=exsec A=sec A-1 
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4.3.148 

Fonnulaa for Solution of Plane Trfanclea 

A 

In a triangle with angles A, B and 0 and sides 
opposite a, b a.nd c respectively, 

a b c 
sin A= sin B=sin 0 

c'+b'-a' 
cosA 2bc 

a= b cos O+c cos B 

a+b ta.n !(A+B) 
a-b=ta.n !(A-B) 

be sin A b) ) l area. 
2 

[s(s-a)(s- (s- c ) 

s=!(a+b+c) 

4.3.149 

Formulae for Solution of Spherical Trian1les 

8 

0 

H A, B a.nd 0 a.re the three a.ngles a.nd a, band 
c the opposite sides, 

sin A sin B sin 0 
sina=sinb=sinc 

cos a=cos b cos c+sin b sin c cos A 

cos b cos (c±8) 
cos 8 

where tan 8= tan b cos A 

cos A=-cos B cos O+sin B sin 0 cos a 

4.4.1 

4.4.2 

4.4.3 

4.4. Invene Circular Functions 

De6nitiont1 

. r· dt 
a.rcsm z= Jo (l-t2)t (z=x+iy) 

J.
1 

dt 1r arcsin z arccos z= ~ (l-t')' 2 

f ' dt 
arctan z= Jo I+tt 

• 

The pa.th of integration must not cross the 
real axis in the case of 4.4.1 and 4.4.2 and the 
imaginary axis in the case of 4.4.3 except possibly 
inside the unit circle. Each function is single­
valued and regular in the z-plane cut along the 
real axis from - m to - 1 ood + 1 to + m in the case 
of 4.4.1 a~d 4.4.2 a~d alo~g ~e imaginar7 a.xis 
from i to t m and -t to - t m m the case o 4.4.3. 

Inverse circular functions are also written 
arcsin z=sin-1 z, arccos z=cos-1 z, arctan z 
= tan- 1 z, . ... 

When - 1 ~ x ~ 1, arcsin x and arccos x are 
real and 

4.4.4 

4.4.5 

4.4.6 

4.4.7 

4.4.8 

4.4.9 

- !1r ~arcsin x ~ !1r, 0 ~arccos x ~ 1r 

-· 

-I 

1r 9lz>O 
arctan z+arccot z=±2 fJlz<..rf 
arccsc z=a.rcsin 1/z 

arcsec z=arccos 1/z 

arccot z=arctan 1/z 

arcsec z+arccsc z=l1r 
(see 4.3.45) 

ly ly 

X 

0 +I 0 

-i 

arcsin z and orcton z 
arccon 

ly ly 

tl 

' X 

0 +I 0 
-I 

orcctc z and arccot z 
«csec z 

FIGURE 4.4. Branch cuts for inverse circ'Ular 
junctions. 
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Fundamental Property 

The general solutions of the equations 

sin t=z 

cos t=2 

tan t=z 
are respectively 

4.4.10 t=Arcsin z=(-1? arcsin z+k1r 

4.4.11 t=Arccos z= ±arccos z+2hr 

4.4.12 
t=.Arctan z=arctan 2+kr (z1 ~ -1) 

where k is an arbitrary integer. 

4.4.13 Interval containing principal value 
y x positive x negative 

or zero 

*arccos x and arcsec x 0 ~ y ~ 1r/2 

*arccot x and arccsc x 05y~r/2 -r/2~y<O 

_3.0 

-0~1in 11 
-~ OtCC:OI JI' 

--ore1on• 
-on::c:•~• 
... _ ... OtC'&t( I. 
- orccofl 

FIGURE 4.5. Inverse circular junctions. 

4.4.14 

4.4.15 

4.4.16 

4.4.17 

4.4.18 

*4.4.19 

Functions of Negative Arguments 

arcsin (- z) =-arcsin z 

arccos (-z) = 1r-arccos z 

arctan ( - z)= -arctan z 

arccsc (- z) =-arccsc z 

arcsec ( -z)=r-arcsec z 

arccot ( -z) =-arccot 2 

Relation to Invert~e Hyperbolic Functions (Bee 4.6.14 to 
4.6.19) 

4.4.20 

4.4 • .21 

4.4.22 

•See p~e n . 

Arcsin z= -i Arcsinh iz 

Arccos z= ± i .Arccosh 2 

Arctanz=-iArctanhiz (~~-1) 

4.4.23 Arccsc z=i .Arccsch iz 

4.4.24 Arcsec z= ± i Arcsech 2 

4.4.25 .Arccot z=i Arccoth iz 

Logarithmic Representations 

4.4 ... 26 Arcsin x=-i Ln [(1-x2)i+ix] (z251) 

4.4.27 Arccos x=-·i Ln [x+i(I-x2)l] (:z:2~I) 

i 1-ix i i+x 
4.4.28 Arctan x=-2 Ln -

1
+. =

2
- Ln -. -

~x ~-x 

(x real) 

4.4.29 Arccsc :1;=-i Ln [<x~-~)i+iJ (x2~ 1) 

4.4.30 Arcsec x=-i Lne+i(~2- l)i] (:z:2~1) 

4.4.31 Arccot x=~ Ln G:+ ~ )=~ Ln (:+D 
(z real) 

Addition and Subtraction of Two Inverae Circular 
Functions 

4.4.32 

.Arcsin Zt±Arcsin z2 
=Arcsin [zt(l-z~)l±z~(1-zf)l] 

4.4.33 

Arccos z, ±Arccos 22 

=Arccos { zlz2=F[(1-z¥) (1-z;)]l} 
4A.34 

.Arcta.n Zt ±Arct-an z2=.Arcta.n (1z~ ± z2
) 

i?ltZ~ · 

4.4.35 

Arcsin z, ±.Arccos z2 

4.4.36 

=Arcsin { ztZa± [ (1-zf) (1-z~) ]l J 
= Arccos [z2(1-zf)l=fz1(1-z~)l] 

Arctan z1± Arccot z2 

=Arctan (z1 z2± 1)=Arccot ( z2-=j=z,) 
Z2=fZ1 Z1Z2±l 

Inverae Circular Functions in Tei:Dle of Real and 
hnaginary Parta 

4.4.37 

Arcsin z=hr+( -1)t arcsin {3 

+(-l)tiin [(X+<cr-1)1] 
4.4.38 

Arccos z=2kr± { &rccos {3-i In [a+(cr-1)1)} 
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4.4.39 

Arctan z=br+! arctan C -~-y2) 
+i lu [ x2+(y+ 1)2] (zZ;;t-1) 

4 :z:2+(y-1)2 

where k is an integer or zero uud 

4.4.40 

a=![(x+1)2+y2Jl+![(x-1)~+y1]t 

13=! [(x+1)Z+y2]i-}[(x- l)z+y2]l 

Series Expansion$ 

. z3 1·3z5 1·3·5z7 

arcsm z=z+2·3+2 ·4 ·5+2· 4 · 6·7+ ... (jz)<l) 

4.4.41 

• ( ) 'Tr ( ) l [ ~ 1 · 3. 5 . . . (~~k-1 ) 1] 
arcsm 1-z 2 2z I+~ z2k(2k+l )kl z 

4.4.42 
(Jzl<2) 

z [ 2 zZ 2 . 4 ( z2 ·)2 J 
= l+z2 1+3 l +z2+a:t; t+z2, + · · · 

(z2 ~-1) 
Continued Fractions 

z z2 4z2 9z2 16z2 

4.4.43 arctan z=1+ 3+ 5+ 7+ 9+ ... 

arcsin z 
4.4.44 ~ 

-v 1-z2 

(z in the cut plane of Figure 4.4.) 

z 1· 2z2 1· 2z2 3 · 4z2 3 . 4z2 

1- 3- 5- 7- 9=-· .. 

(z in the cut plane of Figure 4.4.) 

Polynomial Approximations s 

4.4.45 O~x~1 

arcsin x=~- (1-x)t(ao+a~x+!L:!:&+aaXS)+E(:t) 

)E(:t))~5XlO-s 

ao= 1.57072 88 

at=-.21211 44 

a2= .07426 10 

a3=- .01872 93 

0 The approximations 4.4.45 to 4.4.47 are from C. Hast­
ings, Jr. , Approximations for digital computers. P rinceton 
Univ. Press, Princeton, N.J., 1955 (with permission). 

4.4.46 O~x:Sl 

arcsin z=i-(I -x)i(ao+~x+a-.rx2+aar 

+a~xt+a5x5+aax6+a1x1) + t (x) 

)t (X) I::; zx IQ-S 

ao= 1.57079 63050 

a1=-.21459 88016 

a2= .08897 89874 

a8=-.05017 43046 

a4= .03089 18810 

a6=-.01708 81256 

a6= .00667 00901 

ar=-.00126 24911 

4.4.47 - l~x:Sl 

a1= .99986 60 

G.:J=- .33029 95 

a6= .18014 10 

arctan x 

4.4.49 11 

arctan x 
X 

a-.r=- .33333 14528 

a.= .19993 55085 

a8 = -.14208 89944 

as= .10656 26393 

O$x$l 

ar=-.08513 30 

a9= .02083 51 

a 10=-.07528 96400 

a12= .04290 96138 

aH=- .01616 57367 

a.0= ,00286 62257 

10 The approximation 4.4.48 is from C. Hast ings, Jr., 
Note 143, Math. Tables Aids Comp. 6, 68 (1953) (with 
permission). 

u The approximat ion 4.4..49 is from B. 9arlson, M. Gold~ 
stein, Rational approximation of funct1ons, Los Alamos 
Scientific Laboratory LA-1943, Los Alamos, N. Mex., 
1955 (with permission). 
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Appl'o:rlmatioJUI in Tel'lll8 of Chebyshev Polynomials 12 

4.4.50 

T!(:c)=cos n01 cos 0=2x-1 (see chapter 22) 

ID 

arctan x=x ~ A 11T!(x2) 

n A, 
0 .88137 3587 
1 -. 10589 2925 
2 . 01113 5843 
3 -.00138 1195 
4 .00018 5743 
5 -. 00002 6215 

n•O 

n A, 
6 .00000 3821 
7 -.00000 0570 
8 .00000 0086 
9 -. 00000 0013 

10 . 00000 0002 

• For x >1, use arctan :r:=p-arcta.n (1/x) 

4-.4.51 

CD 

arcsin x=x ~ A,.T!(2x2) 
n-o 

CD 

arccos x=!n--x ~ A..1'!(2:r2) 
n-o 

n A,. n A.. 
0 1.05123 1959 5 . 00000 5881 
1 . 05494 6487 6 . 00000 0777 
2 . 00408 063.1 7 . 00000 0107 
3 . 00040 7890 8 . 00000 0015 
4 . 00004 6985 9 . 00000 0002 

For t.J2~x~l, use arcsin x=arccos(l-x2)f, arc­
cos x=arcsin (1-x2)t. 

4.4.52 

4.4.53 

4.4.54 

4.4.55 

4.4.56 

Differentiation Fol'Ululas 

!!:_arcsin z=(l-z2)-t 
dz 

d 1 
dz arctan z=l +z2 

d - 1 
dz arccot z= 1+zt 

d 
dz arcsec z z (z2-1)i 

1 

12 }.'he ap:Qroximations 4.4.50 to 4.4.51 are from C. W. 
Clenshaw, Polynomia.l approximations to elementary 
functions, Math. Tables Aids Comp. 8, 143-147 (1954) 
(with permission). 

-~ .... - _ ... _ f 't 

d 1 
dz 

arccsc z= 
z(z~-1}! 

4.4.57 

Integration Formulas 

4.4.58 J arcsin z dz= z arcsin z + (1-zt) t 

4.4.59 J arccos z dz=z arccos z-(1-z2)f 

4.4.60 J arctan z dz=z arctan z-tln (1+z2) 

4.4.61 

J arccsc z dz=z arccsc z±ln [z+(z2-I)t] 

[ 

O<arccsc z<~] 

-~<arccsc z<O 
4.4.62 

J arcsec z dp=Z arcsec z1=ln [z+(z•-1)1] 

· [:<a)'CSec z<~] 
2< arcsec z<., 

- 4.4.63 

J arocot z dz=z arccot z+l in (1 +z') 

4.4.64 

Jz arcsin z dz=(~' ~)arcsin z+~ (l-z2)* 

4.4.65 
f. - z"+r . 1 J z"+l 

Jz" a.rcsm z dz n+t arcsm a-n+l (l-z')i dz 

(n~-1) 

4.4.66 

Jz arccos z dz=cz; ~)arccos z-i (1-z2)l 

4.4.67 
f. z"+• 1 J z"+t 
y~" arccos z dz= n+ 1 arccos z+ n+ 1 (l- z')t dz 

4.4.68 

(n~-1) 

f. 1 z J z arctan z dz=2 (1 +z.t) arctan z- 2 
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4.4.69 r. zn+l 1 j' zn.+t 
J z" arctan z dz= n+ 1 arctan z-n+ 1 1 +z2 dz 

4.4.70 

4.4.71 

(n¢-1) 

r. 1 z J z arccot z dz=z (1 + z2
) arccot z+z 

(. z"H 1 j'z"+1 

J z" arccot z dz= n+l a.rccot z+ n+ 1 ·1 +z' dz 

4.5.1 

4.5.2 

4.5.3 

4.5.4 

4.5.5 

4.5.'6 

4.5. Hyperbolic Functions 

Definitiona 

sinh z 
e•-e-• 

2 

cosh z 
e'+e-' 

2 

tanh z=sinh z/cosh z 

csch z= 1/sinh z 

sech z= 1/cosh z 

coth z=1/ta.nh z 

. . . . 
\~lha 

\ 
\ 

\ 

\ 
\ ', 

\ 

- 1.5 

.. J.a 
I 

I -··' 

- t.lnh• --- cot". 
-~-- IOFih a 
-- C:ICh 1. 

- ···-··• 11Ct't t 
- - cott'l• 

(n¢-1) 

(z=x+iy) 

FIGURE 4.6. Hyperbolic junctions. 

Relation to Circular Functiorul (see 4.3.49 to 4.3.54) 

Hyperbolic formulas can be deriv-ed from 
trigonometric identities by replacing z by iz 

4.5.7 sinh z=-i sin iz 

4.5.8 

4.5.9 

4.5.10 

4.5.11 

4.5.12 

4.5.13 

4.5.14 

4.5.15 

4.5.16 

4.5.17 

4.5.18 

4.5.19 

4.5.20 

4.5.21 

4.5.22 

4.5.23 

4.5.24 

4.5.25 

cosh z= cos iz 

tanh z=-i tan iz 

csch z= i esc ·i.z 

sech z=sec iz 

coth z=i cot iz 

Periodic Properties 

sinh (z+2kri)=sinh z 

(k any integer) 

cosh ( z + 27cri) =cosh z 

tanh (z+kri)=tanh z 

Relations Between Hyperbolic Functions 

cosh2 z-sinh2 z=l 

tanh2 z+sech2 z=l 

coth2 z-csch2 z=l 

cosh z+sinh z=e' 

cosh z-sinh z:_e-• 

Negative Angle Formulas 

sinh (-z)=-sinh z 

cosh ( -z) =cosh z­

tanh (-z)=-tanh z 

Addition Formulas 

sinh (z~+~)=sinh Z1 cosh z2 

+cosh z1 sinh z, 

cosh (zt+z2)=cosh z1 cosh z2 

+sinh Zt sinh Z2 

4.5.26 tanh (z1+z2)=(tanh z1+tanh z2)/ 

( 1 +tanh Zt tanh 22) 

4.5.27 coth (z1+zz)=(coth Zt coth z2+ l)/ 

(coth zz+coth Zt) 

BaH-Angle Formulas 

4.5.28 

sinh ~=(cosh2z- 1 y 
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4.5.29 
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h z -(cosh z +f)! 
cos 2- 2 

4.5.30 

tanh !=(cosh z-1)! cash z-1 sinh z 
2 cosh z + 1 sinh z cosh Z'+ Jl 

Multiple- Angle Fonnulas 

4.5.31 . h . 2 . h h 2 tanh z 
SID 2z= Sill Z COS Z J- tanh' z 

4.5.32 cosh 2z=2 cosh2 z-1 =2 sinh2 z+ 1 

4.5.33 

4.5.34 

4.5.35 

4.5.36 

4.5.37 

4.5.38 

2 tanh 2 

tanh 2z 1 +tanh~ z 

sinh 32=3 sinh z+4 sinh3 2 

cosh 3z=-3 cosh z+4 cosh3 z 

sinh 4z= 4 sinh3 2 cosh 2+4 cosh-8 z sinh z 

Products of Hyperbolic Sines and Cosine. 

2 sinh z1 sinh ez=cosh (z1+z2) 

-cosh (z~--ez) 

4.5.40 2 sinh z1 cosh Z2= sinh (z1 + z2) 

+sinh (z1--z.) 

Addition and Subtraction of Two Hyperbolic Functiions 

4.5.41 

inh + . h 2 . h (21+ z2) h (Zt-Z•z) S 2 1 SID 2 2= SID -
2
- COS -

2
- ·-

4.5.42 

sinh z 1-sinh z2=2 cosh ( 2 1t 22
) sinh (

2
' 2 

2
:) 

4.5.43 

COsh 2t+coshzz=2 cosh e1
;

22
) cosh ( 21

2 z~) 

4.5.44 

COsh z,-cosh Z2·-2 sinh c~~tz') sinh (Zt 
2 

22) 

4.5.45 

4.5.46 

Relatious Between Squares of Hyperbolic Sines and 
Cosines 

4.5.47 
sinh2 z1-sinh2 Z2=sinh (z1+z2) sinh (zl-z.2) 

=cosh~ z1-cosh2 22 
4.5.48 

sinh2 z1+cosh2 z2=cosh (zt+zl) cosh (zt-z2) 

=cosh2 21 +sinh2 Z2 

Hyperbolic Funetioll8 in Tenns of Real and Imaginary 
Parts 

(z=x+iy) 

4.5.49 sinh z=sinh x_cos y+i cosh x sin y 

4.5.50 cosh z=cosh x cos y+i sinh x sin 11 

sinh 2x+i sin 2y 4•5·51 tanh 2 cosh 2x+cos 2y 

4.5•52 coth 
2 

sinh 2x-i sin 2y 
cosh 2x-cos 2y 

De Moivre's Theorem 

4.5.53 (cosh z+sinh z)"=cosh n2+sinh nz 

Modulus and Phase (Argwnent) of Hyperbolic 
Functions 

4.5.54 I sinh 2! = (sinh2 x+sin2 y)1 
=[i(cosh 2z-cos 2y)]t 

4.5.55 arg sinh z=arctan (coth x tan y) 

4.5.56 lcosh zl= (sinh2 x+cos2 y)l 

=[i(cosh 2x+cos 2y)]l 

4.5.·57 arg cosh 2=arctan (tanh x tan y) 

5 I nh I (cosh 2x-cos 2y)i 4· ·58 ta. z = cosh 2x+cos Zy 

4.5.59 a.rg tanh z=a.rcta.n (~ 2%z) 
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4.5.60 Relations Between Hyperbolic (or Inverse Hyperbolic) Functions 

sinh x=a cosh x=a tanh x=a csohx=a sech x=a cotb x=a 

sinhx ____ !. a (a2-t)t a(l-a2)-l a-• a-•ct-a2)t (a2-1)-i 

cosh x _____ (1 +a') ' a (l-a2)-t a-•ct +a2)t a-1 a(a2-1)-t 

tanh x __ ___ a(l+a2)-t a-1(a2-l)t a (l+a2)-t (1-a2)t a-1 

cscb x ___ __ a-• {a2-1)-t a-1(1-a2)t a a(l-a2)-t (a2-1) t 

sech x __ ___ (l+a~-t a-• (1-a2)t a(1+a%)-t a a-1{a2-1)t 

coth x _____ a- •ca'+ l)l a(a2-l)-l a-1 (1 +a2)t (1-a2)-t a 

illustration : If sinh x=a, coth x=a-1(a2+ l)t 

arcsech a=arccoth (1-a1)-t 

4.5.61 Special Values of the Hyperbolic Functions 4.5.66 

" 3'11" 
0 

1r 
z 2 .. n 2~ co 

sinh z __ ___ __ 0 '1- 0 -i co 

cosh z _______ 1 0 -1 0 co 

tanh z ______ 0 co ~ 0 - coi 1 

csch z _______ co -i co ., 0 

sech z _______ 1 Q) - -1 co 0 

coth z ______ _ co 0 CD 0 1 

Series Expansiona 

4.5.62 
. za zs z1 

smh z=z+3f+51+71+ .. . 

4.5.63 (lzl< CD) 

4.5.64 __ '- z3+ 2 1 17 1 tWll.l z=z-- -z --z 
3 15 315 

+ +2211(22"-l)B211 2,._ 1+ 
· · · (2n)! 2 

• • • 

* 

4.5.65 
(lzl<~) 

1 z 7 31 
each z=;-6+ 360 23- 15120 25+ · · · 

2(22n-l_1)B2,. 211-l+ 

(2n)! 2 
• • • 

(lzl<~-) 

ch 1 ~_L 5 • 61 '+ + E2,. 2,+ 
se z= -2'24 2 -720 2 · · · (2n)! 2 · · · 

(lzl<~) 
4.5.67 

h 1 z z3 2 6 +22
" B2,. 2,.-•+ 

cot z=-z+a- 45 + 945 2 - . . • (2n) I 2 .. . 

(lzl<11') 
where B,. and E, are the nth Bernoulli and Euler 
numbers, see chapter 23 . 

4.5.68 

4.5.69 

4.5.70 

4.5.71 

4.5.72 

4.5.73 

4.5.74 

Infinite Products 

Continued Fraction 

z z2 z2 z2 
tanh z=l+ 3+ 5+ 7+ .. . 

( z jCi i±n?ri) 

DiJI'erentiation Formulas 

tz sinh z=cosh z 

:z cosh z=sinh z 
d 
dz tanh z=sech2 z 

d 
dz each z= -csch z coth z 
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4.5.75 

4.5.76 

4.5.77 

4.5.78 

4.5.79 

4.5.80 

4.5.81 

4.5.82 

4.5.83 

d 
-d. sech z=-sech z tanh z . z 

d - coth z=-csch2 z 
dz 

Integration ForJDulas 

J sinh z dz=cosh z 

J cOsh z dz=sinh z 

J tanh zdz=ln cosh z 

J csch zdz=ln tanh~ 

J sech z dz=arctan (sinh z) 

J coth z dz=ln sinh z 

J z~ sinh z dz=z" cosh z-n J z"-1 cosh z dz 

4.5.84 

J z~ cosh z dz=z" sinh z-n J z"-1 sinh z dz 

4.5.85 

J
sinh,. z cosh" z dz=-1- sinh"'+1 z cosh"-1 z 

m+n 

n-1s + m+n sinh"' z cosh"-2 zdz 

- m-
1 J sinh"'-2 z cosh" z dz 

m+n 
(m+n~IO) 

J dz -1 1 
4·5·86 sinh111 z cosh" z m-1 sinhm~l .z cosh"-1 z 

m+n-2J dz 
m-1 sinh"'-2 z cosh" z (m ~ l) 

1 1 
- n-1 sinh"'-1 z cosh"-1 z 

+m+n-2J dz 
n-l sinh"' z cosh n-2 z (n~l) 

4.5.87 

tanh" z dz=- + tanh~-~ z dz f · tanh"-1 z J 
n-1 

(n~l) 

4.5.88 

J coth"-1 z J 
coth~ z dz=- n-

1 
+ coth"-2 z dz 

(n~1) 

(See chapters 5 and 7 for other integrals m­
volving hyperbolic functions.) 

4.6. Inverse Hyperbolic Functions 

Definitions 

4.6.1 

4.6.2 

4.6.3 

inh r· dt. 
arcs z= Jo (1+tz)t 

r· dt 
arccosh z= J 

1 
(t2-l)l 

r· dt 
arctanh z= J o l-t2 

The paths of integration must not cross the fol­
lowing cuts. 

4.6.1 imaginary axis from -i <» to -i and i 
to i<» 

4.6.2 real axis from - <» to + 1 

4.6.3 real axis from - <»· to -1 and + 1 to 
+(X) 

Inverse hyperbolic functions are also written 
sinh-1 z, arsinh z, ~r sinh z, etc. 

4.6.4 arccsch z=arcsinh 1/z 

4.6.5 

4.6.6 

0 

arcsech z= arccosh 1/z 

arccoth z=arctanh 1/z 

iy iy 

+i 
lC. -oo tl l( 

0 0 
-i 

arcsinh z. orccostl z 

iy ,iy 

+i 
X -co +I += 

0 X _, 
orccsch z orcsech z 

iy 

l( 

- I 0 tl 

arctaflh z 

iy 

-I +I l( 

0 

arccotll z 

FIGURE 4.7. Branch cuts for inverse hyperbolic 
juncti<YM. 
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4.6.7 arctanh z=arccoth z± !ri 
(see 4.5.60) (according as ..lz-?<0) 

Fundamental Property 

The general solutions of the equations 

z=sinh t 

z=cosh t 

z=tanh t 

are respectively 

4.6.8 t=Arcsinh Z= ( - l )t arcsinh z+hri 

4.6.9 t=Arccosh z=±arccosh z+2kri 

4.6.10 t=Arctanh z=arctanh z+kri 

4.6.11 

*4.6.12 

4.6.13 

(k, integer) 

Functions o( Negative Arguments 

arcsinh (-z)=-nrcs~ z 

arccosh ( -z)=11'i-arccosh z 

arctanh ( - z)= -arctanh z 

Relation to Inverse Circular Functions (see 4.4.20 to 
4.4.25) 

Hyperbolic .identities can be derived from trig­
onometric identities by replacing z by iz. 

4.6.14 Arcsinh z= -i Arcsin ·ie 

4.6.15 Arccosh z= ± i Arccos z 

4.6.16 Arctanh z= -i Arctan iz 

4.6.17 Arccsch z=i Arccsc iz 

4.6.18 Arcsech z= ± i Arcsec z 

4.6.19 Arecoth z=i Arccot iz 

Logarithmic Representations 

4.6.20 arcsinh x=ln [x+ (x2+ l )lJ 

4.6.21 arccosh x=ln Lx +Cx2- l)l] (x~ l) 

4.6.22 l +x (O::;x2<1) arrtanh x=! ln -
1

--x 

4.6.23 arccsch x=ln [~+(~2+1YJ (x~O) 

4.6.24 arcsech :r=ln [~+(:2-lYJ (O<x::;l) 

4.6.25 
1 x+l 

arccoth x=2 In x 
1 

... 
4,0 

"' 
-OrtJll"h :~~ 

----- CIICCOJ)h 

-- - QtC!On~ I 

- -- 0tCC'1Chl 

..... ·•· orc~ed\ 1. 

- - - metoll\-. 

* 

4.0 • .o , * 

F I GURE 4.8. Inverse hyperbolicju:nctions. 

Addition and Subtraction of Two Inverse Hyperbolic 
Functions 

4.6.26 

·A.rcsinh z1 ± Arcsinh z2 

=Arcsinh [e~(l+z~)i±e2(1+zDtl 

4.6.27 

Arccosh z1 ±Arc cosh z2 

4.6.28 

4.6.29 

Arcsinh z1±Arccosh Zz 

4.6.30 

·~ .. page 11. 

= An·sinh ( z1z2± [(1 +z~)(z~- 1) ]I} 

=Arcc:-osh [z2(l +zr)!±el(z~-l)t] 
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Series Expansions 
4.6.31 

. 1 1 . 3 5 
arcsmh z=z- 2 . 3 z3+2 . 4 . 5

2 

(Jzl<l) 

1 1·3 
= ln Zz+z . 2z2 2. 4. 4z4 

+ 1·3·5 -
2 · 4 · 6 · 6z6 

(Jzl>l) 
4.6.32 

1 1·3 
e.rccosh z=ln Zz-

2
· . 

2 22 2 · 4 · 4z~ 

1 . 3. 5 
2. 4. 6. 6~6-

z3 zs z1 
4.6.33 arctanh z=z+-3+5+-f+ . . , 

1 1 1 1 
4.6.34 arccotb z=-+-3 s+;-s+-7 1+ · · · z . z oz z 

Continued Fractions 

z zt 4z2 9z2 

4.6.35 arctanh z=
1
_ 

3
_ 

5
_ 

7
_ . .. 

(lzi>I) 

(Jzl<1) 

(Jzi>I) 

( z in the cut plane of Figure ·~. 7.) 

4.6.36 
arcsinh z z 1 · 2z2 1 · 2z2 3 · 4z2 3 · 4z2 

.J1+zz -1+ 3+~ 7+ 9+· "' · 

4.6.37 

4.6.38 

4.6.39 

4.6.40 

4.6.41 

Differentiation Formulas 

..!!:_ arccosh z=(z2- 1)-l 
dz 

...!!:_ arctanb z=(1-z2)-1 

dz 

d 1 
dz arccsch z=i= z(l + z2)i 

(according as f!lz·~o) 

d 1 
dz arcsech z= i= z( 1_ 22) 4 

4.6.42 d 
- arccoth z=(l-z~)-1 

dz . 

Integration Formulas 

4.6.43 J arcsinh z dz=z arcsinh z-(l+z2)l 

4.6.44 J arccosb z·dz=z arccoah z- (z2- I )I 

4.6.45 J arctanhzdz=z arotanh z+! ln (l -z2
) 

4.6.46 

4.6.47 

4.6.48 

4.6.49 

J arccsch z dz=z arccsch z±aicsinh z 

(according as a'z~O) 

J arcsech z dz=z arcsech z±arcsin z 

J arccoth z r/.z=z arccoth z+t ln (z2- l ) 

Jzarcsinhzdz=22~+1 
arcsinh z-~ (z2+1)+ 

4.6.50 

f . zn+l . 1 f zrt+l 
z"arosmh zdz=n+l arcsmhz-n+I (l+z2) 1dz 

(n>=-1) 

4.6.51 

f 2z2- l z 
z arccosh z dz=-

4
- arccosh z- 4(z2-l)l 

4.6.52 

f z"+' 1 J z"+l 
z" arccosh zdz= n+ 1 arccoshz-n+ 1 (zZ-I)idz 

4.6.53 

4.6.5 ... 

(n;C -1) 

f z2- 1 z 
z arctanh z dz=-

2
- arctanh z+2 

f z"+l 1 J z"+' 
zn arctanh z dz-n+ l a.rctanh z- n+l 1_

2
2dz 

(n~-1) 

4.6.55 

(according as f!lz~O) 

* 

* 

* 
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4.6.57 f zt 1 
z a.rcsech z dz=2 a.rcsech z=F2 (1-z2)t 

(according as ,qlz:;;:O) 

4.6.58 

r z"+l 1 f z" 
J z"a.rcsech zdz=n+l a.rcsechz±n+i (l-z')1dz 

(n~-1) 

4.6.59 

4.6.60 

I z2-1 z z a.rccoth z dz=-
2

- a.rccoth z+2 

f z"+t l J z"+1 

z" arccoth z dz= n+ 1 a.rccoth z+ n+ 1 z'I-l dz 

(n~-1) 

Numerical Methods 

4.7. Use and Extension of the Tables 

NoTE: In the examples given it is nssumed that 
t,he arguments o.re exact. 

Example 1. Computation of Commolll Logarithms. 

To compute common lognrithfl)s, the number 
must be expressed in the form x ·10', (1 ~x< 10, 
-co ~q~ co). The common lognrithm of x- 10~ 
consists of nn integral part. which is called the 
characteristic und a decimnl part wlb.ich is called 
the mantissa.. Table 4.1 gives t;be common 
loglll'itbm of x. 

z 

Example 2. 

Compute x-3/i for x=9.19826 to tOD using t.be 
Table of Common Logarithms. 

From Table 4.1, four-point Lagrangian interpola.­
t.ion gives log10 (9.19826)=.96370 56812. Then, 

3 -4log1o (x)= -.72277 92609=9.27722 07391-10. 

Linear inverse interpolation in Table 4.1 yields 
ont.ilog (l .27722)=.18933. For 10 place nccurncy 
subtnbulation with 4-point Lagrangian intcr­
polo.nt.s produces the tnble 

N 
.18933 
.18934 
.18935 

log,o N 
.27721 94350 
.27724 23729 
.27726 53095 

2 29379 
2 29366 

By linear inverse interpolation 

-13 

.009836 9.836·10-8 3.99281 85=1(-2.00718 15) z-so= .18933 05685 . 

. 09836 9 .. 836·l0-2 2.9928185={-1.00718-15) Example 3 . 

. 9836 9.836. 1 o- • 1. 99281 85=1( -o.oo718 15) 

9.836 

98.36 

983.6 

9.836·10° 

9.836-101 

9.836·10' 

0.99281 85 

1.9928185 

2.9928185 

Interpolation ia Table 4.1 between 983 nnd 984 
gives .99281 85 ns t.he mnnt.issa of 9836. 

Note that 3.99281 85=-3+.99281 85. When 
q is negative the common logari1~hm co.n be 
expressed in the nlternat.ive forms 

logto (.009836) =3.99281 85=7.99281 85-10 
= -2.00718 15. 

The last. form is convenient for conversion from 
common logarithms to na.tura.lloglll'iithms. 

The inverse of log1o x is called the B>nt.iloga:rithm 
of x, and is written antilog x or log-• x. The 
logarithm of the reciprocal of a number is called 
the cologarithm, written colog. 

Convert log10 x to In x for1:=.009836. 
Using 4.1.23 and Table 4.1, ln (.009836) = 

In 10 log10 (.009836) =2.30258 5093 ( -2.00718 15) 
=-4.62170 62. 

Example 4. 

Compute ln z for x= .00278 t<;> 6D. 
Using 4.1.7, 4.1.11 nnd Table 4.2, ln (.00278)= 

In (.278 ·10-2) =In (.278) -2 ln 10=-5.885304. 
LineiU' int.orpoln.tion between x=.002 and 

x= .003 would giv<' ln(.00278)=-5.898. To 
obtain 5 decimal plncc accuracy \\rith linenr 
interpola.tion it is necessary thnt x> .175. 

Example 5. 

Compute ln x for x=1131.718 to 8D. 
Using 4.1.7, 4.1.11 and Table 4.2 

ln 1131.718=ln(11;:3~18 1131) 

= In 
11t:3~18 +In 1.131 +ln 10' 

=ln (1.00063 4836) +ln 1.131 +3lu 10. 
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Example 25. 

Compute a.rcsec 2.8 to 5D. 
Using 4.3.45 and Table 4.14 

. (z1-l)t 
arcsec z=arcsm z 

. [ (2.8)2- 1 ]t 
a.rcsec 2.8=a.rcsm 2.

8 

=arcsin .93404 97735 

=1.20559 

or using 4.3.45 and Table 4.14 

a.rcsec z=arcta.n (z2-l)t 

a.rcsec 2.8=arctan 2.61533 9366 

1r 
= 2 a.rcta.n .38235 95564J 

from 4.4.3 and 4.4.8 
=1.570796-.365207 

=1.20559. 

Example 26. 

Compute a.rcta.nh x for z=.96035 to 6D. 
From 4.6.22 a.nd Table 4.2 

1 +. 96035 1. 96035 
arctanh .96035=! In 1_.96035=! In .

03965 

=!In 49.44136 191 

= !(3. 90078 7359) =I. 950394. 

Example 27. 

Compute a.rccosh x for x=l.5368 to 6D. 
Using Table 4.17 

a.rccosh x arccosh 1.5368 
852346 (x2-1)t [(1.5368)2-l)t · 

a.rccosh 1.5368= (.852346) (1.361754)t 

= (.852346) (1.166942) 

= .994638. 

Example 28. 

Compute a.rccosh x for x=31.2 to 5D. 
Using Tables 4.2 and 4.17 with 1/x=l/31.2 

= .03205 128205 

a.rccosh 31.2 -In 31.2 =. 692886 

a.rccosh 31.2=.692886+3.440418=4.13330. 
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5. Exponential Integral and Related Functions 
Mathematical Properties 

5.1.1 

5.1.2 

5.1. Exponential Integral 

Defi.nltioD& 

r· e-' ~1(z)==J, ---t dt (larg zl<,.) 

f• e- ' rs e' 
Ei(x)=- - dt=.LJ -dt 

- :c t - .. t 

5.1.3 li(x)=f:t~tt=Ei(ln x) 

5.1.4 

(:z:>l ) 

r· e-ll 
~ .. (z)= J

1 
y dt (n=O, 1, 2, .. ·i 9tz>O) 

5.1.5 

(n=O, 1, 2, . . . ; Blz>O) 

5.1.6 fj,.(z)=J
1 

t"e-''dt 
-1 

(n=O, 1, 2, ... ) 

In 5.1.1 it is assumed that the path of integration 
excludes the origin and does not cross the negative 
real axis. 

Analytic continuation of the functions in 5.1.1, 
5.1.2, and 5.1.4 for n>O yields multi-valued func-

Explicit Expreuio1111 foT ao,(z) and {J,.(z) 

5.1.8 a,.(z)=nlz-"- 1e-• (l+z 1 ~;:+ ... +~;) 
5.1.9 

2 " 
fj,.(z)=n!z-"- 1{e' [1-z+~1- . •• + (-1)" ~ 11 

y 

tions with branch points at z=O a.nd z= (I) •
8 _ 3 

They are single-valued functions in the z-plane 
cut along the negative real axis.i The function 
li(z), the logarithmic integral, has an addit ional 
branch point at z= 1. 

In terrelatio011 
5.1.7 

~1(-x±iO)=-Ei(x) =fi'll', 

-Ei(z)=![~1(-x+iO)+Et(-x-iO)J (x>O) 

1 Some authors [5.14), [5.16] use the entire function 

Jo' (1-rf)dt/t as the basic function and denote it by 

Ein(z). We h&ve Ein (z) = E 1(z)+ln z+"Y· 

• Various authors define the integral J~. (e1/l)dl. in the 

z-plane cut along the positive real axis and denote it also 
by Ei(z). For z=x>O additional notations such aa·Ei(z). 
(e.g., in l5.10], [5.25]), E*(x) (in (5.2]), Ei*(x) (in [5.6]) are 
then used to designate the principal value of the integral. 
Correspondingly, E 1(:t) Is often denoted by -Ei(-x). 

228 

FIGURE 5.1. y=Ei(x) and y=E1(x). 
y 

FIGURE 5.2. y=E,.(x) 
n==O, 1, 2, 3, 5, 10 
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y 

y 

FIGURE 5.3. y=cx,(x) 
11.=0(1)6 

FIGURE 5.4. y={3,(x) 

=- •• 3.5 

n=O, 1, 2, 5, 10, 15 

Series &pa.n.aiona 

5.1.10 "' x" Ei(x)='Y+lnx+ :E - 1 n-lnn 

5.1.11 
.. (-l)"z" 

Et(z)=-'Y-ln z-:E ~.!...:-­
n•l nn! 

5.1.12 

(x>O) 

(jarg z!<1r) 

(-z)"-1 "' (.-z)"' 
E,.(z) (n-1)1 [- In z+¥'(n) ]-~: (m-n+1)ml 

m,..n-1 

~-1 1 
¥'(1)=-'Y, ¥'(n)=-'Y+ :E-

m•l m 

(ja.rg zl<"") 
(n>1) 

'¥= .57721 56649 . .. is Euler's constant. 

5.1.13 

5.1.14 

Symmetry Relation 

Recurrence Relat.ioD.B 

1 -En+l (z)=- [e "-zE,(z)] (n=1,2,3, . .. ) n 

5.1.15 zcx,. (z)=r~+nan-1 (z) (n=1, 2, 3, . . . ) 

5.1.16 

z,9,.(z)=(-1)"e•-e-•+n,B,._1(z) (n=1,2,3, . . . ) 

lnequalitiea [5.8], [5.4] 
5.1.17 

n-
1 E,.(x)<En+1(x)<E,.(x) 

11. 
(x>O;n=1,2,31 ••• ) 

5.1.18 

(x>O;n=1,2,3, ... ) 

5.1.19 

(x>O;n=1, 2,3, .. . ) 

5.1.20 

11n (1+~)<ezE't(x)<ln ( 1+i) 

5.1.21 

d [ E,(x) ]>o 
dx E11_,(x) 

(x>O; n=1,2, 3, ... ) 

·Continued .Fraction 

5.1.22 

- • ( 1 n 1 n+ 1 2 ) (I I ) E,.(z)=e z+ 1+ z+ 1+ z+... arg z <..-

Special Valuee 

5.1.23 
1 

E,.(O)-n- 1 (n>1) 

5.1.24 

5.1.25 
e-• 2 

ao(z)=-, .Bo(z)=-sinh z z z 
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Derivatives 

5126 dE"(z) -E~~-·t(z) 
• • dz 

5.1.27 

d~ d"- 1 

dz"[e'Et(z)]== dz"_1 [e'E1(z)] 

(-l)"(n-1)! + z" (n=l,2,3, ... ) 

Definite and Indefinite lnugrala 

(For more extensive tables of integrals see 
{5.3], [5.6], [5.11), [5.12], [5.13]. For integrals 
involving E,.(:z:) see [5.9].) 

5.1.28 

5.1.29 

5.1.30 

f "' t-ib lard uE ( b) Jo t2+b2 e _t=e 1 a 

5.1.31 

f"' t+ib e111'dt- e-a&(-Ei'ab)+i11") Jo t2+b2 - " 

5.1.32 

5.1.33 i"' EW)dt= 2 In 2 

S.LM 

i"' e-al E 11(t)dt= 

(-1)"-l n - 1 (-l)ta,l' 
a" {In (1 +a)+{:; k ) (a>-I)" 

5.1.35 

f 1 eat sin bt b Jo t dt= 1r-arcta.n a+JE1(-a+ib) 

(a>O,b>O) 

5.1.36 

( 1 e- ar sin bt b 
Jo t dt=a.rctan a +JE1(a+ ib) 

(a>O,b real) 

5.1.37 

it ea'(l - tos bt) dt==~ 1o (t+ !~+Ei(a) 

+&t!E;(-a+ib) (a>O,b real) 

5.1.38 

fl e-a'(l-cos bt) dt=!.In (t+ b~-E (a) 
Jo t 2 ai) 1 

+&t!Et(a+ib) (a>O,b real) 

5.1.39 

5.1.40 (:z:>O) 

5.1.41 

f 
f:t • 

a2~z?* dx==
2
: [e-"'Et(- a-i:z:)-e4E 1(a-ix)] 

+const. 

5.1.42 

f :z:el:l: 1 . . 
all+z2 dr -2 [e-aE1(-a-~x)+e11E1(a-tx)] 

+const. 

5.1.43 

f e" 1 :~+ 
2
d:z:=-- .F(e111E1(-:z:+ ia))+const. (a>O) 

a x a 

Relation to Incomplete Gamma Function (see 6.5) 

5.1.45 E,.(z)=z11
-

1r(I-n1 z) 

5.1.46 

5.1.47 ,811(z)=z--1[r(n+ l , -z)-r(n+l, z)] 

~elation to Spherical Bessel Functions (see 10.2} 
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Num.ber-Theoretic Significance of li (z) 

(Assuming Riemann's hypothesis that; aJl non­
real zeros of t(z) have a real part oft) 

5.1.50 li (x)-,;.(x)=O(~ ln x) (x~<» ) 

,;(:z:) is the number of primes less than or equal 
to x. 

200 

0 200 400 600 800 10()0 

FmuaE 5.5. y= li(:z:) and y=,.-(:z:) 

Asymptotic &parudon 

5.1.51 

E (z)-- e-• ( 1-~+ n(n+1) n(n+1~(n+:2) + ... } 
" z z z2 

(larg z!<t?r) 
Repreeentationof E,.(x) for Largen 

5.1.52 
E (:z:)= e-:t {1+ n + n(n-2x) 

" x+n (x+n) 2 (x+n)• 

+n(6x3-8nx+n') I-R( ) } 
(z+n)e· n, x 

-.36n~~~R(n,z)~(l+x+~-l)n-·• (z>O) 

Polynomial and Rational ApproxilnatioiUI• 

5.1.53. O~x~l 

E1(x)+ln x=ao+a.z+~z2+aa:z:B+a~+c~¢+e(:z:) 
IE(x)I<2X10-7 

5 The approximation 5.1.53 is from E. E. Allen, Note 
169, MTAC 8, 240 (1954); approximations !i.l.M and 
5.1.56 are from C. Hastings, Jr., ApproximatioN! for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955; 
approximation 5.1.55 is from C. Hastings, Jr., Note 143, 
MT AC 7, 68 (1953) (with permission). 

ao=- .57721 566 
a1= .99999 193 
(22=-.24991 055 

aa= .05519 968 
a,=-.00976 004 
a5= .00107 857 

5.1.54 

5.1.55 

5.1.56 

l~z< <» 

:z:e:tEt(:z:) :z:
2
+a.:z:+az+E(x) 

r+biz+b2 

je(t)l<5Xl0-a 

a1=2.334733 
~= .250621 

bl =3.330657 
b,= 1.681534 

lO~z< <» 

:tE ( ) z
2
+a.z+az ( ) 

xe • x z1+b.x+b3 +e z 

le(z) l<to-r 

a.=4.03640 
a,=l.15198 

bt:_5,03637 
b2=4.19160 

1~z< <» 

z'+atz3 +azx2+aax+a, 
z'+b1z8+b2z2+bax+b, +e: (:z:) 

IE(x)l <2 X lo-s 

a1= 8.57332 87401 
az= 18.05901 69730 
~= 8.63476 08925 
a,= .26777 37343 

bl = 9.57332 23454 
62=25.63295 61486 
b3=21.09965 30827 
b,= 3.95849 69228 

5.2. Sine and Cosine Integrals 

DefinitioiUI 

5.2.1 

5.2.2 8 

Si(z)= f~sin t dt 
Jo t 

Ci(z) =-y+ln z+ r~ cos t-1 dt 
Jo t 

5.2.3 7 Shi(z)= f' sinh t dt 
Jo t 

~.2.4 7 

Chi(z)=-y+ln z+ f" cosh t-1 dt 
Jo t 

(!arg zl<7r) 

(ja.rg zl<'ll') 

o Some authors {5.14], [5.16] U!e the entire function 

L"<l-cos t)~/t (UI the basic function and denote it by 

Cin(z). We have 
Cin(z)=-Ci(.z)+ln z+'Y· 

T The notations Sih(z) = f• sinh t ~/t, Jo 
Cinh(z)= L"(cosh t-1)dlft have also been proposed [5.14.} 



232 EXPONENTIAL INTEGHAL AND RELATED FUNCTIONS 

5.2.5 

5.2.6 

5.2.7 

si(z)=Si(z)-~ 
2 

Auxiliary Functions 

f(z)=Ci(z) sin z-si(z) cos z 

g(z)= -Ci(z) cos z-si(z) sin z 

Sine and Cosine Integrals in Terms of Auxillary 

Functions 

·5.2.8 

5.2.9 

Si(z)=~-f(z) cos z-g(z) sin z 

Ci(z)=f(z) sin z-g(z) cos z 

Integral Reprellentations 

,. 

5.2.10 si(z)=- rj e-• 008 I COS (z sin t)dt 
.Jo 

.. 
5.2.11 Ci(z) + E 1 (z) = fo2 

e-• ooa 1 sin (z sin _t)dt 

f'"' sin t f'"' e-.r 
5.2.12 j(z)= Jo i+z dt= Jo t 2+1 dt 

f "' cos t f"' te-•1 

5.2.13 g(z)= Jo t+z dt= Jo t 2+1 dt 

y 

.!!._t __ _ 
;: 

1.0 

·1.0 

FIGURE 5.6. y=Si(x) and y:-Ci(x) 

Series Expansions 

5.2.14 
• "' (-l)fl;z211+1 

St(z) ~ (2·n+I)(2n+l)! 

5.2.15 Si(z)=1r to J~+l (~) 

5.2.16 
. "' (-l)"z2~ 

Ci(z)=-y+ln z+ ~ 2n(2n)! 

5.2.17 
. '" 2 211+1 

Shi(z)= ~ (2n+l)(2n+l)l 

5.2.18 
• .. 2 2 .. 

Chi(z)=-y+ln z+ ~ 2n(2n)! 

Symmetry Relations 

5.2.19 Si(-z)=-Si(z), Si(Z)-Si(z) 

5.2.20 

5.2.21 

Ci( -z)=Ci(z)-·i1r 

Ci(Z)=Ci(z) 

Relation to Exponential Integral 

(larg zl<~) 

5.2.22 Si(i:t)=~ [Ei(x) +E. (x)] 

5.2.23 

Ci(z)=-~ [E1(iz)+E1(-iz)] 

5.2.24 Ci(ix)=~ [Ei(x)-E1(x)J+i~ (x>O) 

Value at Infinity 

5.2.25 lim Si(x)-! 
:IH"' 2 

Integrals 

(For more extensive ta.bles of integrals see 
[5.3], [5.6], [5.11], [5.12], [5.13].) 

5.2.26 - dt= - Sl (z) f. "' sin t . 

• t 

5.2.27 J.G> cost dt=-Ci (z) 
• t 

(/ttrg z!<1r) 

5.2.29 e -ar si (t)dt=- a.rctun a i ... 1 

o a 

f "' f "' 1r 5.2.30 Jo cos t Ci (t)dt= Jo sin t si (t)dt=-4 
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r· f"' 7r 
5.2.31 Jo Ci2 (t )dt= J o si2 (t)dt=2 

5.2.32• 1· Ci (t ) si (t)dt= ln 2 

5.2.33 

J:' (1-e-a~) cos 6t dt=~ In (1 +~) +Ci (b) 

5.2.34 

5.2.35 

5.2.36 

+ &lE1(a+ ib) (a real, 6> 0) 

Asymptotic E•paneione 

(jarg zl<'ll") 

(jarg zl<'~~") 

Rational Appronmations a 

1 ~x< oo 

a1=7.241163 

~=2.463936 

6,=9.068580 

62=7.157433 

5.2.37 

5.2.38 

1 ~x< Cl) 

1 cx·+~r+~) 
g(x)- x'- x'+6

1
x2+ b2 +t(:r.) 

lt(x) l<1o-• 

~=7.547478 

~=1.564072 

bt=l2.723684 

ba= 15.723606 

1~z< co 

j(x) =! (x8

+a1x
0

+~z
4

+aaz2+a•)+ t(x) 
z x8+b,z0+62z'+ba;t2+bt 

5.2.39 

lt(z)i<SXl0-7 

~ = 38.027264 

~=265.187033 

aa=335.677320 

38.102495 

b,= 40.021433 

02=322.624911 

ba=-570.236280 

6,= 157.105423 

1 (:r!+atx0+azx'+lLJx2+a,) 
g(x) =x2 :r!+b1x0+62x'+b3x2+b, +t (x) 

lt(z)J<3Xl0-7 

a1 = 42.242855 b1 = 48.196927 

aa=302.757865 b2= 482.485984 

aa= 352.018498 

a4= 21.821899 

b3=1114.978885 

b.= 449.690326 

• 

Numerical Methods 

5.3. Use and Extension of the Tables 

Example 1. Compute Ci (.25) to 5D. 
From Tables 5.1 and 4.2 we have 

Ci (.25)-ln(.25)-'Y=-
249350 (.25)2 • I 

Ci (.25) = (.25)2( - .249350) + ( -1.38629) 

+ .577216 =-.82466. 

Example 2. Comput e Ei (8) to 58. 
From Table 5.1 we have :u-~Ei (x) =l.l8185 for 

x=B. From Table 4.4, e8 =2.98096X 103
• Thus 

Ei (8) = 440.38. 

•see paJI'e u. 
1 From C. Hnstlngs, Jr., Approximations for digital 

computers, Princeton 'Univ. Press, Princeton, N.J., 1955 
(with permission). 

Example 3. Compute Si (20) to 5D. 
Since 1/20=.05 from Table 5.2 we find 

} (20)=.049757, g(20) = .002464. From Table 4.8, 
sin 20=.912945, cos 20=.408082. Using 5.2.8 

Si(20)=i-f(20) cos 20-g(20) sin 20 

= 1.570796-.022555 = 1.54824. 

Example 4. Compute E,.(x) , n = 1(1)N, to 58 
for x= l.275, N=lO. 

If x is less than about five, the recurrence 
relation 5.1.14 can be used in increasing order of n 
without serious loss of accuracy. 

By quadratic interpola~ion in Table 5.1 we get 
E 1(1.275)=.1408099, a.nd from Table 4.4, e- 1

•
275 

=.2794310, The recurrence formula 5.1.14 then 
yields 
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n E,.(l.275) E,.(1.275) 

1 .1408099 6 .0430168 
2 .0998984 7 .0374307 
3 .0760303 8 .0331009 
4 .0608307 9 .0296534 
5 .0504679 10 .0268469 

Interpolating directly in Table 5.4 for n= 10 
we get Eto(l.275)=.0268470 88 a check. 

Example 5. Compute E .. (z), n=l(1)N, to .58 
for z=10, N=10. 

If, a.s in this example, x is appreciably la.rg;er 
tha.n five a.nd N5:x, then the recurrence rela.til()n 
5.1.14 may be safely used in decreasing order of 
n([5.5J). From Table 5.~ for z-1=.1 we g;et 
(z+ 10)~Eto(z) = 1.02436 so that Eto(10) =2.325:29 xio-e. Using this 88 the initial value we obto.in 
column (2). 

101E.(10) 
n (1) 

105E,.(10) 
(2) 

1 .41570 .41570 
2 .38300 .38302 
3 .35500 .35488 
4 .33000 .33041 
5 .31000 .30898 
6 .28800 .29005 
7 .27'667 .27325 
8 .25333 .25822 
9 .25084 .24472 

10 .22573 .23253 

From Table 5.2 we get ze"E1(z)=.915633 so 
that Et(10)=4.15697XlO-e ss a. check. Forward 
recurrence starting with Et(10)=4.1570X1CI-8 

yields the values in column (1). The underlined 
figures are in error. 

Example 6. Compute E,.(z), n=1(l)N, to i5S 
for z=12.3, N=20. 

If N is appreciably larger tha.n z, and z appre­
ciably larger than five, then the recurrence rella.­
tion 5.1.14 should be used in the backward dirElC­

\ion to generate E,.(z) for n<no, and in the forward 
direction to generate En(x) for n>no, whe1re 
no=(z). 1 

From 5.1.52, with n0=12, z=12.3, we have 

e-u.a . 
E"o(z)= 

24 3
(1+.02032-.00043- .00001) 

· =1.91038XI0·-7• 

Using the recUITence relation 5.1.14, a.s indica.te1d, 
we get 

n l08E"(12.3) 108E,.(12.3) n 
12 . 191038 . 191038 12 
11 . 199213 . 183498 13 
10 . 208098 . 176516 14 
9 . 217793 . 170042 15 
8 . 228406 . 164015 16 
7 . 240073 . 158397 17 
t3 . 252951 . 153144 18 
5 . 267234 . 148226 19 
4 . 283155 . 143608 20 
3 . "300998 
2 . 321117 
1 . 343953 

From Tables 5.2 and 5.5 we find Ei (12.3) = .343953 
xw-e, E.20(12.3)=.143609Xl0-e as a check. 

Example 7. Compute an(2) to 68 for n=1(1)5. 
The recurrence formula 5.1.15 can be UBed for 

all z>O in inore88ing order of ·n without loss of 
1 

accuracy. From 5.1.25 we have ao(2)=2 e-2 

= .0676676, so we get 
n a,.(2) 

0 .0676676 
1 .101501 
2 .169169 
3 .321421 
·4 .710510 
5 1.84394 

Independent calculation with 5.1.8 yields the 
same result for a6 (2). 

The functions a0(z) and a 1 (z) ca.n be obtained 
from Table 10.8 UBing 5.1.48, 5.1.49. 

Example 8. Compute fJ,.(x), n=O(l)N to 6S 
for z=1, N=5. 

Use the recurrence relation 5.1.16 in increasing 
order of n if 

z>.368N+.184ln N+.821 

and in decressing order of n otherwise [5.5]. 
From 5.1.9 with n=5 we get fJ6(1)=-.324297 

correctly rounded to 6D. Using the recurrence 
formula 5.1.16 in decreasing order of n and 
carrying 9D we get the values in column (2). 

tJ,.(l) tJ,.(l) 
n (1) (2) 

0 2.35040 2 2.35040 2389 
1 - .73575 9269 -.73575 8880 
2 .87888 3849 .87888 4629 
3 - .44950 9722 -.44950 7383 
4 .55236 3499 .55237 2854 
5 -.32434 3774 -.32429 7 

Using forward recurrence instead, starting with 
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,S0 (1)=2 sinh 1=2.350402 and aga.in carrying 9D, 
we obtain column (1). The underlined figures 
a.re in error. The above shows that . three signifi­
cant figures a.re lost in forward recurrence, whereas 
about three significant figures are gained in back­
ward recurrence! 

An alternative procedure is to start with a.n 
arbitrary value for 11r sufficiently large (see also 
(5 .1]). To illustrate, starting -with the value 
zero at n= 11 we get 

n tJ,.{1) n ~.(1) 

11 0. 5 - .324297 
10 .280560 4 .552373 
9 -.206984 3 -.449507 
8 .319908 2 .878885 
7 -.253812 1 -.735759 
6 .404621 0 2.350402 

The functions {30(x) and {3, (x) can be obtained 
from Table 10.8 using 5.1.48, 5.1.49. . 

Example 9. Compute Et(Z) for z=3.2578 
+6.8943i. 

From Table 5.6 we have for ZQ=zo+iy0=3+7i 

Zfl!-'oE1 (Zo) = .934958 + .095598i, 

e•oE1 (zo) = .059898 - .107895i . 

From Taylor's formula withj(z)=e•E,(z) we have 

j(z)-f(Zo+t:.z) f(Zo)+f'it> Az 

+'" (Zo) (Az)2+ ... 
21 

with t:.~=Z-Zo=.2578-.1057i. Thus with 5.1.27 
we get 

0 
1 
2 
3 

. 059898 - . 107895i 

. 008174 +. 012795i 
-. 001859 +. 000155i 

. 000088 - . 000212i 

. 059898 -. 107895i 

. 003460 +. 002435i 
-. 000094 +- 000110i 
-. 000003 -. 000004i 

f(z)=.063261 - .105354i 
e-•=.031510 - .022075i 

E1(z)=-.000332 -.004716i 

Repeating. the calculation with Zo=3+6i and 
t:.z=.2578+.8943i we get the same result. 

An alternative procedUre is to perform bivariate 
interpolation in the real and imaginary parts of 
ze•E1 (z). 

Example 10. Compute Et (z) for z= - 4.2 
+12.7i. 

Using the formula at the bottom of Table 5.6 

•E ( ) .711093 
e 1 z ,.. -3.784225+12.7i 

.278518 .010389 -
+ -1.90572+ 12.7i I 2.0900+ I2.7i 

=-.0184106-.0736698i 
E1(z) ~-1.87133'-4.70540i. 
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6. Gamma Function and Related Functions 

Mathematical Properties 

6.1. Gamma (Factorial) Fllll.Ction 

.Euler's Integral 

6.1.1 r (z)= i .. t'-1e-'dt (r!iz>O) 

=k: i"' t'-1e-t' dt (r!iz>o, fflk>O) 

Euler's Formu]u 

6.1.2 
. n!n• 

r(z)=lim ( +1) ( + ) ce~o,-1,-2, . .. ) 
n-t .. z z ... z n 

Euler's Infinite Product 

6.1.3 -1 =ze"~"~ n [(1+~)e··t.fra] 
r(z) n-1 n 

(izl< CXI) 

·[ 111 1 J 'Y=lrm 1~2 -3+4-+ .. .. +--lnm 
.m-tm ' m 

= .57721 56649 ... 

'Y is known as Euler's constant l!l.nd is given to 25 
decimal places in chapter 1. I'(.e) is single valued 
and analytic over the entire complex plane, save 
for the points z=-n(n=O, 1, 2, . . . ) where it 
possesses simple poles with resiolue ( -1)"/nl. Its 
reciprocal 1/I' (z) is an entire function possessing 
simple zeros at the points .z= -n(n.....:o, 1, 2, ... ) . 

Hankel's Contour ln1te~al 

6.1.4 1 i i -=- (-t)-•e-'dt 
I'(z) 2r c 

(iz[< CXI) 

y 

. I 
li : 

' 
' I 
' v 
' 
' ' 

2 \ -----./ 
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FIGURE 6.1. Gamma function. * 
~--, y=r(x), - - - -, y=l/r (x) 

6.1.9 r(3/2)=lrl=.88622 69254 .. : =(!)! 

6.1.10 r (ni-l) 1·5·9·13 ·4~ . ( 4n-3) r (t) 

r(i)=3.62560 99082 ... 

The path of integration C star1l;s at + CXI on the 
real axis, circles the origin in the counterclockwise 6.1.11 r (n+i) !+7·10 ·3"· (3n-Z) r(!) 
dixection and returns to the star-ting point. 

Factorial and n NotatiOJlll r(t)=2.67893 85347 ... 

6.1.5 IT(z)=z!= r(z+ 1) 

Integer Values 

6.1.6 r (n+ 1) = 1·2·3 ... (n-1)n=n! 

6.1.7 

lim 
1 

0 
1 

2-+ll r(-.z) (-n-1)1 (n=O, 1, 2, ... ) 

Fractional Values 
6.1.8 
I'(i)=2 i .. e-'2 dt=rt=l.77245 38509 ... =(-i)l 

6.1.12 I'(n+1) = 1·3·5·7 . 2~ (2n-1) r (!) 

6.1.13 r (n+f) 2·5·8·11 ·a"· (3n-1) r (f) 

r(f)=1.35411 79394 ... 

6.1.14 r cn+i) =3·7·11·15 4~. (4n-1) r(i) 

_ _ _ r(t)=L22541 67024 . 
•sl!{! page u . 255 
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Recurrence Formulas 

6.1.15 r (z+ 1) =zr (z) = e!=z(z-1) I 

6.1.16 

J.1(n+z)=(n-l+z)(n-2+z) .. . (I+z)r(I+:~) 

=(n-l+z)! 

=(n-1+z)(n-2+z) ... (1+z)z! 

Reflection Formula 

6.1.17 r (z) r (l-z)=-'zr (-z)r (z)=J- esc w-z 

Duplication Formula 

6.1.18 r(2z)= (2r);-i 22•-1 r (z) r(z+i) 

Triplication Formula -

6.1.19 r (3z)=(2"')-1 38'-+r(z) r(z+}-)r(z;t-t) 

Gause' Multiplication Formula 

Binomial Coefficient 

( 2) z! rcz+ l) 6
·1.

21 
w w1(z-w) l r (w+l)r(z-w+1) 

6.1.22 

(z)o=11 

Pocbh-ammer'e Symbol 

r (z+n) 
(z)71=z(z+1)(z+2) . .. (z+n-1) r (z) 

Gamma Function in the Con1plex Plane 

6.1.23 r(Z)=r(z); In r (Z)=ln r(z) 

6.1.24 a.rg r(z+l) =arg r(z)+a.rctan 1l 
X 

6.1.25 
l
r(x+iy)l2 .. [ y'l J-1 

r (x) = nl!o 1+ (x+n) 2 

6.1.26 lr(x+iy)l ~lr(x)l 

6.1.27 

arg r (x+iy)='!/'f(x)+ ± (. +Y - arctan +Y ·) 
n-o X n X 72. 

(:t+ iy¢0,-1,-2, . 0 0 ) 

where 1/!(z)=r'(z)/r (z) 

6.1.28 r (r+iy)=iy r (iy ) 

6.1.29 r (iy)r(-iy)=!r(iy)j2 Y ~ 1ry 

6.1.30 rct+iy)r(t-iy)= lr ct+iy) !2 cos~ 1rY 

6.1.31 r (1 +iy) r (1-iy)=l r (I +iy)!2 si;{; 1ry 

6.1.32 r (l+' )res . ) w-../2 6 ty T-ty cosh '~~"Y+i sinh 1ry 

Power Series 
6.1.33 

In r(1+z)=-ln(l+z)+z(l--y) .. + E (-l)"[t(n) -l]z"ln Clzl< 2) 
n- z 

t (n) is the Riemann Zeta Function (see chapter 
23). 

Series Expamion2 for 1/r (z) 

1 ... 
(jzj<co) 6.1.34 --=~C.tZ.t 

r (z) .~:~1 

k C,t 

1 1. 00000 00000 000000 
2 0. 57721 56649 015329 
3 -0. 65587 80715 ~02538 
4 --0. 04200 26350 340952 
5 0. 16653 86113 822915 
6 --0. 04219 77345 555443 
7 --0.00962 19715 278770 
8 0. 00721 89432 466630 
9 --0. 00116 51675 918591 

10 --o.00021 52416 741149 
11 0.00012 80502 823882 
12 --0.00002 01348 547807 
13 --0. 00000 12504 934821 
14 0.00000 11330 272320 
15 --0.00000 02056 338417 
16 0. 00000 00061 160950 
17 0.00000 00050 020075 
18 --0. 00000 00011 812746 
19 0.00000 00001 043427 
20 0. 00000 00000 077823 
21 --0.00000 00000 036968 
22 0. 00000 00000 005100 
23 --0.00000 00000 000206 
24 --0. 00000 00000 000054 
25 0. 00000 00000 000014 
26 0. 00000 00000 000001 

~ The coefficients c~. are f.rom H . T . Davis, Tables of 
higher mathematical functions, 2 vols., Principia Press, 
Bloomington, Ind., 1933, 1935 (with permission); with 
corrections due to R . E. Salzer. 
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Polynomial Approxbnationsl 

6.1.35 

I'(x+ 1) =xl= 1 +a1x+~2+aax8+a.x4+a&X5+ t (z) 

lt(:z:) I ~5XI{l-5 

6.1.36 

a 1=-. 57486 46 
a2= . 95123 63 
a9=-. 69985 88 

a4= . 42455 49 
a6=-. 10106 78 

I'(x+1)=Xl=1+btx+b~2+ ... +bax8+t(X) 

jE(x)ls3X 10-7 

bt=- . 57719 1652 
bz= . 98820 5891 
ba=-. 89705 6937 
b,.= . 91820 6857 

b6=-. 75670 4078 
b0= . 48219 9394 
b7=-. 19352 7818 
ba= . 03586 8343 

Stirling's Formula 

6.1.37 

I'(z) ...... e-~z£-l(2·x-){ 1 + l;z + 28~z2 51~!~z3 
571 ] 

2488320z4 + · · · (z~a;> in jarg zl<~) 

En-or Term for Asymptotic Expan.sion 

6.1.42 

If 

R,.(z)= In r (z)-(z-i) In z+z- -t In (211") 

n B2,. 
- ~~2m(2m-l)z 2111 - 1 

then 

where 

For z real and positive, R,. is less in absolute value 
than the first term neglected and has the same 
tJign. 

6.1.43 

Blln r(iy)=Blln r(-iy) 

6.1.44 

=iln(11 9~ 1rY) 
'"-'iln (211") -}1ry-lln y, (y~+ a;> ) 

6.1.38 

xl-$r+iexp(-x+~) 12x 
(x>o, o< e<l) .Fln I'(iy)=arg r(iy)=-arg I'(-iy) 

= -Jln r (-iy) 

Asymptotic Fo:rmula.s 

6.1.39 

"' . (-l )"-1 B2ra 
"'Y ln y-y-ilr-~ (2n-1) (2n) yJ" 1 

I' (az+b) -,J2;-e-ru(az).uH-j (y--++ al ) 

6.1.40 

ln r (z)"'-'(z-i ) 1n z- z+i In (211") 

6.1.45 lim(21r) - ijr(x+iu) lt}""'"'lul!-==1 
1111-+00 

(z-Ho in jarg zj<1r) 6.1.46 

ForB,. see chapter 23 

6.1.41 

ln r (z) ""(z--t) 1n z- z+t ln (211") + - 1 _ _ 1_ 
12z 360za 

3 From C. Hastings, Jr., Approximations for digital 
computers, Princeton Univ. Press, Princeton, N.J., 1955 
(with permission). 

6.1.47 

:zb- d r (z+a) '"-'l+ (a-b)(a+b-1) 
r(z+b) 2z 

1 ca-b)( )1 +
12 2 

3(a+b-1)2-a+b-1 2 2+ ... 

as z-+-o:~ s.long any curve joining z=O and z=o:~ , 
providing zF- -a, -a-1, ... ; z~ - b, -b- I , 
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Continued Fraction 

6.1.48 

In r (z)+z- (z-t) ln z-t In (211") 

ao a1 a2 aa a. as 
=z+ z+ z+ z+ .z+ z+ ... 

1 1 53 195 
ao= 121 a1=3o' a2=2101 aa=371 1 

(f!,l z > 0) 

22999 29944523 109535241009 
a4=227371 a6 197331421 

a8 48264275462 

WalUs' Formula' 
6.1.49 

- a;dx 2 i"'2(sin)2
" 1·3·5 .. . (2n-1) 

1r 0 cos 2·4·6 ... (2n) 

(2n)l 1 (2n) r(n+t) 
22"(nl)2 22" n rlr(n+ l) 

1 [ 1 1 
"' 1rt nt 

1 
8n I 128n1 

(n~oo) 

Some Definite Integrals 

6.1.50 

f"' [ e-'-e-*'] dt lnr(z)=J
0 

(z-l)e- 1 

1_e 1 t (&lz> O) 

= (z-t) In z-z+t In 211" 

+2 f"' arctan (t/z) dt 
J o e2r'-1 (!Ji z > 0) 

6.2. Beta Function 
6.2.1 

f"12 = 2 J o (sin t)tz-t (cos t)2~-1 dt 

(!Jiz > 0, gfw > 0) 

6.2.2 
r (z)r (w) 

B(~,w) r (z+w) B (w,z) 

6.3. Psi (Digam.ma) Function 6 

6.3.1 .Y(z)=d[ln r (z)]/dz=r' (z)/r (z) 

• Some authors employ the special double factorial nota­
tion as follows : 

(2n) ! I =2·4·6 ... (2n)=2"n i 
(2n-l) I! =1·3·5 . . . . (2n-l) =r-t 2" l'(n+t) 

a 8ome a.uthoi'S write l/l(z) = :z In l'(z+ 1) and similarly for 

the polyga.mma functions. 

·• 

6.3.2 

6.3.3 

-3 

y 

5 

4 

3 

2 
,............_ 

I v 
/ 

-2 
_, 

0 'Ve 3 

_, 
I 

-t I 
-3 

-4 

-15 

FIGURE 6.2 . Psi function. 

y=l/l(z)=dln r (z)/d.x 

Integer Values 

n- 1, 

4 

Y,(1)=-'Y, !f(n)= - 'Y+ :Ek-1 

k•l 

Fractional Values 

X 

(n~2) 

Y..(t)=--r-2ln 2=-1.96351 00260 21423 .. . 

6.3.4 

Y,(n+t)=-'Y-2ln 2+ 2 ( 1+~+ · · · 1 2n~l) 
(n~l) 

6.3.5 

6.3.6 

.Y(n+z) 

Recurrence Fonnulas 

1 
!f(z+ 1) = f (z) +-z 

1 1 
(n-l)+z I (n-2)+z + · · · 

1 1 
+z+z +l+z +.Y(I+z) 
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Reftection Formula 

6.3.7 1/1(1-z)=l/l(z)+'lr cot 1rZ 

Duplication Formula 

().3.8 1/1(2z)=i1/l(z)+!1/l(z+t) +ln 2 

Psi Function in the Complex Plane 

6.3.9 

6.3.10 

ffll/l(iy)=&il/1( -iy)=BN(l +iy)=&il/1(1 - iy) 

6.3.12 J 1/!Ct+iy) =t1r tanh 1rY 

6.3.13 Jl/l(l+iy)=-2~ + t 1r cotb 1rY 

=y f2 (n2+y2)'-' 
11-l 

Seriea Expansions 

... 
6.3.14 1/l(l+z)=-'Y+ ~(-l)"t(n)z"-1 Clzi<I) 

11 .. 2 

6.3.15 

1/l(l+z)=tz-'-}11" cot lf2-(1-z2)-1+1-'Y 
... 

- :E[.i(2n+I)-l)z2
" (lzi<2) 

!1-1 

6.3.16 
... z 

!Jt(I+z)=-'Y+~ ( +) (zr!-1,-2,-3, . . . ) 
11=1 n n z 

6.3.17 

f!lz/1(1 +iy) = l-'Y--
1

-1+y2 
... 

+ L: (-1)"+1[.\(2n+l )-l]y2" 
11 .. 1 

CIYI<2) 

"' =--r+yl ~ n-'(n2+y2)-I 
11- 1 (- co<y< co ) 

A8YJDptotic Formulas 

6.3.18 

1/l(z) - In z-_!_-f2 B2n 
2z 11- 1 2nz2" 

1 1 1 1 
= ln z - 2z -12z2+120z4- 252z8+ · · · 

(z-+co in [argzl<7r) 

6.3.19 

Blzi!(I+iy) -ln y+ ± (-;)"~~B2" 
n~l ny 

1 1 1 
=ln y+ I2y2+ 120y4 I 252y6+ . . . 

6.3.20 

6.3.21 

6.3.22 

Extrema6 of r (x) - Zeros of .p(x) 

•n 

0 
1 
2 
3 
4 
5 
6 
7 

x,. r(x,.) 

+1. 462 +O. 886 
-0.504 -3.545 
-1.573 +2. 302 
-2.611 - 0.888 
-3.635 +o. 245 
-4.653 -0.053 
-5.667 +O. 009 
-6. 678 -0.001 

x0=1.46163 21449 68362 

r(xo)= .88560 31944 10889 

x,.=-n+(ln n)- 1+o[(ln n)-2] 

Definite Integrals 

(y-+ (j)) 

f "' e-'-e_., f' 1-t.~-t 
z/!(z)+-r= Jo 1- e-' dt= Jo 1-t dt 

'Y= f '"' (-1 _ _!_) dt Jo e'-1 te' 

a From W. Sibagaki, Theory and applications of the 
gamma function, Iwanami Syoten, Tokyo, Japan, 1952 
(with permission), 
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6.4. Polygamma Functions 7 

6.4.1 

a" d"+1 

1/l(ll)(z)=- 1/l(z)=-ln r(z\ 
dz11 dz"+1 1 

* J: 
.. t" _, 

=(-1)"+1 _e-dt 
o 1-e-1 

(n=l,2,3, ... ) 

~<">(z),(n=0,1, ... ), is a. single valued analytic 
function OV<'r the <>ntirc complex plane save at 
the points z= -m(m=0,1,2, ... ) where it pos­
sesses poles of order (n+ I). 

lntegll'r Values 

6.4.2 

1/1<">(1)= (-1)"+1n lt(n+ 1) (n= 1,2,3, .. ) 

6.4.3 

ift <"'1(n+ l)=(-l)"'ml [ -t(m+I)+l 

1 l ] 
+2 .. +1+ · · · + n"'+l 

Fractional Valuea 
6.4.4 

1/1<"1(t) = ( -1)~~'+1n!(2"+ 1-l)t(n+ 1) 

(·n=1,2, . .. ) 

" 6.4.5 1/l'(n+t)=tr-4 "5:(2k-1)-' 
t=l 

6.4.6 

6.4.7 

6.4.8 

• 

Recurn"nce Formula 

Reflection Formula 

Multiplication Formula 

a=l, n=O 

a=o, n>o 
1 f ' is known as the trigamma function. f " , f(al, fW ore 

the tetrn-, pentn-, nnd hE'Xt~gamma functions rt>specti\·c:'ly. 
Some n.uthors write \1- (z)=d[lnr (.z+ l )]/dz, nnd similarly 
for the polygamma functions. 

•see p~ u. 

6.4.9 
Seri<'ll Expaneione 

~<">(t+z)=(-1)"+ 1 [n!s(n+i) 

- (ni/)!t(n+2)z+ (n;,2)
1r(n+3)z2- ••• J 

t~zl<t) 
6.4.10 \ 

(z~0,-1,-2, . . . ) 

Asymptotic Formulae 

6.4.11 

ift<">(z) -(-1)"-1 [<n-1)!+~ 
z" 2z"+1 

• (2k+n-I) '] . + f,;1 Bu (2k)!z'H" (z -Ho m I arg .z I <w-) 

6.4.12 
' 1 1 1~ 1 1 1 

1/1 (z) "';+ 2z1+ 6z3- 30z5+ 42z1- 30z8+ · · · 
(z-+co in I arg zl<~) 

6.4.13 
li 111 3 5 

1/t"(z)--zl-z:r-2z•+6?-6zs+ lOzto 6z'2+ . .. 

(z-+ aoin I arg z I < 11') 

6.-1.14 
2 3 2 1 4 3 10 

,,,<3) (z) --+- +=<--+--7.+--., z3 z• z$ z7 3z8 z11 z13 • • • 

6.5.1 

(z~oo in l srgzl< w-) 

6.5. Incomplete Gamma Function 
(see also 26.4) 

P(a, x) =-1- fr e-•t•-• dt 
r (a) Jo 

6.5.2 

-y(a, :r) =P(a, x) r (a) = is-e-rt•-t dt 

6.5.3 

r(a,x) =r(a)--y(a, :r)-i·e-•t•-ldt 

6.5.4 
-r-• 

-y•(a, .r)=:r-0P(a, J)=r(a)-y(a, :r) 

-y• is a sinj?:lc valued analytic function of a and 
x possessing no finite singularities. 
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a 

S r---~--~--------,---------~------~---------r--------~-------,--------~ 

-3 

• ocY<0.25 

FIGURE 6.3. Incomplete gamma function. 

-r"'(o %)= z-o rr e-tta-ldt 
' r(a)Jo 

From F . G. Tricorni, Sulla funzione gamma incompleta, Annali di Matematica, IV, 33, 1950 (with permission) . 

"See page n. 
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6.5.5 

GAMMA FUNCTION AND RELATED FUNCTIONS 

Probability Integral of the x2·Dis tribution 

6.5.6 

(Pearson's Form of the Iocom.plete Gamma Fu.octioo) 

6.5.9 

6.5.10 

6.S.ll 
n xJ 

e,. (x)=:E ~1 J-0 !J 

loco:mplete Gam.ma Function as a Conftuent 
aype.rgeometric Function (see chapter 13) 

Special Values 

6.5.13 

( 
x~ x"-1 

) 
P (n,x)=}.- 1+ x+ 21+ .. . + (n-l)! e~ 

=1-en-l(x)r~ 

For relation to the Poisson distribution1 see 
26.4. 

6.5.14 -r*(-n, x)=x" 

6.5.15 

6.5.16 

6.5.17 i"' 2 
r (}-,x2)=2 ,. e-' dt=f; erfc x 

6.5.18 

(-1)" [ :n-1 (-1)1j!J 
6.5.19 r(-n,x) =----;r- E1(x)-e-~ :z;1+1 

6.5.20 r(a,ix)=e!rlo [O(x,a)-iS(x,a)] 

6.5.23 

6.5.25 

6.5.26 

6.5.27 

Recurrence Formulae 

e-= 
-r*(a-1,x)=x-y*(a,x) + r(a) 

Deriva~ves and DUferential Equationa 

C>r(a;x) 
ox 

;;,. [x-"r(a,:z:)]= ( -l)":z:-"-"r(a+n,z) 

(n= O, 1, 2, ... ) 

b" [~x"-y* (a,x)]=~:lf-"-y*(a-'Tll, x) 
bx" 

6.5.29 

(n=O, 1, 2, . . . ) 

z~2* +(a+1+x)~: +a-r*=O 

Series Developments 

1 "" (-z) " :E --''1..-...:,..-.., 

r (a) n-o (a+n)n! 

Cl zl< (J) ) 



GAMMA FUNCTION A."'lD RELATED F'Ul'{CTIONS 263 

6.5.30 

r(a, x+y)-r(a, x) 

=e-~.xa-1 iJ (a-1 )(a-2)n .. . (a-n) [l--e-ven(y)] 
11=0 X 

<IYI<IxD 
Continued Fraction 

6.5.31 

r (a x)=e-%xa ----------· .. ( 
1 1-a 1 2-a 2 \ ) 

' x+ 1+ x+ I+ x+ J 

(x>O,Ial< oo) 

Asymptotic Expansions 

6.5.32 

T(a, z) "'za-Je-• [ 1 I a z 1 + (a--l~~a-2) +· :-] 

( z~ oo i~ Jarg z l <~'1) 

SuppOS(' R n(a,z) ='U·n+l (a, z) + . . . is t h e. rc­
mn.illder nft('l' 11 terms in this sC'ries. Then if a,z 
fir<' reu.l, we Jmve for n>a-2 

n,ncl sign N.(a,z)=sign u"+'(a,z). 

6.5.33 

6.5.34 

6.5.35 

"' (-1)"za+n 
r(a,z)"" ~ ( +. ) 1 .71=o a n n . 

I. e., ctn - t fo -1 1m--- .,. ra-
( ) 

{

0 for a>l 

"-'~"' e"n i for o::;a<l 

(a~+ co) 

( 
;;. 2 ,;z:; 1 ) r (z+1,z)--r'z' 'V 2z'+3+ 24_ Zi+· .. 

(z~oo in I n.rg zi<!7T) 

Definite Integrals 

6.5.36 

i "' e-tilr(b,ct)dt=r~) [1 (a~c)o] * 

(8l(a+c)>0,81b>-l) 

6.5.37 

J:"' t'l-lr(b,t) dt 
T(a+b) 

a 

6.6. Incomplete Beta Function 

6.6.1 Br(a,b)= i z ta-l(I-t)~-1clt 

6.6.2 lr(a,b)=B:(a,b)/B(a,b) 

For statistical applications, see 26.5. 

Symmetry 

6.6.3 l,.(a,b)=1-]1_,.(b,a) 

Helation to Binomial Expansion 

For binomial distribution, see 26.1. 

Recurrence Formulas 

6.6.5 lz(a,b)=.d,.(a-l,b) + (1-x)/,.(a,b-1) 

6.6.6 (a+b-az)l,(a,b) • 
=a(l - x)/,.(a+l,b-1 )+bl,.(a,b+ 1) 

6.6.7 (~+b)l.,(a,b)=al,(a+ l,b)+bl.,(a,b+ 1) 

Relation to HyJierj!eometric Function 

6.6.8 

Numerical Methods ·, 
6.7. Use and Extension of the T11hles 

Example I. C'ompntr r (6.:38) to 8S. Using 
the t't'ClltT('IlCe rdntion 6.1.16 and Table 6.1 \VC 

lto.ve, 
r (6.18) = [ (5.38)(4..:38) (:3.38) (2.38) ( 1.38) ]r( 1.38) 

=2a2.43671. 

Example 2. Compute• ln r (56.38), using Table 
6.4 and lin t•nr intl't·polntion ink '\rc ltave 

ln r (56 .38)= (56.38- !) ln (56.38)- (56.38) 
+Jz(56.38) 

The error of linC'ar interpolation in the table of 
Lht• fllltction j 2 is smallpr than I0-7 in this region. 
HC'ncc, j 2(56.38) = .92041 67 and ln r (56.38) = 

169.85497 42. 
Direct interpolation in Table 6.4 of log,o r (n) 

eliminates the necessity of employing logarithms. 
However, thr <'l'l'OI' of linear intPrpolation is .002 so 
that log10 r (n) is obtained with o. relative error 
of 10-6. 

•se~ page u. 



264 GAMMA FUNCTIOIN AND RELATED FUNCTIONS 

Example 3. Compute ,Y(6.38) to 88. Using the 
recurrence relation 6.3.6 and Table 6.1. 

1 1 1 1 1 
¥--<6·38) = 5.38 + 4..38 + 3.38 t 2.38 + 1.38 +,Y(l .. a8) 

=1.77275 59. 

Example 4. Compute ,Y(56.38). Using 'I'able 
6.3 we have ,Y(56.38) =In 56.38-}3(56.38). 

The error of linear interpolation in the tabJe of 
the function fa is smaller than 8 X 1 o-7 in this 
region. Hence,j8(56.38)=.00889 53 and ,Y(56.318)= 
4.023219. 

Example 5. Compute ln r(1-i). From the 
reflection principle 6.1.23 and Table 6.7, 
ln r(1-i) =ln 1'(1 +i) =-.6509+ .3016i. 

Example 6. Compute ln r (t+ti). TB~king 
the logarithm of the recurrence relation 6.1.15 we 
have, 

ln r (t+ti)=ln r(l+ii)-ln (i+li) 
=-.23419+ .03467i 

- (l ln t+i arctan 1) 
= .11239-.75073i 

The logarithms of complex: numbers are f1:mnd 
from 4.1.2. 

Example 7. Compute ln r(3+7i) using: the 
duplication formula 6.1.18. Taking the logarithm 
of 6.1.18, we have 

- t ln 2-ir=- .91894 

(t+7i) ln 2= 1.73287+ 4.85203i 

1n rct-Hi)=-3.31598+ 2.32553i 

1n r (2+ fi)=-2.66047+ 2.93869i 

1n r(a+ 7i) = - 5.I6252+ 10.11625i 

Example 8. Compute ln r (3+7i) to 5D using 
the asymptotic formula 6.1.41. We have 

In (3 + 7 t') = 2.03022" 15 + 1.16590 45i. 

Then, 

(2.5+7i) ln (3+7i)=-3. 0857779+ 17.1263U9i 
-(3+7i)=-3. 0000000- 7. OOOOOOOi 
t 1n (271') == . 9189385 

[12(3+7i)]- 1= . 0043103- . 01005·75i 
-[360(3+7i)3]-1= . 0000059- . 0000022i 

ln r (3+7i)=-5. 16252 + 10. 11625i 

6.8. Summation of Rational Series by Means 
of Polygamma Functions 

An infinite series whose general term is a ra­
tional function of the index may always be reduced 
to a finite series of psi and polygamma functions. 
The method will be illustrated by writing the ex­
plicit formula when the denominator contJ}.ins a 
triple root. 

Let the general term of an infinite series have 
the form 

where 

p(n) 

£4(n)= (n+t1l)2(n+t12)2 . 

da(n) =(n+"Y1)3(n+rz)3 . 

where p(n) is a polynomial of degree m+2r+3s-2 
at most and where the constants a i, f3t, and 'Yt are 
distinct. Expand u .. in partial fractions as follows 

"' The_n, we may express 2: u,. in terms of the 
'11-1 

constants appeari.ng in tllli? partial fraction expan­
sion a.s follows 

Higher order repetitions in the denominator are 
handled similarly. If the denominator contains 
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only simple or double roots, omit the correspond­
ing lines. 

Example 9. Find 

... 1 
s= ~ (n+1)(2n+1){4n+1) · 

Since 

1 i 1 f 
(n+1)(2n+1)(4n+l) n+I n+!+ n+f 

we have 

Thus, 

8=-tl/t(2)+¥t(li)-f'f(1t)=.047198. 

Example 10. 

we have, 

Therefore 

8= 16'f(1) -16'f(li) +¥t'(1) + ¥i' {ll) = .013499. 

Example ll. 

i ( 1 1 ) 
6 n+i-n i 

·ic 1 1) -12 n+2i-n 2i · 

and therefore 

s= 
6 
i [IJI(l+i)-¥i(l-i)]+ 1~ ['f(l+2i)-!f(l-2i)]. 

By 6.3.9, this reduces to 

8=~ J 1/t(l +i) -~ ..? !f(l + 2i). 

From Table 6.8, s= .13876. 
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1955). 

Real and imaginary parts of ln r (tk+tia), k=0(1)3, 
a=0(.1)5(.2) 20, SD; (lr(t+tia)/r(t+-t1'cl)l)-112 

a=0(.02)1(.1)5(.2)20, SD. 

[6.18] E. 8. Pearson, Table of the logarithms of the com­
plete r-fuoction, arguments 2 to 1200, Tracts for 
Computers No. VIII (Cambridge Univ. Press, 
Cambridge, England, 1922). Log,o r (p), p=2(.1) 
5(.2)70(1)1200, IOD. 

[6.19] J. Peters, Ten-place logarithm tables, vol. I , Ap­
pendix, pp. 58-68 (Frederick Ungar Pub!. Co., 
New York, N.Y., 1957). nl, n=1(1)60, exact; 
(nl)-•, n=l(1)43, 54D; Log10(nl), n=l(l)1200, 
18D. 

[6.20] J. P. Stanley and M. V. Wilkes, Table of the recip­
rocal of the gamma function for complex argu­
ment (Univ. of Toronto Press, Toronto, Canada, 
1950). x=-.5(.01 ) .5, y=O(.Ol)l, 6D. 

[6.21] M. Zyczkowski, Tabliee f~nkcyj eulera i pokrewnych 
(Panstwowe Wydawnictwo Naukowe, Warsaw, 
Poland, 1954). Erleosi ve tables of integrals 
involving gamma and beta fWlotions. 

For references to tabular material on the incomplete 
gamma and incomplete beta functions, see the references 
in eba.pter 26. 
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Table 7.2. Derivative of the Error Function (2.::;;x.::;;lO) 

(2/...[;)e--=
2

, x=2(.01')10, 88 

Table 7.3. Complementary Error Function (2 .::;;x.::;; (I)). 

zel:2 erfc x=-(2/.y';)xe:2J: .. e-'2dt, x-2=.25(- .005)0, 7D 

erfc...;n;;., n=l(l)lO, 15D 

Table 7 .4. Repeated Integrals of the Error Function (0.::;; x.::;; 5) 

2"T (}H) i" erfc x=2"+1r (~+ 1 ).~ i"' (tnt)" e-'2dt 

x=0(.1)5, n=l(1)6, 10, 11, 6S 
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e-z2l~e12dt-, x=0(.02)2, lOD 

xe-,2 i"e'2dt,' x-2=.25(- .005)0, 9D 
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7. Error Function and Fresnel Integrals 

Math~matical Properties 

7.1.1 

7 .1. Error Function 

2 f' 2 
erf z= .,J;Jo e-t dt 

In 7.1.2 the path of integration is subject to the 

restriction a.rg t-a with lal<i ns t-'HD along the 

path. (a=~ is permissible if 9t't11 rema.ins bounded 

to the left.) 

Integral Representa1t:ion 

7.1.4 

(Jz>o) 

.9 

.a 

, 7 

. 6 

. 5 

. 4 

. 3 

. 2 

0 .2 .4 .6 . B 1.0 1.2 o.• 1.6 1.8 2.0 2.2 2.A 

FtoURE 7.1. y=l"fx"' e-1' dt. 

p•2(1)0 

Series Expansions 

2 "' (-l)"z2n+l 
7.1,5 erf z .J; ~ n!(Zn+l) 

7.1.6 

7.1.7 

7.1.8 w(z)=~ (iz)" 

n• o r (~+1) 

For I ,_i(x), see cha.pter 10. 

7.1.9 

7.1.10 

7.l.ll 

7.1.12 

.7 

0 .2 ,4 .6 

Sytnmetry Relations 

erf (-z)=-erf z 

erf "i erf z 

w(-z)=2e-•
2 
-w(z) 

w(z)=w(-z) 

-:r• r:r ,. 
FxouB.E 7.2. y=e Jo e dt. 

p-2(1)0 

297 
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y 

3.0 

2.6 

2.2 

1.8 

1. 4 

1.0 

.6 

.2 

• 
· .?. 

- ,6 

· f.O 

·1,4 

- 1.8 

· 2.2 

FIGUBE 7 .3. AUitude Chart of w(z). 

7.1.13 
Inequalities [7.11], [7 .17] 

(For other inequalities see [7.2].) 

Continued Fractions 

7.1.14 

2e•2 J."' e_'2dt=_!_ 1/2 _1_ 3/2 __!_ ... (~z>O) 
; z+ z+ z+ z+ z+ 

(.Fz;eo) 

:z:~"> and Hi"> are the zeros and weight factor$ of 
the Hermite polynomials. For numerical values 
see chapter 25. 

Value a't Infinity 

7.1.16 erf z-71 (z-4oo in )arg zJ<i) 

MuiJnutn and lnftection Points for Dawson's 
lntesral [7.31) 

F(x)=e-~ i" e'
2
dt 

7.1.17 F (.92413 88730 . . . ) =.54104 42246 ... 

7.1.1~ F (l.50197 52682 .. . )=.42768 66160 .•. 

Derivatives 
7.1.19 

d"+l 2 -1 
dz"+1 erf z==(-1)8 -fiH.(z)e (n=O, 1, 2, .. . ) 

7.1.20 
w<nH> (z) +2.:3W(,.+1> (z) +2(n+1)w<n> (z)=O 

(n= 0,1 , 2, . . . ) 

w<o> (z )=w(z) , 
2i 

·w'(z)=-2zw(z) +..;:; 

(For the Hermite polynomials H,.(z) see chapter 
22.) 

Relation to Con1luent Hypergeometric Function (see 
chapter 13) 

7.1.21 

erf z=~M(~~ ~~ -z')=~ e_; M(1,i, z2
) 

The Normal Distribution Func tion With Mean m and 
Standard Deviation u (see chapter 26) 

(t-m)' 

7.1.22 crJ~ J~o> e-~ dt=~ (t+ erf (xu;)) 

7.1.23 
Asymptotic Expansion 

1 "' )'" 1 . 3 . . . (2m - 1) 
-{ize~ erfcz ....... l+~ (-1 (2z2)"' 

m•l 

(z-4oo , )arg zl< ~) 
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If R,.(z) is the remainder after n terms then 

7.1.24 

R ( )-(-!)" ~· 3 ... (2n-1) 0 ,_ z - (2z2)" ' 

f"' ( t)-rs-t 
9= Jo e-' 1+ 21 dt (Jarg zJ<~) 

(Jarg zJ<~) 
For x real, R,.(x) is less in absolute vaJue than 

the first neglected term and of the same sign. 

Rational Appro:Dmationa ~ (0 ~z< CD) 

7.1.25 

erf x=l-(a1t+~t2+ast3) e-~ +t(x), 

/t(:t)] ~2.5Xl0-6 

1 
t=--

1-hn: 

p=.47047 a1=.34802 42 a~=·- .09587 98 
as=.74785 56 

7.1.26 

erf x=l- (a1t +a2t2+ast3+a,t'+a6t5)e-~ +t(:z:), 
1 

t=l+px 
jE(x)]~l.5X10-7 

p=.32759 11 at=.25482 9592 
a2=-.28449 6736 as=L42141 3741 

7.1.27 

7.1.28 

a,=-1.45315 2027 a 6=1.06140 5429 

a1= .278393 
a3=.000972 

~=.230389 

a,=.078108 

erf x=l 
1 

[1 +atx+~z2+ · · · +aai0)18+t(:t) 

/E(:t)J~3Xl0-7 

~= .07052 30784 
a3= .00927 05272 
aa= .00027 65672 

~=.04228 20123 
~= .00015 20143 
aa= .00004 30638 

2 Approximations 7 .1.25--7.1.~ are from C. Hastings, Jr., 
Approximations for digital computers. Princeton U ni v. 
Press, Princeton, N. J., 1955 (with permission). 

Infinite Serie11 Approximation for Complex Error 

7.1.29 
Function [7.19] 

-.:2 

erf (x+iy)=erf x+;T.C [(1-cos 2a:y)+i sin 2xy) 

where 

j,.(x, y)=2x- 2x cosh ny eos 2:z:y+n sinh ny sin 2a:y 
g,.(x, y)=2x cosh ny sin 2xy+n sinh ny cos 2xy 

)t(x,y) J ~I0-16 ! erf (x+iy)J 

7.2. Repeated Integrals of the 'Error Function 

Definition 
7.2.1 

i~ erfc z=J"' i~-1 erfc t dt (n= O,l, 2, ... ) 

Differential Equation 

7.2.2 d2 d _11+2z _1j_-2ny=0 
dz2 dz 

y=Ai" erfc z+Bi" erfc (-z) 

(A and Bare constants.) 

Expression ~~~ a Single Integral 

7.2.3 ·~ rf 2 i"' (t-z)" _,zdt 
1 e cz r= 1 e 

yrr • n 

Power Serie11 J 

7.2.4 

Recurrence Relations 
7.2.5 

(n=l,2,3, • .. ) 

7.2.6 

2(n+l) (n+2)i,.H erfc z 
. 1. 2 rf =(2n+I+2z2)i" erfc z-21,._ e c z 

(n=l,2,3, . .. ) 

• The terms in this series corresponding to k=n+ 2, 
n+4, n+61 ••• are understood to be zero. 
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Value at Zero 
7.2.7 

1 
i" erfc 0 

2"r G+l) 
(n=-1,0, 1,2, .. . ) 

1.0 

1.8 

FIGURE 7.4. -Repeated Tntegrals of the Error Function. 

r•2•r( 1+1) I• ertcz 

n-O, 1, 2, •• 8, H, 22 

Derlvativee 

7.2.8 d: i" eric z=- i"-1 eric z (n=O, l , 2, ... ) 

7.2.9 

d~", (e•• erfc z)=(-1)"2"nlefli" erfc z 

(n=O, 1, 2, .. . ) 

Relatiou. to Hh,.(•) (see 19 .. 14) 

7.2.10 i" erfc z 

Relation to Hermi te Polynomials (see chapter 22) 

Relation to the Confluent Hypergeometric Function 
(see chapter 13) 

7.2.12 

·~ erf a [ 1 M(n+l 1 2) 1 cz= e- ( ) . - 2-'2'z 
2"r ~+1 

2 

Rela1ion to Parabolic Cylinder Functions (see 
chapter 19) 

7.2.13 

7.2..14 
Asymptotic Expansion 

. 2 e-z3 "' (-1)"'(2m+n) I 
1" erfc z-- "' -'---+--7-=:::---:-==--'­-{i (2z)"'+1 fi:o nlml(2z)2m 

(z~m , I arg zl <3
: ) 

7.3. Fresnel Integrals 

7.3.1 O(z)= i~ cos (i t2
) dt -

7.3;2 S (z)= i~ sin (i t2
) dt 

The following functions are also in use : 

7 •. 3.3 

0 1 (x)=~ i: cos tzdt, 02(x)= .J~1ri: c~ t dt 

7.3.4 

S1 (x)=~i: sint2dt,S2(x)-~i:a~tdt 

Auxiliary Functione 

7.3.5 

j(z)=[~-S(z)J cos (i z2)-[~-0(z)] sin (i z2
) 

7.3.6 

g(z)=[~-O(z) J cos(~ za)+[~-S(z) J sin(~ z2
) 

lntel'l'fllatione 

·-n 

7.2.ll (-l)"i"erfc z+i"erfc (-z)=
2
!_'n

1
H,. (iz) 7.3.7 
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7.3.8 

7.3.9 O(z)=~+f(z) sin (i z2)-g(z) cos(~ z2
) 

7.3.10 S(z)-~-j(z) cos(~ z2)-g(z) sin (~ z2
) 

7.3.11 

7.3.12 

7.3.13 

v 

Series Expansions 

O(z)='£ (-l) "(w/2)2" z4n+I 
n .. o (2n) l(4n+l ) 

0 ( ) _ (! 2) ~ ( -1) "r " 4n+ 1 
z -cos 2 z ;f;;6l . 3 ... (4n+1) z 

• 2 • ~~ 
(

'lr ) ., (-1 '\ 1111"271+ 1 

+ sm 2 2 .~ 1 · 3 ... (4n+3) z 

"' ( -1) "(1r/2)2n+t 
S(z)=~ (2·n-+1)1(4n + 3) z4n+3 

F tGURE 7.5. Fresnel I-ntegrals. 
u= C(z), 1/:.S(;r) 

7.3.14 

S(z)=- cos c~ z2) "'ij ( - 1)""'2n+t z4n+a 
2 11-o 1 · 3 .. . (4n+3) 

+sin ! 2 2 £ - "' z•"+I ( ) 
( 1) " 2n 

2 n ... o1 ·3 . . . (4n+1) 

7.3.15 02(z)=Ju2(z)+J~t2(z)+Ja,2(z)+ .. . 

7.3.16 S 2(z)=J312(z)+J 112(z)+Ju12(z)+ .. . 

For Bessel functions J,.+112(z) see chapter 10. 

SynJmetry Relations 

7.3.17 0(-z)= - O(z), 8(- z)=- S(z) 

7.3.18/ O(iz)=iO(z), S (iz)=-iS (z) 

7.3.19 

7.3.20 

7.3.21 

o(i)= O(z), s (i) =S(z) 

Value at Infinity 

. 1 
O(x)~, 

1 
S(x)~ 

Derivatives 

dj(x) 
([X = -"'xg(x), 

.(z- Ho) 

Relation to Error Function. (see 7.1.1, 7.1.3) 

7.3.22 

O(z)+iS(z)=
1
ti erf [-;= (1-i)z] 

=
1ti { 1-e1jz•w [~ ( l +i)z]} 

7.3.23 g(x)=~{lti w [ f Cl+i)x]} 

., 7.3.24 j (x) = .l" {
1ti w [ ~ (1+i)z]} 

Relation to Confluent Hypei-geometric Function (see 
chapter 13) 

Relation to Sp.herical Bessel Fn.nctions (eee chap1er 10) 
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Asymptotic Expan.eioue 
7.3.27 

f( ) • +~ (-1)"' 1 · 3 ... (4m-1) 
11'2 z -1 L...J ( 2) 2m 

m•l 11'Z 

(z~cc , larg zl< ~) 
7.3.28 

() ~ (- 1)"' 1 . 3 ... (4m+1) 
11'Zg Z "'L...J ( 2)2m+l m-o 11'Z 

( Z-?co, ia.rg zl< ~) 

If R~,, (z), R~•> (z) are theremainders aftern 1~erms 
in 7.3.27, 7.3.28, respectively, then 

7.3.29 

R'', ( )=1-1)"1. 3 ... (4n-1) e<,, 
" z \ (11'z2)b ' 

8'" r(2~Hl f 
1
:(-;;),dt (l•rg •l<i) 

'li'Z2 

7.3.30 

RW r~'=(-1)"1 . 3 ... (4n+l) e<ll 
a \41 (11'z2)2" 1 

1 f "' e-'t2"H ( -.r) 
e<r> r (2n+J) J o 1+(2t)~dt largzl<:l 

11'Z2 

7 .3.31 IBV'I < I, 1e<•> I<I (1a.rg zl $ i) 
For x real, R~t> (x) and R~•> (x) are less in absolute 
value than the first neglected term and of the 
same sign. 

Rational AppronmationG' (0 ~.:lis co) 

7.3.32 
1+.926x 

f (x) 2+1.792x+3.104z2+~(x) 

7.3.33 
1 

g(x) 2+4.142z+3.492x2+ 6.670t'+ t (x) 

It( X) I $2X w-s 
(For more accurate approximations see [7.1).) 

7 .4. Definite and Indefinite Integrals 

For a more extensive list of integrals see [7 .5], 
f7 8], [7.15]. 

7.4.1 f
.. ...;; 

e- t"•dt=­
o 2 

' Approximations 7 .3.32, 7 .3.33 are based on those given 
i.o C. Hastings, Jr., Approximations fo.r calculating .F'resnel 
integrals, Approximation NeWl.!letter, April'1956, Note 10. 
{See a.lso MTAO 10, 173, 1956.) 

7.4.2 

7.4.3 

7.4.4 

1· 3 ... (2n-1) ~ 
zn+ta,n '/a 

r(n+t) 
(Bla>O; n=O, 11 2, ... ) 

7.4.5 

(Bla>O;n=O, 1,21 ••• ) 

7.4.6 

i. 1~ -~ e-at' cos (2xt)dt=- - e " 
o 2 a 

7.4.7 

i .. 1 lr/-/4 e-at' sin (Zxt )dt=- e-r2Ja e12dt 
0 ~ 0 

7.4.8 

7.4.10 

7.4.11 

fl e-"'2dt '1r 

7.4.12 Jo t 2 +1 =.4 ea[l- (erf.Y<WJ (a>O) 

7.4.13 

f .. ye_'2dt 11" &lw(x+iy) 
-· (x-t)2+y2 

(x real,y>O) 

•see page n. 
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7.4.14 

f."' (x-t)e-'~dt . 
- ... (x-t)2+1f =1r.Fw(x+~y) 

7.4.15 

f"' [t2-(x2-y2)]e-'2dt ~ f?,lw(x+.iy) 
Jo t4-2(z2-y2)t2+(xz+y)2 2 y-~x 

(x :real , y>O) 

7.4.16 

f"' 2xye-'
2dt '1r' ..Fw(x-t-iy) 

Jo t•-2(x2-1f)t2+(x2+y2
)

2 2 y-ix 

7.4.17 

i
"' 1 a2 

e-a' erf bt dt=- e0' eric .!!... 
o · a 2b 

(x real, y>O) 

(£1la>O, (arg bl<i) 

7.4.24 

i .. e-at sin ?2

) dt=~ [~-o(~~~)J 

7.4.25 

J:"' ~;~f,dt=1rJ { [~-0( ~)]cos (ab) 

+[~-s( .J2:b)]sin (ab)} (f!la>O, f4b>O) 

7.4.26 

~ J {[~-S ( ~ J cos (ab) 

-[4-o( .J~)J sin (ab)} (!!ia>O, f?lb>O) 

7.4.27 
7.4.18 

f"' 1 fo"' e-a'O(t)dt=a! {[~2-s(~)J cos (~~) 
Jo sin(2at)erfebtdt=

2
a[1-e- <aJb>

2
](a>O,f!lb>O) Jc " V~r 

7.4.19 

f "' e-"t erf .[6t dt=! 0 (f!i(a-t-b) >O) 
Jo a "Va:+b 

7.4.20 

f "' e-at erfc {§_ dt=! e-2 -/Qh (f!la>O, !!lb>O) Jo 'Vt a 

7.4.21 

7.4.22 

J:"' e-at cos (t2)dt=~~{[~s(~/;)]cos(:) 

-[~-o(~ ~~)]sin(:)} (f!la>o) 

7.4.23 

.[ .. r"' ~in (t2)dt=~~{[4-o(;/;)] cos(:) 
+[~-S (;~~) J sin(~)} (f?la>O) 

7.4.28 

i .. e-"'S(t)dt=~ {[i-a(;)] cos c~:) 
+[~- S (;) J sin(~)} (f?la>O) 

7.4.29 

fo"' e-"t0( !2}\dt 
1 

J ~ -y-;-; 2a("'a2+1-a)t.Va2+1 

(f?la>O) 
7.4.30 

Jo."' e-"'S( f2!\dt 
1 

"V "'i J 2a(..ja2+ 1 +a)t ,fa2+ 1 

(8la>O) 

7.4.31 J:"' {[~-O(t)J+[~-S(t)J}dt=!: 

7.4.32 

(a .CO) 
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7.4.33 7.4.38 

J e -AW ~dx=: [ e24b erf (ax+~) J cos (az2+2bx+c)dz 

+e-146 erf (ax-~) ] +const. (a~O) 

7.4.34 

J e-*'~dx=-: e-aZz,+~ [ w (~-Hax) + sine
2 

a ac)s[ {K. (ax+b~ ]}+const. 

+w ( -~+ iaz)]+const. (a~O) 7.4.39 

7.4.35 J erf xdx= x erf x+ ~ e-"'2+const. J sin (az2+2bx+c)dx 

7.4.36 

J e= erf bx dx=~ [ e= erf bx-e~ erf ( bx-~) J 
+const. (a~O) 

7.4.37 
-sin (

62 
a ac) o[ {!;. (ax+b) ]} +const. 

J e= erf /z dx=~ { e~ erf .J; 
7.4.40 J O(x)dx=xO(x)-~ sin(~ z2)+const. 

+~ e=-~[ w( ~+i ~+w ( - raz+i ~~)]} 
+const. (a~O) 7.4.41 J S(x)dx=zS(x)+~ cos(~ z2 )+const. 

Numerical Methods 

7.5. Use and Extension of the Tables 

Example 1. Compute erf .745 and e-<· 746>= 
using Taylor's series. 

With the aid of Taylor 's theorem and 7 .1.19 
it can be shown that 

erf (zo+Ph)=erf Zo 

+ ~ e-~ph [t-phx0+~pWl(2~-1) ] +E 

e-<:rt+:PIIl
2 =C~ [ 1-2 ph:r:o+ p2h2 cz:z;-I) 

-i p3h3Xo(2~-3) ] +11 

where lei< 1.2XI0-10
, 1'711<3.2X10-10 if h=10-2, 

IPI~ !. With Xo=.74, p= .5 and using Table 7.1 

erf .745=.70467 80779+ (.5)(.00652 58247) X 

[1-(.005)(.74) +(.00000 83333)(.0952)] 

e-(.74fi'=.J; (.65258 24665) [1-.0074 
2 

=. 70792 8920 

+(.000025) (.0952) + (.00000 00833) (.74) (1.9048)] 

=.57405 7910. 

As a. check the computation was repeated with 
Xo= .75, p=-.5. 

Example 2. Compute erfc x to 5S for z=4.8. 
We have 1/a:ll=.0434028. With Table 7.2 and 

linear interpolation in Table 7 .3, we obtain 

erfc 4.8= 4~8 (1.11253) (10-10)(.552669) ~ 
=(1.1352)10-u. 
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COniPLEX ZEROS OF THE ERROR FUNCTION Table 7.10 

erf Zr1=0 Zn=X.o+iytl 

" :DB ?I•• " ~ ?In 
1 1. 45061 bl.6 1.88094 300 6 4. 15899 840 4. 43557 144 
2 2. 24465 928 2.61657 514 7 4. 51631 940 4. 78044 764 
3 2.83974 105 3.17562 810 8 4. 84797 031 5.10158 804 
4 3.3354b 074 3. 64617 438 9 5.15876 791 5. 40333 264 
5 3. 76900 557 4. 06069 723 10 5.45219 220 5,68883 744 

erf Zn-erf ( -z,.) - erJZ,.-erf (-"In) =0 

~~! . /~4n-!)'Finh/2~~) 
Yn 2V 2 2~"(4rL-~) 

(n>O) 

From H. E. Salzer, Complex zeros of the error function, J. Franklin lost. 260, 209-211, 
1955 (with permission}. 

tt 
0 
1 
2 
3 
4 

:l'n 
0.0000 
1. 7437 
2,6515 
3. 3208 
3.8759 

COMPLEX ZEROS OF FRESNEL fNTEGRALS 

C(z,)-0 Zn-.tn+iyTI 

S(~) =0 t.,;-:v~+iy;, 

.1/n 
0.0000 
o. 3057 
o. 2529 
o. 2239 
0, 2047 

.~;. 
0.0000 
2. 0093 
2. 8335 
3. 4675 
4. 0026 

Table 7.11 

y;. 
0,0000 
0,2886 
0.2443 
o. 2185 
o. 2008 

5 4. 3611 o.1909 4. 4742 o. 18n 

1l 

0 
1 
2 
3 
4 

5 

c( ) c< ) o(_ ) cc _ ) c< . ) c( . ) c( - ) c( _ ) 0 s z.. =s -z.. =8 z.,, =s -z.. =s •z,. ""'s -•z.. =s -tz... =sUn= 

. _ fA- ln(.r~4n -1) 

.r..--v4·rt-l .,..2( 4n - 1 )3/2 

(~t>O) 

MAXIMA AND MINIMA OF FRESNEL INTEGRALS Table 7.12 

Mn=C(~4n+l) ~=C(.J41L+3) M~=S(~4n+2) m;.,;8(J4n+4) 

Mn fnn Jf;. m;. 
o. 779893 0. 321056 o. 713972 0,343415 
o. 640807 o. 380389 o. 628940 0. 387969 
o. 605721 o. 404260 0. 600361 0.408301 
0.588128 o. 417922 0. 584942 o. 420516 
o. 577121 o. 427036 o. 574957 0.428877 

o. 5&9413 o. 4336bb o. 567822 0. 435059 

· 1 r2~4n+1)2-3 1 "2(4n+3)2-3 
Mn-~2+ w-3(4n+l)5/'2 m,.-2 "3(4n+3)5/2 (n-. ... ) 

M:,,_1 •2(4.n+2)L3 
n ~ r3(4n+2)5/2 

• 1 16.,.2(n+1)2-3 
n'ln-2 32r3(n+ 1)5/2 

From G. N. Watson, A treatise on the theory of Bessel functions, 2d ed. Cambridge Univ. 
Press, Cambridge, England, 1958 (with permission). 
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8. Legendre Functions 

Mathematical Properties 

Notation 

The conventions used are z=x+iy, x, y real, 
and in particular, x always means a real number 
in the interval -l.~x 5 + 1 with cos 8=x where 
8 is likewise o. real number; n and m are positive 
integers or zero; v and IJ. are unrestricted except 
where otherwise indicated. 

Other notations are : 

n!P .. (x) 
P"(z) for (2n-1:)!! 

P .. m(x) for (-l)"'P:(x) 

T';(x) !or ( -1)"'~(x) 

P';:(x) for (-1)"' (2n+l)(n-m)! ~(x) 
2(n+m)l ." 

W:(z) for P:(z), o:(z) for Q:(z) 

o:(z) for &<"Q:(z) 

Q:(z) for sin ~v+u)7r Q:(z) 
sm w 

Various other definitions of the functions occur 
as well as mixing of definitions. 

8.1. Differential Equation 
8.1.1 

Solutions 

(Degree v and order Jl with singularities at 
z= ± 1, oo as ordinary branch points~ Jl, v arbi­
trary complex constants.) 

P~( z), Q:(z) -Associated Legendre Functions (SpbeJ'­
ical Hannonics) of the First aud Second Kinds 2 

larg (z±l)l<7r, 

(z2- l )t"= (z- l)l~<(z+ l)t~' 

(For P:(z), IJ.'=O, Legendre polynomials, see 
chapter 22.) 

8.1.2 

P~(z) f(l~Jl) [:+~T" F( - v, v+l ; 1-~J.; 1 
2 z) 

(ll-zl<2) 

(For F(a, b; c; z) see chapter 15.) 

A.lteruate Fonns 

(Additional forms may be obtained by means of the transformation formulas of the hyper­
geometric function, see [8.1 ]. ) 

8.1.4 P:(z)=2"1rt(z2-l)-4"{F( -i-H+i-H•')_22 FG-H• l+i-H •')} (jz21<1) 
r (~-~-~) r ( 1 +i-~) r (~~-~) r ( ~-i) 

8.1.5 P~(z) 

2 The functions Y~.(B, ~)= ~ m'()} P:'(cos B) called surface harmonics of the first kind, tesseral for m<n and sectoral 
SID m~ -

for m=.n. With 0 ~~~ ::;1r, 0::5 ""52-F, they are everywhere one valued and continuous functions on the surface of the 
unit sphere x1+V'+ z1 =.1 where x=sin B cos"'' y=sin B sin"' and z= cos B. 

•see pageli. 
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8.1.7 

Wronskian 

W{P~(z), Q~(z)} 

er,.rz2~~r ("+~+2) r ("+~+1) 

(l-z2)r c~~-~+2) r c~~-~+1) 

8.1.9 W{Pn(z), Q"(z)} =-(z2-l)- 1 

8.2. Relations Between Legendre Functions 

8.2.1 

8.2.2 

Negative Degree 

P~H(z)=P~(z) 

Q~.- 1 (z)= { -1re1"r cos v1rP:(z) 

+Q~(z) sin (1!"(v+J.')]}/sin [7r(v-~o~)] 

8.2.3 
Negative Argument (Y t'<O) 

P:(-z)=e=f'-rP~(z)-~ e-t,.r sin [7r{v+~o~)JQ:(z) 
7r 

8.2.5 
Negative Order 

P.-"(z) r(v-~o~+l) [P"( ) 2 _, r . ( )Q ( >] r("+~o~+l) • z -;. e ,. sm 1-11r ~ z 

8.2.6 

Degree 11. +! and Onler v + ! 
~z>O 

-v- ( z )-(z2-1) 11~e-1"rQe(z) 
8.2.7 p -p.-l (z2-I)ll2 - (f7r)'t2r (v+ J..t.+-1) 

8.2.8 

Q=r;.l ( (z2~1)1'2) • 

* 

• 

=-i(tn")112r( -v-1-1) (z2-1)11•e-1•rP~(z) 

8.3. Values on the Cut 

8.3.1 
(-l<x<l) 

•see page u. 

(Upper and lower signs according as Jz~O.) 

8.3.2 
P~ (x)=e±li,.·P~(x± iO) * 

8 •. 3.3 

8.3.4 

=i1r-le,-iP.1f[ e-lt,.rQ~ (x+iO) * 
-ei111rQ~(x-iO)J * 

Q~ (x) =ie -~,.~re-• 1,.rQ~(x+iO) +ei114rQ~ (x-iO) J 

(Formulas for P:(:c) and Qt(x) are obtained with 
the replacement of z-1 by (1-x)e±'r, (z2 - l ) by 
(1-z2)e±1r, z+ 1 by x+ 1 for z=z±iO.) 

8.4. Explicit Expressions 

(X=COS 8) 

8.4.1 Po(z) = 1 

8.4.2 

Qo(z) =~ ln (:+ D 

8.4.3 P1(z)=z 

8.4.4 

Q, (z) =~ ln cz+ 1)-1 
2 z-1 

8.4.5 

Po(x)=l 

Q0(x)=! In (l+x) 
2 1-x 

=xF(!, 1 ; j-; x2
) 

Ps(x)=x=cos 8 

Q1(x)=-ln - -1 X (I+x) 
2 1-x 

P2(z) = !(3z2-1) P2(x) =!(3z2-1) 

=-!(3 cos 28+ 1) 

8.5. Recurrence Relations 

(Both P~ and Q~ satisfy the same recurrence 
relations.) 

Varying Order 
8.5.1 
P;+'(z) = (z2-l)-t { (v -1-1)zP:(z) - (v+ ~~.)P~-~ (z)} 
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8.5.2 

(z2- 1) dPJ;z) =(~+~)(~-~'+ l)(z2-l)•P~- 1(z) 
-JJ-ZP~ (z) 

8.5.3 
Varying Degree 

(~-~+ I)P~+t (z) = (211+ l)zP~(z)-(~+~)P~- 1 (z) 

8.5.4 (z2-l) dPJ;z)=vzP~(z)-(~+I')P~_,(z)l 

Varying Order and Degree 

8.5.5 P~+1(z)=P~_ 1 (z) +(2v+l)(z2-l}tP~- 1 (z) 

8.6. Special Values 

8.6.1 

P~(O) 

x=O 

=2~'1r-• cos [!11'C~+"')]r(!v+i~-L+ t)/ra~-ll-'+1) 

8.6.2 

Q~(O)= 

-2~"- 111'' sin [t'll'(v+M)]r(!v+t~oL+t)/r(t~-iJJ-+1) 

8.6.3 

[dP~(x)l = 
dx - o 

21'+111'-~ sin [11r(v+M)] r(tv+!~oL+l )jr(t~-!w+!) 
8.6.4 

[dQ~(x)l = 
dx -o 

2~>11'1 COS (h(v+~)] r (tv+t.u+l)fr(!v-fM+l) 
8.6.5 

W {P"(!!:) Q"(1:)} 22"r(tv+1~oL+l)r(!v+!ou+!) 
• J • :z:-o r (!v-t~oL+l)r(tv-t~oL-f- t) 

8.6.6 

8.6.7 

8.6.8 

.u=m=l, 2, 3J 0 0 0 

P;'(z)=(z2-J)tm d"'%;5,z), 

P,'(x)=(-l ) 111(l- x2)1"' d'":;~x) 

Q:(z)=(z2-l)im d'"'j;:.z), 

Q:(x)=( -l)m(l - x2)tm d"'J;ix)' 

M= ±! 

J't(z)= (z, - 1) -I/4(21!') -112 { [z+ (z2-I)l12J•+i 

+ [z+(z2- I)112J-•-t } 

8.6.9 

8 ,6.10 

Qi(z) =i(}1r)ll2(z2-I) -tt•[z+(z2-l)ll2]-•- • 

8.6.ll 

( 2 1)-114 
Q-l(z)--i(2 )1/2 z - [z+(z2-J)li2J-•- t "' 

, - 'IT 2~+1 

8.6.12 

P!(cos 8)=(tJr)-t (sin 8)-t cos [(v+!)8] 

8.6.13 

Q!(cos 8)=-(}11')1 (sin 8)-i sill [(v+i)O] 

,8.6.14 

P;l(cos 8)=(!11')-l(v+!)-1(siu 8)- t sin [(11+!)8] 

8.6.15 

Q;i(cos 8)= (2'7T) 1(2v+ 1) - 1(sin e)-1 cos [ (v+!)IJ] 

J!=-11 

8.6.16 

8.6.17 
2-•(sio 8) " 

P;•(cos 8) r (v+l ) 

~'=0, v=n 

(Rodriguee'' Formula) 

8.6.18 

8.6.19 

where 

2n-1 2n-5 
W11- 1(x)=---y-:-:n Pn-t(x)+3(n-l) P,._a(x) 

* 

2n-9 +5(n- 2) Pn-6(x)+ o 0. 

n 1 
=~ -Pm- l(x)Pn-m(X) 

m•l m 

W_t(x)=O 
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v=O, 1 

8.6.20 [oP.~os B)] =2 ln (cos 1B) 
v ..... o 

8.6.21 [oP;•~cos B)] =-tan iB- 2 cot !Bln {cos -!B) 
v ·-0 

8.6.22 [oP;•~cos B)] =-~tan !8 sin:z iB+sin B In (cos !B) 
v ·-· 

8.7. Trigonometric Expansions (O<B<7r) 

8 7 1 P~(cos B)=7r-1122~<+•(sin B)~' r (v+.u+l) ~ (,.:+!)k(v+.u+I)k sin [(v+ .u+2k+l)B] 
• • r(v-f-}) k•O k! (v+i).~: 

8.7.2 Q~ (cos B)=7r1122~'(sin B)" r (vt~tl) iJ (,.:+!~(v+)+l)k cos [(v+.u+2k+ t)B] 
T II k•O · v+f ~ 

22"+2 (n!F [ · n+l . 1·3 (n-t l)(n+2) · J 
8.7.3 P.(cos B) 7r(2n+l)! sm (n+ l)B+2n+ 3 s111 (n+3)B+2! (Zn+3) (2n+S) sm (n+5)8+ ... 

22"+1(n!) 2
[ n+l 1· 3 (n+ I)(n+2) J 

8.7.4 Q.(cos 8) (Zn+ l)! cos (n+J.)B-t2n+3 cos (n+3)B+2! (Zn+3)(Zn+S) cos (n+5)8+ ... 

8.8. Integral Representations 

(z not on t he real axis between -1 and - CX) ) 

8.8.1 P~(z) z- •(z2-l)-!" i"' 
r ( -11-J.t) r (v+I) o 

(z+eosh t)~~-·-t (sinh t)2•+1dt (&f( -JJ.)>&£v >-I) 

8.8.2 ~(z) e 7r 
11 

iJ. (z2-1) 1" fz+(z2-I)I cosh t]-·-,.-l(sinh t)2~'dt jpr.f;-2-,. r( + + 1) i "' 
r(J.t+ t) r(v-~o~+l) o 

(For other integral representations see J8.2].) 

8.~•. Summation Formulas , 
8.9.1 (~-2) LJ (2m +I)Pm(z)P,(~)=(n+ l )[Pn+1WP,(z)-PnWP n+t(z)] 

m-o 

" 8.9.2 (~-z)L: (2m+ l )P,. (z)Q,W=l-(n+ I)[P,.+•<z)Q,W-P .. (e)Q .. +•(t)l 
m-o 

8.10. Asymptotic Expansions 

For fixed z and v and fff J.l~CX) , H.lO.l-8.10.3 are asymptotic expansions if z is not on the real 
nxis between -(X) and -1 and +OJ and +1. (Upper or lower signs according as .Jf z~O.) 

'See pa~te 11. 

• 
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With J1. replaced by - p., 8.1.2 is an asymptotic expansion for P;~<(z) for fixed z and v and Gl p.~CD 
ii z is not on the real axis between -CD and -1. 

For fixed z and p. and P-lv~oo 1 8.10.4 and 8.10.6 are asymptotic expansions if z is not on the real 
axis between -co and -1 and +CD and + 1; H.10.5 if z is not on the real axis between -CD ttnd + 1. 

The related asymptotic expansion for P~:~(z) may be derived from 8.10.4 together with 8.2.1. . . 

r(v+J,~+l) (1. . .a)-~ [( +lc) 7t'+JJitr]+O( -1) 8.10.7 P~(cos 8) r(v+!) 171' SID v cos, v 2 8-4 2 v 

For other O:Symptotic expansions, see [8.'7} and [8.9]. 

/ 8.11. Toroidal F'unctions (or Ring Functions) 

(Only special properties are given; othe:r properties and represent~tions follow from the earlier 
sections.) 

8.11.2 P':: b r(n+m+!)(sinh '1)101 f" (sin tp)2md;p 
n-l(cos 7J) r(n- m+ i)2m.y'?j1'(m+t) J o (cosh T]+cos t(J sinh 71)n+m+t 

(-l)mr(n+t) f "' rosh mt dt 
8•11•4 <li:-t (cosh '17) r(n-m+ t) J o (cosh 11+cosh t sinh n)Hi (n>m) 

•see page u . 
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8.12. Conical Functions 

(P ~l+i~(cos 8) , Q:, +t~(cos 8)) 

(Only specinl properties are given ns other 
propertirs 11lld representations follow from earlier 
sections with v=- l+iX (X, u renl parameter) 1~nd 
z=cos 8.) 

8.12.1 

P 
. ) 4).2+12 . 20 

-t+t). (cos 8 =1+~ sm 2 

(4).2+1~)(4>.2+32) • 48 + 2242 sm z+ ... 
8.12.2 p -!+IA(COS 8)=P -1-t).(COS 8) 

8.12.3 p -l+tA(cos 8) =~ f ' cosh Xldt . 
'II' Jo ,12 (cost-cos 8) 

8.12.4 

Q ( ) . . h " i"' cos "AM t 
-I"FiA cos 8 =± t sm "'~~' -;1::=;:::::::::::::::;::=::;==. 

o ,2(cosl'i t+cos 8) 

+ f"' cosh Xtdt 
Jo .J2(cosh t-cos 0) 

8.12.5 

P - t+tA( -:-cos 8) 

8.13.1 

cosh X'll' 
- - [Q_t+tx(cos O)+Q-i-tA(cos 8)] 

'II' 

8.13. Relation to Elliptic Integrals 
(see chapter 17) (£11?>0) 

:J _2 /2 ( ~) l_1(z)-;" 2+1 K '\' Z-tl 

8.13.2 P _1(cosh 17)=[~ cosh ~J-
1

K (tanh~) 
I 

8.13.3 Q_ 1(z)=~ K ( ~) 
8.13.4 Q_1(cosh n)=2e-,1~K(e-~) 

8.13.5 

2 ( 2(z2-1) 1n ) 
P1(z)=; (z+.Jz2 1}1E z+(z2-l )t12 

8.13.6 P 1(cosh 71)=~ e~'2E(,'I-e-2~) 
'II' 

8.13.7 

Q,(z)=z~z~l K( ~z!J 
-[2(z+ l)]IE ( ~ z! 1) * 

8.13.8 P_ 1(z)=~K( ~ 

8.13.9 P _1(cos 8)=~K (sin~) 

8.13.10 

8.13.11 

8.13.12 

P1(x)=~[2E ( ~~-K( ~1 
2 x)] 

Q1(x)=K( ~ffi)-2E( ~!¥) * 

8.14. Integrals 

8.14.1 j~ P.(x)QP(x)dx=((p-v) (p+ v+ l)J-1 

8.14-.2 f "' Q,(x)QP(x)dz=[(p-v) (p+ v+ l)]- 1[1f(P+ 1) -,P(v+ 1)] (&f(p+v)>-1, p+v+l ;-!0; 

"· p~-1 . -2, -3, ... ) 

(&t'v>-i) 

8.14.4 s• P,(x)Pp(x)dx= 
2

2 [(p-v)(p+v+ I) J- 1 (2 sin 1rv sin 'll'p[,P(v+ I) -.P(P+ I ) J+ 'II' sin (7rp-'11'v)} 
-1 11' 

8.14.5 

8.14.6 

(p+v+ 1 ;a!O) 

f • [P ( )]2d r-2(sin 'll'v)Z ,P'(iv+l) * 
-1 • X X r(v+ t) 

J~ , Q.(x)Qp(x)dz=[(p-v) (p + v+ 1)]-1{[1/J(v+ 1) - .p(p+ l)][l+cos p11' cos vrr]- h sin (v1r - p7T)} * 
(p+v+ I ;-!0; 111 p;a!-1, -2, -3, ... ) 

(v;a!-l, -2, -3, ... ) 
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8.14.8 J~t.(x)QP(x)d:1;= [(v-p)(p+v+1))-1 
{ 1-cos (p1r-v1r)-~sin 1n1 cos 1nl(tf(v+1)-tf(p+1)] } 

(&lP>O, &lp> O, p¢v) 

8.14.9 J1 

P.(:z:) Q,(:z:)dx=_! (2v+l)-1 sin 21111"1/t1(v+1) 
- 1 11" 

(m, 1:~, l positive integers) 

8.14.10 

f l m 1- (-l)'+"(n+m)l 
_

1 
Q:'(x)P;'(x)dx= ( - 1) (l-n)(l+n+1)(n- ·m)l 

8.14.11 J~t:"(x)P;'(x)dx=O (lrEn) 

8.14.12 J~t~(x)P~(:z:)(l-x2)-1dx=O (l r~m) 

8.14.16 

8.14.13 J~1[P:(x)J2dx=(n+i)-1(n+m)l/(n-m)! 

8.14.14 

J~1 (1-:z:2)-1[P:'(x)]'dx=(n+m)l/m(n-m)l 

8.14.15 

f 1 11"i2-p-lr(t+p) 
Jo P,(x):z:Pdx r(I+iP-iv)r(!P+tv+t) 

(&lp>-1) 

r· 2-~Tr(!a+ht)r(la-b) 
Jo (sin t)a- tp; "(cos t)dt r (.!+!a+!v)r(tt:r-iv)r (b+tv+1)r(!p.-tv+t ) 

8.14.17 

P;'"'(z)=(z2-1)-i"' 1• · · · 1• P;(z)(dz)'" 

8.14.18 

Q~"'(z)=(-l)"'(z2-1)-t"' J."' · · · J."'Q,(z)(dz)"' 

For other integrals, see [8.2], [8.4] and chapter 
22. 

Pn( COS8) 

FtGuRl!l 8.1. P,.(co!J.B). n=0(1)3. 

-.5 

-1..5 
./ 

I 
/ 

./ 

I . 

. 
/ P! 

FIGURE 8.2. P!(x). n= 1(1)3, x S 1. 
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FIGURE 8.3. P,.(x). n=0(1)3; X :2:1. 

FIOUU 8.4. Q,.(a:) . n=0(1)3, z<l. 
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\ 
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\ 
' 
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\ 
\ 

'\ 
' 

""' 
2 3 4 5 s 1 e 9 10 

FIGURE 8.5. Q,.(z). n=0(1)3, :z:>l. 

Numerical Methods 

8.15. Use and Extension of the Tables 

Computation of P,.(:z:) 

For all values of x there is very little loss of 
significant figures (except at zeros) in using the 
recurrence relation 8.5.3 for increasing values of n. 

Example I. ComputeP,.(z) forz=.31415 92654 
and x=2.6 for n = 2(1)8. 
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n. 

0 
1 
2 
3 
4 
5 
6 
7 
8 

p ,.(.31415 92654) 

1 
0 31415 92654 

-. 35195 59340 
-0 39372 32064 

0 04750 63122 
.34184 27517 
0 15729 86975 

-.20123 39354 
-. 25617 29328 

P,.(2.6) 
1 
2.6 
9.64 

40.04 
174.952 
786.74336 

3604. 350016 
16729.51005 
78402.55522 

Computing P 8(;c) using Table 22.9 carrying ten 
signiftcant figures, P 8(.31415 92654)=-.2513!7 2933 
and P8(2.6)=78402.55526. 

Computation of Q,.(z) 

For z<1, use of 8.5.3 for increasing values of n 
leads to very little loss of significant figures. 
However, for x>1, the recurrence relation 8.5.3 
should be used only for decreasing valu;es -of n, 
after ha.ving first obtained Q,. using the formulas 
in terms of hypergeometric functions. ~ 

Example2. Compute Q,.(x) for x=.314:15 92654 
and n=0(1)4. 

With the aid of 8.4.2 a.nd 8.4.4 we obta.in 

n. Q.(.31415 92654) 

0 0 32515 34813 
1 -. 89785 00212 
2 -. 58567 85953 
3 . 29190 60854 
4 . 5997 4 26989 

Using the results of Exa.mple 1 together-with 

(
1+x) 8.6.19. we find Q.t(Z) =!P,(x)ln l-x -Wa(z) 

where W8=~ Pa+~ P1, giving Q,(.31415 912654)= 

. 59974 26989. 

Example 3. Compute Q6(x) for x=2.6. 

T te . h . f F(v+2 v+t. +3. 1) en rms m t e ser1es or 2' 2' 11 2' z2 

of 8.1.3 a.re necessary to obtain nine significant 
figures giving Q6(2.6) =4.8182 4468 X 10-&. Using 
8.5.3 with increasing values of n carrying ten 
significant figures we obta.in 

n. Q,.(2.6) 
0 . 40546 51081 
1 .05420 928 
2 .00868 364 
3 . 00148 95 
4 .00026 49 
5 .00004 81 

where Q0 and Q1 are obtained using 8.4.2 and 8.4.4. 

Computation of P :t(x), Q.±!(~) 

For all values of x, P±t(z) and <J±i(:z:) a.re most 
easily computed by means of 8.13. 

Example 4. Compute Q-t(z) for x=2.6. 
Using 8.13.3 and interpolating in Table 17.1 for 

K (.S), we find 

Q_t(2.6)=-J x!l K( {J;) 
=(.74535 59925)(1.90424 1417) 

= 1.41933 7751. 

On the other hand, a.t least nine terms in the 

. fF(v+2 11+1 . ..L~· 1) {813 expansiOn o - 2-, - 2-, ""'2' 22 o . . are 

necessary to obtain comparable accuracy . 
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9. Bessel Functiions ~eger Order 

Mathematical Properties 

Notation 

The tables in this chapter are for Bessel fUJnc­
tions of integer order; the text treats gene,ral 
orders. The conventions used are: 

z=:z;+iy; :z;, y real. 
n is a. positive integer or zero. 
" • /J are unrestricted except where otherwise 

indicated; "is supposed real in the sections devo1~ed 
to Kelvin flll1ctions 9.9, 9.10, and 9.U. 

The notation used for the Bessel fUJnctions, is 
that of Watson [9.15] a.nd the British Associo.t·ion 
and Royal Society Mathematical Tables. 'Ibe 
function Y.(z) is often denoted N.(z) by physicists 
and European workers. 

Other notations are those of: 
.Aldis, Airey: 

011(z) for -h· Y,. (z), K,.(z) for (-),.K,.(z). 

Clifford: 

O,.(:z;) for z-t"J,. (2..[X). 

Gray, Mathews and MacRobert (9 .9]: 

Y,.(z) for !r Y,.(z) + (In 2-,.)J,.(z), 

Y.(z) for 1re""1 sec(JJr) Y.(z), 

G,(z) for triH~1l(z) . 

Jahnke, Emde and Losch (9.32]: 

A.(z) for r("+l){!z)-•J. (z). 

Jeffreys: 

H s.(z) for H!1'(z), Hi.(z) for H~Zl(2), 

Kh,(z) for (2/r)K.(z}. 

Heine: 

K ,.(z) for-Vr-Y,. (z). 

Neuma.nn: 

Y"(z) for !r Y,.(z)+(ln 2-,.)J,.(z). 

Whittaker and Watson [9.18]: 

K,(z) for cos{11r)K.(z). 

358 

Bessel Functions J and Y 

9.1. Definitions and Elementary Properties 

Dilferential Equation 

9.1.1 
h dw · 

z2 dz2 +z dz +(z2-"2)w=O 

Solutions are the Bessel functions of the first kind 
J ±.(z), of the second kind Y.(z) (also called 
Weber's function) and of the third kind H~ t) (z), H!2l (z) 
(also called the Hankel functions). Each is a 
regular (holomorphic) function of z throughout 
the z-pla.ne out along the negative real axis, and 
for fixed z( ~ 0) each is an entire (integral) func­
tion of"· When 11= ±n, J,(z) has no branch point 
and is an entire (integral) function of z . 

Important features of the various sol~~ions are 
as follows: J.(z)(&lv?. O) is bounded as z~o in 
any bounded range of arg z. J,(z) and J _,(z) 
are linearly independent except when " is an 
integer. J.(z) and Yy(z) are linearly independent 
for all values of v. 

H !l)(z) tends to zero as lzl~oo in the sector 
O<arg z<r; H~'ll(z) tends to zero as !zl-oo in the 
sector -1r<arg z<O. For all values of v, H!U(z) 
and HJ21 (z) are linearly independent. 

Re lation.s Between Solutions 

9.1.2 Y ( ) 
J,(z) cos (111r)-J _,(z) 

• z . ( ) SID Jnr 

The right of this equation is replaced by its 
limiting value if 11 is an integer or zero. 

9 •. 1.3 

H!11 (z) :_J,(z) +iY.(z) 

=i csc(111r){ e-• .. ' J .(z) -J _.(z)} 
9.1.4 

H!2) (z)=J .(z) -iY.(z) 
=i csc(111r){J _.(z)-e•"''J.(z)} 

9.1.5 J _,.(z)=(-)"J ,tCz) Y_,.(z) = (-)"Yn(z) 

9.1.6 H~J(z) = e• .. 1H!11 (z) H !!;(z) =e-•"''H!21 (z) 
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FIGURE 9.1. 

BESSEL FUNCTIONS OF INTEGER ORDER 
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Jo(x) , Yo(x), J1 (x), Y1(x). 
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FIGURE 9.2. J10(x), Y1o(x), and 

Mto(x)=../J?o(x) + Y'to(x) . 

FIGURE 9.3. J, (lO) and Y,(lO). 
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FrauRE 9.4. Contour lines of the modulus and phase of the Hankel Furu;tion HJll(x+iy)=Moe18o. From 
E . Jahnke, F. Emde, and F . Losch, Tables of higher functions, McGraw-Hill Book Co., Inc., New 
York, N.Y., 1960 (with permission). 
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Limiting Fol'Dla for SDJ.all Arguments 

When v is fixed and z~o 

9.1.7 

J ,(z) ""(iz) •j r (v+ 1) {v~-1, -2, -3, ... ) 

9.1.8 Y0{z)--iH~H(z)-iHd2>(z)-{2/7r} 1n z 

9.1.9 

Y,(z) ..... -iH!1> (z) -iH!2> (z) "'- (1/.,;) r{v)( !z) - · 

(&t'v>O) 

9.1.10 

9.1.ll 

Ascending Series 

Y ( )- - (!z)-• ~ (n-k- 1)1 (l. 2)~ 
"z- £...~ kl ~z r .t-o 

+~In (tz)J,. (z) 
1r 

_(iz)"~ {~(k+1)+~(n+k+l)} (-iz2)it 
.,; .t-o kl (n+k:) I 

where ~(n) is given by 6.3.2. 

l z' Ct Z2)2 (1 Z2) 3 

9.1.12 J o(z)=l- (11)2 I (21)2 (31P + ... 
9.1.13 

2 2 iz2 

Y 0(z)=; {In (iz) +'Y }Jo(z) + ; { (1!)2 

(i z2)2 (fz2)s 
- (1 +i) (2!)' +(1 +i+i) (31)2 - ... } 

9.1.14. 

J,(z)J "(z)= 

+ "' (-)1T(v+JJ.+2k+ l ) (lz2).t 
Ciz)• "~r(l'+k+l)r(Jt+k+I)r(v+Jl+k+l) kt 

Wronak:iana 
9.1.15 

W{J,(z), J_,(z)} = Jr+1(z)J _,(z)+J.(z)J _<•+Il(z) 

9.1.16 
=-2 sin (v.,;)f(.,;z) 

W{J,(z), Y,(z) } = J r+t(z) Y,(z)-J,(z) Y r+1(z) 

=2/(1r2) 

9.1.17 

W{H!1>(z), H~>(z) }=H!!(. 1 (z)H~21(z)-H!1>(z)H~~1(z) 
= -4i/(.,;z) 

9.1.18 
Integral Representations 

1 ir 1 ir J 0 (z)=- cos(zsin8)d8=- cos(zcos8)d8 
1r 0 1r 0 

9.1.19 

4 it" Y0 (z)=2 cos (z cos 8) b+ln (2z sin2 8)} d8 
,.. 0 

9.1.20 

9.1.21 

9.1.22 

1 J:" J,.(z)=- cos (zsin 8-n8) d8 
r o 

= i-" rr ell cou cos (n8)d8 
.,; Jo 

li,.. J, (z)=- cos(z sin 8- v8)d8 
,.. 0 

sin(J171') f "' e-.. IJI.b t-•' dt (jarg zl<t,..) 
.,. Jo 

Y,(z)=~ f,.. sin(z sin e-v8)d8 , .,. Jo 
- - {e•'+e-•' cos (n)}e-uiJI.btdt (jargzl<h) li"' 1r 0 

9.1.23 

J 0 (x)=- sin(x cosh t)dt (x>O) 2J:"' 1r 0 

Y0(x)=- - cos(:z: cosh t)dt (x> O) 2J:. 
1r 0 

9.1.24 
2(!x)-· r· sin(xt)dt I 

J ,(x) ~r(}-v)J l (tZ- l)~+t ( &t'vl<!, :z:>O) 

2(!x)-· r· coa(xt)dt 
Y ,(x) ~r(t-v)Jl (t~-l)•+t ( /£iv I<!, x>O) 

9.1.25 

H~>(z)=-~f"'-rl euiJih c-•'dt Clarg zl<!w') 
n - ... 

9.1.26 

1 J~"' r (-t)(ix)•+2
' 

J ,(x)=21ri -f.. r(v+t+l) dt (&f'v>O, x>O) 

In the last integral the pa.th of integration must 
lie to the left of the points t=O, 1, 2, . ... 
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9.1.27 
Recurrence Relationa 

2v 
Cif,_1(z)+Cif,+t(z)=z-~ (z) 

~ •-t(z)-~ •+1(z) =2~~(z) 

~~(z) =Cif •-t(2)-i ~ ,(z) 

and 

9.1.34 
4 

p.s,-q,r,= .,ab 

Analytic Continuation 

In 9.1.35 to 9.1.38, m is an integer . 

9.1.35 

CC denotes J , Y, HW, H<2
> or a.ny linear combina- 9•1•36 

tion of these functions, the coefficients in which 
are independent of z a.nd v. Y,(ze"'"')=e-mntY,(z)+2i sin(mv11') cot(v11') J,(z) 

If j ,(z)= zP~ , (Xzf) where p, q, X e.re independent 
of v, then 

9.1.29 
f,-l (z) +f r+t (z) = {2v/X)z-~,(z) 

(p+ llq)f,- t(z) + (p-vq) f ,+t (z) = (2v/X) z1-'f~(z) 

zj~(z)='Aqz'f,_,(z)+ (p-vg)j,(z) . 

zj~(z)=-'Aqzgf,+t(z) + CP+vq)j,(z) 
Formulae for Derivatives 

9.1.30 

9.1.31 

«G"~t> (z)=;"' ~ct', -~:(z) -(~) Cif,_"'+~(z) 

If 

9.1.32 

then 

9.1.33 

+(!) Cif•-.t+t(z)- . . . +(-)1Cif,+t(z)} 

(k= O, 1, 2, ... ) 

Recurrence Relatione fo~ Cro118-Producta 

p,=J.(a)Y,(b) -J.(b)Y,(a) 
q,=J ,(a)Y:(b) -J~(b )Y ,(a) 
r,=J;(a)Y,(b)-J,(b)Y~(a) 
s,=J;(a)Y~(b) -J~(b)Y~(a) 

2v 2v 
P·+t- P•-t=-a q,-b r, 

v v+l 
q,+t+r,=a;p,--b- P•+t 

'JI v+ l 
r,+t+q,=;; p,---u;-P•+t 

1 1 v2 

s,=2 P•+t+2 P•-l - ab p, 

9.1.37 

sin(llr )H!'>(ze"'"')=-sin { (m-l)v11' }H!'>(z) 

-e-'"' sin(mv'II')H~" (z) 
9.1.38 

sin(v11')H~>(ze"'"')=sin { (m+ l)J111' }H~2> (z) 

+e"'' sin(mv11')H~1>(z) 
9.1.39 

9.1.40 

H~ll (zer') = -e-•r'H~2l (z) 

H !21 (ze-"')= -e•rfH !11(z) 

J. (2) "J,(z) 

H !'1{Z)=H!'>(z) 

Y,(Z)= Y,(z) 

H~>(Z)=H~n(z) (v real) 

Generating Function and Aaocl.ated Series 

-9.1.41 et'(t-1/t)= ~ t"'J~:(z) - (t ~0) ·--· 
• 

9.1.42 cos (z sin 8)=J0 (z)+2 "5: J21;(z) cos (2k8) 
k-1 

... 
9.1.43 sin (z sin 8)=2 ~ J 11C+l(z) sin { (2k+ I )8} 

.t-0 

9.1.44 .. 
cos (z cos 8)=J0 (z) +2 ~ (-).tJ u(z) cos (2k8) 

.t•l 

9.1.45 

sin (zcos8)=2 :E (-)"'J2t+t(e) cos f(2k+ 1)8} 
.t-0 

9.1.46 l = J 0(z)+2J2(z)+2J,(z)+2Ja(z)+ ... 

9.1.4.7 

cos z=J 0(z)-2J2(z)+2J.(e)-2J a(z)+ 

9.1.48 sin z=2J1(z)-2Ja(z)+2J,(z)- . .. 
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Other Differential Equations 

9.1.49 w'' +( >.2- v' z~ l) w=O, 

9.1.52 

2v-l 
w" ---w' +>-2w=O, z 

9.1.53 

z2w" +(1-2p)zw' +(>,~q2z2«+p~-v'tf)w=O, 

w=zPClf,(>.zq) 
9.1.54 

9.1.55 

z2(z2-v2)w" +z(z2-3v')w' 

+ { (z2-v')2 - (z2+v2
) }w=O, 

9.1.56 

where a is any of the 2n roots of unity. 

DiJferential Equations for Products 

In the following fJ = z Jz and CC ,(z), !!) 11(z) are, any 

cylinder functions of orders v, p. respectively. 

9.1.57 
' 

{ fJ•-2(112+p.2)fJ2+ (v'-~)2}w 

+4z2(fJ+ 1) (tJ+2)w=O, 

9.1.58 

t1(fJ2-4v')w+4z2(t)+ l)w=O, 

9.1.59 

w=CC ,(z)!!) ,(z) 

?!w'" +z(4z2+ 1-4v')w' +(4v'-l)w=O, 

w= z<:C ,(z)~~ ,(z) 
Upper Bounds 

9.1.60 IJ. (x)l<l (v;:::O), IJ,(x)l~l/-v'2 

9.1.61 (11>0) 

9.1.62 (v~-i) "' 
• see page IL 

9.1.63 

Derivatives With Respect to Order 
9.1.64 

() 
ov J, (z)=J . (z) In (tz) 

-(!z)• ± (-)1 1/l(v+k+l) (iz
2
).t 

.t-o T(v+k+l ) k! 
9.1.65 

() () 

011 Y, (z)=cot (Jnr) {0v J. (z)-'ll" Y, (z) J 

() 
-esc (ll'll") ov J _,(z)-'li"J, (z) 

(v~O, ±1, ±2, ... ) 
9.1.66 

[~J. (z)J ~Y .. (z)+n!(!z)-,.~ t!z)V.t(z) 
Ov •• ,. 2 2 .t-o (n-k)kl 

9.1.67 

[~ Y, (z)J =-~ J,. (z)+ n!(!z)-"~ (jz)~Y1 (z) 
ov ,.,. 2 2 .t-o (n-k)k! 

9.1.68 

[:
11 

J,(z)J._
0
=iYo(z) , [:., Y,(z)J._0=~~J0(z) 

ExpresaiollS in Tenns of Bypergeop1etric FunctiollS 

9.1.69 

9.1.70 

J,(z) r~!~~) limF(>-,p.iv+l; -::J.I.) 
a.s >., J.l-Ho through real or complex values; z, v 

b~ing fixed. 
( 0F1 is the generalized hypergeometric function. 

For M(a, b, z) and F(a, b;c; z) see chapters 13 and 
15.) 

Connection With Legendre FunctiollS 

If 1-' and x are fixed and ~~- m through real 
positive values 

9.1.71 

lim {v~'P;" (cos ;)l=JI'(x) (:z:>O) 
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9.1.72 

lim { v"Q;" (cos ;)J =-!"" Y"(:z:) 

For P;" o.nd Q;", see chapter 8. 

Continued Fractions 
9.1.73 

J,(z) 1 1 1 
J,_1(z) 2vz-1- 2(v+l)z 1- 2(v+2)z-1

-

!z/v f z2/{v(v+1) } iz2/{ (v+1)(v+!~)} 
=1- 1- 1- .. . 

Multipncation Theorem 
9.1.74 

~ ,(>.z)=>.~· to (1=).t (X';cl1)t(!z)t t:G' P:t:.t(z) 

Cl>-2--11<1) 

If ~ =J and the upper signs are taken, the restric­
tion on X is unnecessary. 

This theorem will furnish expansions of 'G' ,(ret~) 
in terms of CC,,.,.(r). 

Addition TbeoreDlll 
NeUDlann'a 

• 
9.1.75 ~.(u±v)= :E ~."T.,(u) Jt(v) ·--· (lvl<lul) 

In 9.1. 79 o.nd 9.1.80, 
w=y(u2+v2-2uv cos a), 

u-v cos a=w cos X, v sin a=w sin X 

the branches being chosen so that w-u and x~ 
as ~. 0<;1 (cos a) is Gegenbauer's polynomial 
(see chapter 22). 

If u, vare real and positive and 0 ~a~r, then w, x 
are real and non-negative, and the geometrical 
relationship of the variables is shown in the dia­
gram. 

The restrictions lve.t: 1al< lui are unnecessary in 
9.1.79 when ~=J and vis an integer or zero, and 
in 9.1.80 when ~=J. 

Degeuerate Fonn (u= a. ): 

9.1.81 ... 
e" ooea=r(v)(!v)-• ~ (v+k)iV,+t(v)m•>(cos a) 

t•O 
(11~0,-1, . .. ) 

The restriction lol<lul is unnecessary when NeuDlann'e Esp&n~~ion of an Arbitrary Function in a 
ct'=J and vis an integer or zero. Special c.a.ses are Seriee of Beaeel Fu.nctiona 

.. 
9.1.76 1=.Po(z)+2 :E .ncz) 

i•1 

9.1.77 

9.1.78 

Graf'e 

9.1. 79 

Gegenbauer'e 

9.1.80 

CC.(w) -2•r( ) "f: ( +k) ~•+.t(U) J.+l.(v) o <•l( ) ---;w;-- II W II U' V' t COS a 

(v~0,-1, .. . , lve"l:'•l< lui) 

.. 
9.1.82 j(z)=aJ0(z)+2 ~ a.,J.,(z) 

.t•l 

where c is the distance of the nearest singularity 
ofj(z) from z=O, 

9.1.83 at=~ J lzl•e' j (t)O.,(t)dt (O<c' < c) 

and O~(t) is Neumann's polynomial. The latter 
is defined by the generating function 

9.1.84 

(lzl<ltl) 

0,. (t) is a polynomial of degree n+ 1 in 1/t; Oo(t) = 1/t, 

9.1.85 
1 ~n(n-k-1)1 (2)"-21+1 

O,.(t)=4' ~ kl t (n=1, 2, ... ) 

The more general form of expansion .. 
9.1.86 j(z)=aoJ,(z)+2 LJ aJ.+t(z) 

~-1 
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also called a Neumann expansion, is investiga·ted 
in [9.7] and [9.15] together with further gene.raliza.­
tions. Examples of Neumann expansions are 
9.1.41 to 9.1.48 and the Addition Theorems. Other 
examples are 

9.1.87 

(
1 )•- ~ (v+2k)r(v+k) J (z) 
"fZ - £..1 kl •+U 

k'"'O • 
(p~O, -1,-2, ... ) 

·n!(!z)-" ~ (!z)lJA:(z) 
1r k-o (n-k)k! 

~ {ln (iz)-!f(n+l ) }J ,.(z) 
1r 

-~ ~ ( _ ) l:(n+2k)J n+u.(z) 
1r ~c~1 k(n+k) 

where 1/t(n) is given by 6.3.2. 

9.1.89 

Yo(z) =~ [In (!z)+-y} Jo(z)-! "£ (- )tJJ!I:k(z) 
11' 1r k=l 

9.2. Asymptotic Expansions for Lar1ge 
Arguments 

Principal Aaymptotic Forme 

When "is fixed and lzi~Q) 

9.2.1 

J,(z)=../2/(wz) {cos (z-!11'11"-}1r)+e1..Fzta(lzll-1)} 

(larg zl<1r) 
9.2.2 

Y,(z)= ...J2/(wz) fsin (z-iv?r-fr)+e1..Fzta(lzll-1
)} 

(larg zl< w) 
9.2.3 

H!1> (z) "' ../2/(d)et<•-jrr- tff:> 

9.2.4 

9.2.6 

Y,(z)=...J2/(11'z){P(v, z) sinx+Q(", z) coax} 

(!arg zl<w) 

9.2.7 

H !1l (z) =...J2/(7rZ) {P(11, z) +iQ(111 z)} e1x 

( -'ll'< arg z<27r) 

9.2.8 

H!2>(z)=../2/(?rz){P(11, z)-iQ(v, z) }e-tx 

( -21r<arg z<w) 
where X=z-(!v+l)?r and, with4v2 denoted by p., 

9.2.9 

P( ) ~ { -)" (v, 2k) =l- (p.-1) (J.'-9) 
11

• z "'f=6 (2z)2l 21(8z)2 

9.2.10 

+ (J..C-l)(p.-9)(}.'- 25) (J.'-49)-
41 (8z)~ 

Q( ) ,._, ~ (-)t (v, 2k+ 1) 
"• z 4-1 (2 )2-t+l k•O Z 

p.-1 (JJ.- 1) ~-9) (J.'-25) 
8z 31(8z)3 + · · · 

If "is real and non-negative and z is positive, the 
remainder after k terms in the expansion of P(v, z) 
does not exceed the (k+ l )th term in absolute 
value and is of the same sign, provided that -
k> iv-l. The same is true of Q(v,z) provided 
that k>t~~-1-

Asymptotic EKpansions of Derivativel! 

With the conditions and notation of the pre­
ceding subsectioa 

9.2.11 

J;(z)=-J2/(1f'z){ -R(v, z) sin-x-S(v, z) cos x.} 

(larg zl< 1r) 
9.2.12 

Y~(z) =...J2/(1f'z){R (11, z) cos x- 8(11, z) sin x} 
H !2> (z..) ,..,_ -./2/(11'z) e-t<z- 1,.-iff:l (- 21r<argz<1r) Clarg zl<w) 

9.2.13 
Hankel' s Asymptotic EKpansionll 

HP>'(z) = .J2!(1rz){ iR(v, z)-S(v1 z) }e1x 

When vis fu:ed and !zi~Q) (-1r<n.rg z<27r) 

9.2.5 9.2.14 

J .(z)=../2/(wz){P (v, z) cosx-Q(v, z) sin x} H~2)'(z) =...J2/(7rz){ -iR(v, z) - S(v, z)}c'x 

(larg zl<11') ( -2'1!'<a.rg z<1r) 
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9.2.15 

9.2.16 

S( ),.._'f-... (-).t 4~+4(2k+l) 2-1 (v,2k+l) 
v,z t=O 4v2- (4k+l ) 2 (2z)2k+l 

~'+3 c~-1) c~-9) <~+35) + =---sz 31(8z)3 • • • 

Modulus and Phase 

For real v and positive x 

9.2.17 

9.2.18 

M,=IH~11(x) I=.J{~(x)+ :f!(x)} 
6,=arg H~11 (x)=arctan { Y,(x)/J.(x)} 

N.=IH~ll'(x) I =.J{J; 2(x) + y~ 2(x)} 
cp,=arg H;1)'(x)=arctan { Y; (x)jJ;(x}} 

9.2.19 J ,(x) = M, cos 8,1 

9.2.20 J ;(x)=N, cos cp,, 

Y.(x) =M, sin 8,, 

Y;(x) =N. sin cp •. 

In the following relations, primes denot•e differ­
entiations with respect to x. 

9.2.22 N;=M;2+l.t:o?=M;2 +i./(7rxM,)2 

9.2.23 (:f-v2)M,M~+:r!-N,N;+xN;=O 

9.2.24 

tan (cp.-8, )=M.o;;M;=2/(?rXJo.t.M:) 
M,N,srn (cp,-8,)=2/(7rx) 

9.2.25 x2M~' +xM;+ (;t\-vZ)M,-4/(rM!)=O 

9.2.26 

9.2.27 6'2+! 8~" -~ (()~')2 =1 v2- t 
, 2 8: 4 8~ x2 

Asymptotic E:wansions of Modulus and Pl~a&e 

When vis fL.,;;:ed, x is.large and positive, and ~-'=4v 

9.2.28 

M2_.~ f1 +! ~-'-1 + 1· a c~- 1) C~L-9) 
• 1rX 2 (2x).2 2 · 4 (2x)t 

+1· 3. 5 (~-L-1) (p.- 9)(,u- 25)·+ } 
2 · 4 · 6 (2x)8 • • • 

9.2.29 

1 jl.-1 
8,-x-(!v+i)7r+2(4x) 

I (~-l)(p.-25) I (~-I)(p.2-114~+1073) 
6(4x)3 5(4x) 6 

+ (p.-1) (5J.13-:-1535~-L2+54703p.-375733) I 
14(4x)7 

9.2.30 

,m-"'.!{1-! 11'-3_ .!._:.! (p.-l)(JL-45) 
• 7rX 2 (2x) 2 2. 4 (2x)4 • • • } 

Tne general term in the last expansion is given by 

1 . 1 . 3 ... (2k- 3) 
2 . 4. 6 . . . (2k) 

X (JJ-1) (JJ-9) ... {~J-(2k-3) 2 } {p.- (2k+ 1)(2lc-1) 2 } 

(2x)2.>: 

9.2.31 

1 1 J.l+3 /JZ+46~J-63 
tjl,,..,x-(2v- ~) 7r+2(4x) + 6(4x)3 

+
}.'8+ 185JL2- 2053p.+ 1899+ 

5(4x)6 • • • 

If v ;:::_ 0
1 

the remamder after k tE\rlils in 9.2.28 does 
not exceed the (k+ l)th term ill absolute value 
and is of the same sign, provided that k>v-t. 

9.3. Asym.ptotic Expansions for Large Ord.ers 

Principal Asymptotic Forme 

In the following equations it is supposed that 
~~~(X) through real positive values, the other vari­
ables being fixed. 

9.3.1 

9.3.2 

1 (ez)v J,(z) .-v - -
~ 2v 

e•(tt.llh a-a) 

J.(v sech a)"'-=,==== 
'V 27rv tanh a 

e. (a- t&nh a) 

Y, (v seeh a )"" 
~i1rv tanh a 

• see page n. 



366 BESSEL FUNCTIONS OF INTEGER ORDER 

9.3.3 

J, (v sec /3)= 

../2/(7rv tan {3) {cos (vtan/3- v/3-v)+O (v- 1
)} 

(0<13<1-n-) 
Y,(v sec /3)= 

9.3.4 

9.3.5 

9.3.6 

.../2/ (1f"ll tan {3) {sin (v tan {3-v/3- t7r) +O(v-1
)} 

(0<13<~) 

J,(ll+zyl-i)=2}iv-~ Ai( -2~iz)+0(11-1) 

Y.(v + zy~)=-2liv-li Bi(-2}iz) + O(v-1) 

2li 1 
J.(P) ""3~r(j) v~ 

z!i 1 
Y,(11)--3~r(i) ~~~i 

J ( ) -(_i.L)l4 { .A.i c~~~r) 
' liZ - 1 2 u -z lin 

(larg zi<7r) 

Y ( )- -(_!L)l4 {Bi (v~ir) 
'JIZ - 1 2 •~ -z 11711 

(jarg zl<7r) 

In the last two equations r i!:: given by 9.3.38 and 
9.3.39 below. 

Debye' a Asymptotic Expansions 

(i) If a is fixed and positive and 11 is large and 
positive 

9.3.7 

er(t&nh a-a) CD u/c (coth a) 
J,(Y sech a)"' ....;2 t--1.. {1 + ~ vk } 

1rv Wlll a k-I 

9.3.8 

Y,(v sech a)......, 

where 

9.3.9 

110(t)=l 
'Ill (t'= (3t-5f~ /24 
~(t) = (8lt2-462t'+385t8)/1152 
~(t)=(30375&-3 69603f+7 65765f 

-4 25425tg)/4 14720 
-u4(t)=(44 65125t'-941 21676t6+3499 2243oea 

-4461 85740t10+1859 l0725t12)/398 13120 

For us(t) and 'U6 (t) see [9.4] or [9.21]. 

9.3.10 

u.t+l(t)=tt2(l-t2)u~(t)+~ J:' (1-5t2)uit)dt 

(k=O, 1, .. . ) 
Also 

9.3.11 

J~ (v sech a)-

[Sliill'2a e•<tanll a-al { l + £ V.t (coth a)} 
"V~ k-1 0 

9.3.12 

Y~(v sech a) 

-~sinh 2a e•<a-Wihal {l+ £ (-).tvk (coth a) } 
11"11 k-1 vk 

where 

9.3.13 
v0(i)=l 
VI (t) = ( -9t+7t3)/24 
v2(t)= ( -135t2+594~-455t6)/1152 
v3(t)=(-42525t3 + 4 51737to-8 83575f 

+4 75475tg)/4 14720 
9.3.14 
Vt(t)=U~c(t)+t(t2-l){ !'U.t-t(t)+tu~-t(t)} 

(k= l , 2, ... ) 
(ll) l£ {3 is fixed, O<~<h fLOd II is large a,nd 

positive 

9.3,15 
J,(v sec ~) = ~2/( 1r11 tan (3){ L (v, {3) cos 'it 

+M(11, /3) sin w} 
9.3.16 
Y,(11 sec {3)=-./2/(7rv tan ~){ L(v, ~) sin 'If 

-M(v, 13) cos w} 
where 'lr=v(tan {3-1)) -l'lr 

9.3.17 

L(v, 13)- £ u2tCi ~~t m 
k-0 v-

=1 81 cot2 /3+462 cot4 .6+385 cot0 ~ + 
1152y2 ... 
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9.3.18 

Also 

9.3.19 

J ;(" sec {3) =-J(sin 2{3)/(?rv){ -N(v, {3) sin '1' 
-O(v, {3) eos '1'} 

9.3.20 

Y~(v sec (3)=-J(sin 2(3}/(?rv){N(II·, {3) cos '1' 
- O(v, {3) sin ~} 

where 

9.3.21 

N (v, {3)"' £ Vu, (i J~t f3) 
k-0 

9.3.22 

= 1 I 135 cot2 f3+594 cot• f3+45~ cot8 {3 
1152v2 

O( {3) .~v2HtCicot{3) 9cotf3+7cot3 J~ 
p, · "'~ f=6 .P+1 24v · -

Asymptotic Expansions in the Traneit ion Re1giona 

When z is fixed, 1"1 is large and larg vl<;,r 

-9.3.23 

J ,(v+zv118)"' 
2
::: Ai (-2118z) fl + £f:~~?} 

v k•l Jr" 

9.3.24 
21/3 ... j ( ) 

Y (11+Z 11119),....,-- Bi (-21' 8z) { I+"...!..~} • vt/a f=t vZtta 

where 

9.3.25 

ft(Z)=~z 

fz(z)=-1~0 zs+ 3~ z2 

2Z/9 •• g ( ) 
--Bi' (- 2113z) ~· ~ 

v k=~ 112J:(3 

f ( ) - 957 6 173 3 1 
8 z ~z - 3150 2 -225 

j ( ) 27 10 23573 7+ 5903 '+ 9117 
4 z 20000 z 147000 z 138600 z 346500 z 

9.3.26 

Yo(z)=130 z2 

. ( ) 17 a+ 1 
91 z. = -70 z 70 

( ) 9 7+ 611 4 37 
g2, z =-1000 z 3150 z - 3150 z 

( ) - 549 8 110767 6 I 79 2 
9a z -28000 2 - 693000 z 12375 z 

The corresponding expansions for H~ll (v+z"1' 3) 

and H!2
> (v+zv1' 8) are obtained by use of 9.1.3 

and 9.1.4; they are valid for -!?r<arg v<i"Jr and 
-f"Jr<arg v<!'ll", respectively. 

9.3.27 

J;(v+zvlf3) ...... _ 2213 Ai' (-21/Sz){l+£ h.t(z)} 
v21a k-l v2.1l!3 

9.3.28 

where 

9.3.29 

4 
h1(z)= 5 z 

l () 9 6~ 2 
'"2 z = - 100 z '70 z 

+2tta A" (-2''a ) -.0 lt(z) 
'4/3 1 z 4..1 _!1,,1)(3 

v k-0" 

- 2t;s B ' (-21ta ) -.0 l.ll(z) 
4/3 1 z 4..1 2:1:11 v k-0 v 

699 8 2617 3 23 
hs(z)=3500 e - 3150 z +3150 

h ( ~ 27 10 46631 7 3889 • 1159 
• z,=zoooo z 147000 2 + 4620 z n 5soo z 

9.3.30 

lo(z)=~ z8-~ 
131 t 1 l 1 (z)=-
140 

z +5 z 

( 
9 8 5437 If 593 2 

l2 z)=- 500 z +4500 2 - 3150z 

_ 369 9 999443 6 31727 3 947 
l3(z)-7ooo z 693000 z +173250 z + 346500 
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9.3.31 

9.3.32 

where 

21/3 
.44730 73184, 3'a=.77475 90021 a 32/Sf(j) 

b 
22/3 

.41085 01939, 3'b=-.71161 34101 31/3f(t) 

a 0=1, 

~=.00069 3735 ... , a 3=-.00035 38 .. · 

1 
/30=

70
=.01428 57143 ... , 

1213 
/31= 10 23750=-.00118 48596 .. '1 

(3~= .00043 78 ... , fJs=- .00038 ... 

'Yo=l, 
23 

'Yt=3150=.00730 15873 ... , 

'Y2=-.00093 7300 ... 1 'Y3=.00044 40 .. • 

1 947 
6o=5' Ot=-

3 46500 =- .00273 30447 ... , 

Cl3=-.00038 . .. 

Unifonn Asyn~ptotie Expansions 

These are more powerful than the previous e:ll­
pansions of this section, save for 9.3.31 and 9.3.3:2, 
but their coefficients are more complicated. They 
reduce to 9.3.31 and 9.3.32 when the argument 
equals the order. 

9.3.36 

9.3.37 

H(l> (vz) -2e-r~'s(..iL)l'• {.Ai(e21rttsvz'as) £ a.~:(s) 
v 1- z2 11t ta *""O 112.< 

e2.-it3 Ai I ( e2rt/3JI2/3 s) "' bt(t) 
+ 115/3 ~~} 

When ~~~+ CXl , these expansions hold uniformly 
with respect to z in the sector iarg .z1::;7r-~:, where 
E is an arbitrary positive number. The corre­
sponding expansion for H?> (vz) is obtained by 
changing the sign of i in 9.3.37. 

Here 

9.3.38 

~ r3/2=J. I..jl t2 dt=ln 1+~ ..jl z2 
3 t t z 

equivalently, 

9.3.39 

~ (-t)S/2= r~.Jt2 l dt=.JZ2=l-arCC0S (!) 
3 Jl t z 

the branches being chosen so that r is real when 
z is positive. The coefficients are given by 

9.3.40 

where 'l.t,, is given by 9.3.9 and 9.3.10, Xo=~o=l 
and 

9.3.41 

(2s+I) (2s+3) ... (6s-l) &+1 
x, .sl(l44)' ' .u.=-6s-lx' 

Thus ao(.r) =11 

9.3.42 

5 1 5 1 
bo(f)= 48f2+ st { 24(1-z2)3'~ 8(1-z2)t} 

5 1 5 1 
= - 48t2+ (-.\)t {24(za- l)an+ 8(z2-I)i} 

Tables of the early coefficients are given below. 
For more extensive tables of the coefficients and 
for bounds on the remainder terms in 9.3.35 and 
9.3.36 see [9.38]. 
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Unifol'Dl EX})aneione of the Derivatives 

With the conditions of the preceding subsection 

9.3.45 

where 

9.3.46 

2k 

d.t(t)=~ }l.,t-3412v,.t-•f (1-z')-t} 
a-o 

and v" is given by 9.3.13 and 9.3.14. For bounds 
on the remainder terms in 9.3.43 and 9.3.44 see 
[9.38]. 

- -

r bo(r) a1(r) eom dt(r) 

0 0. 0180 - 0.004 0. 1587 0. 007 
1 . 0278 -. 004 . 1785 . 009 
2 . 0351 -. 001 . 1862 . 007 
3 . 0366 +. 002 . 1927 . 005 
4 . 0352 . 003 . 2031 . 004 
~ . 0331 . 004 . 2155 . 003 
6 . 0311 . 004 . 2284 . 003 
7 . 0294 . 004 • 2413 . 003 
8 . 0278 . 004 . 2539 . 003 
9 • 0265 . 004 . 2662 . 003 

10 . 0253 . 004 • 271H . 003 

-r bo<r) llt(r) eo<t> dtW 

0 0. 0180 -0.004 0. 1587 0. 007 
1 . 0109 -. 003 . 1323 . 004 
2 . 0067 - . 002 . 1087 . 002 
3 . 0044 -. 001 . 0903 . 001 
4 . 0031 - . 001 . 0764 . 001 
5 . 0022 -.000 . 0658 . 000 
6 . 0017 -. 000 . 0576 . 000 
7 . 0013 - . 000 . 0511 . 000 
8 . 0011 -. 000 . 0459 . 000 
9 . 0009 -.000 . 0415 . 000 

10 . 0007 -.000 . 0379 . 000 

For r>lO use 

1 
bo(t)"' 

12 
r-t-.104t-2

, at(t)= .003, 

eo(r)"' 
1
1
2 

ti+.I46t- 1
, dt(.\)=.003. 

For r<-10 use 

bo(t) f'V 1~ r-', a1 (t) = .000, 

Co(t)-- :
2 

r-1-1.33( -.\)-6121 dt(t)=.OOO. 

Maximum values of higher coefficients: 

l<l-2(t)i=.0008, 

9.4. Polynomial Approximations 1 

9.4.1 

J 0(x)=l-2.24999 97(x/3)2+ L26562 08(x/3)t 

- .31638 66(x/3)8+.04444 79(x/3)8 

-.00394 44(x/3)10+.00021 OO(x/3)12+E 

IEI<5x10-8 

9.4.2 o<x~3 

Y0(x) = (2/-tr) ln(l:z:)J0(:z:) +.36746 691 

9.4.3 

+ .60559 366(#3)2
-. 74350 384 (:z:/3)' 

+.25300 117(x/3)0-.04261 .214(:z:/3)8 

+ .00427 916(x/3)10- .00024 846(x/3)12+E 

IEI<I.4Xl0-8 

3~~Q) 

fo=-79788 456-.00000 077(3/x)-.00552 740(3/x)2 

-.00009 512(3/::c)3+ .00137 237(3/x)' 

- .00072 805(3/x)5+.00014 476(3/x)8+t: 

lEI< 1.6X l0-s 
2 Equations 9.4.1 to 9.4.6 and 9.8.1 to 9.8.8 are taken 

from E. E. Allen, Ana.lytie<a.l approximations, Math. Tables 
Aids Comp. 8, 240-241 (1954), and Polynomial approxi­
mations to some modi.fied Bessel functions, Math. Tables 
Aids Comp. 10, 162-164 (1956) (with permission). They 
were oheoked at the National Physical Laboratory by 
systematic tabulation; new bounds for the errors, e., given 
here were obtained as a result. 
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80=x- .78539 816-.04166 397(3/x) 

-.00003 954(3/x)2 + .00262 573(3/x)3 

- .00054 125(3/x)'- .00029 333(3/x)6 

+ .00013 558(3/:l:)0+t 
IEI<7X10-8 

9.4.4 -3sx~3 

x-1 J1 (x) =t-.56249 985(x/3)'+ .21093 573(x/3)4 

-.03954 289(x/3)8 +.00443 319(x/3)8 

- .00031 761(x/3)10+.00001 109(x/3)12+t 
IEI<L3X10-8 

9.4.5 o<xs3 

xYt (x) = (2/7r)X ln(!x)Jl (x)-.63661 98 

9.4.6 

+.22120 91(x/3?+2.16827 09(x/3)• 

-1.31648 27(x/3)8+ .31239 "51 (x/3)8 

-.04009 76(x/3)10+.00278 73(i/3)12
+E 

IEI<L1X10- i' 

3sx<co 

ft= .79788 456+.00000 156(3/x)+.01659 667(3/xY~ 

+.00017 105(3/x)3 - .00249 511(3/x)' 

+.00113 653(3/x)~- .00020 033(3/a:)8+E 

IEI<4Xl0-8 

B~=x-2.35619 449+.12499 612(3/x) 

+ .00005 650(3/x)2
- .00637 879(3/x)3 

+ .00074 348(3/x)'+ .00079 824(3/x)6 

-.00029 166(3/:z:)8+E 
IEI<9Xl0-8 

· For expansions .f>f Jo(x), Yo(x), J 1(x), and Y1(x) 
in series of Chebyshev polynomials for the remges 
Osx~8 and Os8/x~1 , see [9.37]. 

9.5. Zeros 

Real Zeros 

When vis real, the functions J,(z), J~(z), Y.(z) 
and Yt(z) each have an infinite number -of real 
zero~, all of which are simple with the poe1sible 
exception of z=O. For nm-negative " thE! sth 
positive zeros of thes·e functions are denoted by 

j,, ,, j~. s, y,,, and Y~. , respectively, except that z=O 
is counted as the first zero of J~(z). Since 
J~(z)=-J1 (z), it follows that 

•I ' 

Jo.r Jt.•-1 (s=2, 3, ... ) 

The zeros interlace according to the inequalities 

9.5.2 
j,, t<i•+t. t<i•. 2<i•+t. ,<j,, a< · · · 

y,, t<Y-+u<Y,, 2<Y•+L 2<Y•. a< . 
< •t < < I < • < •I II_J,,t Y• ,l · ?/~.1 Jr,l J,,2 

<Y•. 2<Y~. 2<J •. 2<i~. a< .. 
The positive zeros of any two real distinct cylinder 
functions of the same order are interlaced, as are 
the positive zeros of any real cylinder function 
Yf ,(z), defined as in 9.1.27, and the contiguous 
function Yf,+t(z). 

If p, is a zero of the cylinder function 

9.5.3 Yf .(z)=J,(z) cos( ?rt) + Y,(z) sin(711) 

where t is a. parameter, then 

9~5.4. 

U u, is a zero of <df'; (z) then 

9.5.5 

The parameter t may be rega.rded as a continuous 
v-ariable and p,, u, as functions p,(t), u,(t) oft. H 
these functions are fixed by 

9.5.6 

then 

9.5.7 

p,(O)=O, 0',(0) j;. 1 

j,,,=p,(s), y,,,=p,(s-l) (s=l, 2, ... ) 

9.5.8 

J: .• =u,(s- 1) 1 Y~ .• =u,(s-t) (s=l, 2, . . . ) 

1 (P• dp,)-; (u!-v2 du,)-; 
9.5.9 c:t', (p,)= 2 dt 'c:t' ,(u,)= 2u, dt 

Infinite Products 

9.5.10 (iz)• "' ( z2 ) 
J ,(z) r(v+1).~1 1 -J~ .• 

1 (iz)'-1 
"' ( Z

2
) 

9.5.ll J,(z)= 2 r(v) .~1 1-j~~. (v>O) 
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McMahon's Expanaions for Large Zen>s 

'When vis fixed, s> >v and p=4v2 

9.5.12 
. p-1 4(p-1) (7JL-31) 32(,u-1) (83JL2-982p+3779) 

J •. , , y,,,,..,{J-~- 3(8{3)3 15(8.8) 3 

64(p-1)(6949,u3-1 53855JJ.2+15 85743p-62 77237) 
105(8.8) 1 

where {J= (8+!v- 1)1r for j.,,, .B= (s+lv- i)1r for y.,.. With t1=(t+!v-t)1r, the right of 9.5.12 is the 
asymptotic expansion of p,(t) for large t. 

32(83,u3+2075,u2-3039.u+3537) 
15 (8,8')5 

64(6949p'+2 96492p3-12 48002p2 +74 14380p_!_58 53627) 
105(8.8')1 

where .B'=(s+!v-!)11' for j;,,, {J'=(s+!v-l)11' for y;,,, .B'=(t+!v+i-)11' for u,(t). For higher terms in 
9.5.12 and 9.5.13 see [9.4] or [9.40]. 

9.5.14 

Asymptotic Expansions of Zeros 
and Associated Values for Large Orders 

j,,l-v+ 1:85575 71v113+ 1.03315 ov-113 

- .00397v-1- .0908v-313+ .043v-713 + 

9.5.15 
Y•.t"'ll+ .93157 68v113+.26035 1v-118 

+ .01198v-1- .0060v-6
'

3
- .001v-7

' 3+ 

9.5.16 
j~.~-v+.80861 65vl13+.07249 ov-113 

- .05097v-1+ .0094v-6
'
8+ 

9.5.17 
Y~.t"'V+ 1.82109 80vlla+ .94000 7v-J/a 

~ .05808v-1 - .054ov-m+ 

9.5.18 
J=(j,,t) --1.11310 28v-213/{1 + 1.48460 6v-11B 

+.43294v-m-.1943v-z+.019v-8' 3+ ... ) 

9.5.19 
Y~(y,, J "-'.95554 86v-218f(l + .74526 lv-213 

+.10910v-f!a-.Ol 85v-2-.003P-s/a+ ... ) 

9.5.20 
J,(j;,;;-.67488 s~v-1'3 (1-.16172 3v-213 

+.02918v- 418 - .0068v-2+ . . . ) 

9.5.21 
Y,(y~. 1) ....... • 57319 40v-1' 3(1- .36422 ov-213 

+.09077v-418+ .0237v-2+ ... ) 

Corresponding expansions for 8=21 3 are given 
in [9.40]. These expansions become progressively 
weaker as 8 increases; those which follow do not 
suffer from this defect. 

Uni(orm Aaymptotic Expansions of Z·eroa and 
Associated Values for Large Ordera 

9.5.23 

J '(. ) 2 Ai' (a,) { 1+~ Ft(t)} 
• ) •. , ....,_ v213 z(r)h(r) {:;1 ~ . 

9.5.25 

J.(j~. 6)...., .A.i (a~) h~f} { 1 + ~ Gt~) } with t=v~213a; 
v k-1 ,.. 

where a .. , a; are the sth negative zeros of .A.i(z), 
.A.i'(z) (see 10.,), z=z(r) is the inverse function 
defined implicitly by 9.3.39, and 

9.5.26 
h(r)={4t/(l-z2

) }t 

it (t) = iz(t) { h(t) Pbo(r) 

g. <n =tr1z(r) { h(r) Pco(r) 

where boG·), c0(t) appear in 9.3.42 and 9.3.46. 
Tables of th~ leading coefficients follow. More ex­
tensive tables are given in [9.40]. 

The expansions of 'II•. ,, Y~(y., ,) , Y~., and Y,.(y~. ,) 
corresponding to 9.5.22 to 9.5.25 are obtained by 
changing the symbols j, J , Ai, Ai' 1 a, and a; to 
y, Y, -Bi, -Bi', b, and b; respectively. 
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c-r)-t 

0.40 
. 35 
. 30 
. 25 
. 20 

0. 1·5 
- 10 
. 05 
. 00 

-r zm M!) 

0. 0 1. 000000 1. 25992 
0. 2 1. 166284 L 22076 
0. 4 1. 347557 1. 18337 
0.6 1. 543615 1. 14780 
o. 8 1. 754187 1. 11409 
1.0 1.978963 L 08220 

-r z(r) h(t) 

1.0 1. 978963 1. 08220 
1. 2 2. 217607 1. 05208 
1. 4 2. 469770 L 02367 
1. 6 2. 735103 0. 99687 
1.8 3. 013256 . 97159 

2. 0 3. 303889 0. 94775 
2. 2 3. 606673 -92524 
2. 4 3. 921292 . 90397 
2. 6 4. 247441 . 88387 
2. 8 4. 584833 . 86484 

3.0 4. 933192 o. 84681 
3. 2 5. 292257 . 82972 
3.4 5. 661780 - 81348 
3. 6 6.041525 • 79806 
3.8 6. 431269 . 78338 

4.0 6. 830800 0. 76939 
4.2 7. 239917 . 75605 
4.4 7. 658427 -74332 
4.6 8. 086150 . 73115 
4. 8 8. 522912 . 71951 

5. 0 8. 968548 o. 70836 
5. 2 9.422900 . 69768 
5. 4 9. 885820 -68742 
5. 6 1'0. 357162 . 67758 
5. 8 10. 836791 . 66811 

6.0 11. 324575 0. 65901 
6. 2 11. 820388 . 65024 
6. 4 12. 324ll1 . 64180 
6. 6 12. 835627 . 63366 
6.8 13.354826 . 62580 

7. 0 13.881601 0. 61821 

• z(.!') -l( - t)i < -r)thcr> /J(r) 

1. 528915 1. 62026 0. 0040 
1. 541532 1. 65351 . 0029 
1. 551741 l. 68067 . 0020 
1. 559490 1. 70146 . 0012 
1. 564907 1. 71607 -0006 

1. 568285 1. 72523 o. 0003 
1. 570048 i. 73002 - 0001 
1. 570703 1. 73180 .0000 
1. 570796 1. 73205 . 0000 

/!(.!') 
-

0. 0143 
. 0142 
. 0139 
-0135 
-0131 

0. 0126 

!J(t) 

0. 0126 
. 0121 
. 0115 
. 0110 
. 0105 

0. 0100 
-0095 
. 0091 
• 0086 
. 0082 

0. 0078 
. 0075 
. 0071 
. 0068 
. 0065 

0. 0062 
. 0060 
-0057 
. 0055 
. 0052 

0. 0050 
. 0048 
. 0047 
-0045 
. 0043 

0. 0042 
. 0040 
. 0039 
. 0037 
. 0036 

0. 0035 

g,(r) 

-0.02: 24 
58 
1>4 
52 
33 

- . 01. 
-.Olt 
- .001 
-.oo: 

- 0. 00 
-. 001 

14 
~4 
n 
:>0 

-. 001 
-. 001 

Maximum Values of Higher Coefficients 

IJ2(t)l=.ooi, IF2(r)l=.ooo4 (o::; - r< (I)) 
lus(t)I=.OOl, !G2(s)I=.0007 (1::; -t< (1;)) 
I< - ·t)6Ua(s)I=.002, I(-r)•G~<r)I= .0007 

(o::;-r<Jt) 

F.(r) (-t)g.(r) <-t)8u~<r> (-t)2G•(t) 

-0.007 -0. 1260 -0.010 0. 000 
-. 005 -. 1335 -. 010 -002 
- . 004 -. 1399 - . 009 -004 
-.003 -. 1453 -. 009 • 005 
- . 003 -.1498 -.008 . 006 

-0. 002 -0. 153S - 0.008 0. 006 

Ft(t) g,(r) us(r) G,(r) 

- 0.002 -0. 1533 -0.008 0. 006 
-. ()02 -. 1301 -.004 . 004 
-.001 ~. 1130 -.002 . 003 
-. 001 -. 0998 - . 001 . 002 
-. 001 -. 0893 -. 001 . 002 

-0.001 -0.0807 -0.001 0. 001 
-0.001 -. 0734 . 001 

-. 0673 - 001 
-. 0619 . 001 
-. 0573 0. 001 

-0.0533 
- . 0497 
-. 0464 
-. 0436 
-. 0410 

-0.0386 
- . 0365 
-. 0345 
-. 0328 
-. 0311 

-0.0296 
- . 0282 
-. 0270 
- . 0258 
-. 0246 

-
-0.0236 
-. 0227 
- . 0218 
-. 0209 
-. 0201 

-0. 0194 

Complex Zeros of J,(•) 

When 11 ~ -1 the zeros of J .(z) are all real. If 
v< - 1 and 11 is not an integer the number of com­
plex zeros of J.(z) is twice the integer part of 
( - 11); if the integer part of (-11) is odd two of 
these zeros lie on the imaginary axis. 

If v~O, a.ll zeros of J ;(z) are real. 

Com.plex Zerol!l of Y.(s) 

When 11 is real the pattern of the complex zeros of 
Y.(z) and Y~(z) depends on the non-integer part 
of v. Attention is confined here to the case 11=n, 
a _positive int~ger or zero. 
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i(no+b) 

FIGURE 9.5. Zeros of Y,.(z) and Y~(z) 

I a.rg zl ::;; 1r. 

Figure 9.5 shows the approximate distrib111tion 
of the complex zeros of Y,.(z) in the rt3gion 
larg zl :s;1r. The figure is symmetrical abou·t the 
real axis. The two curves on the left extend to 
infinity, having the asymptotes 

.Fz=±Un 3=±.54931 . .. 

There are an infinite number of zeros .dear ea..ch of 
these curves. 

The two curves extending from i= -n to z=n 
and bounding an eye-shaped domain inte.rsect 
the imaginary axis at the points ·±i(na+b) , 
where 

are given by the right of 9.5.22 with v=n and 

r=n-2
'
3fJ, or n-218p,, where fJ, 'PJ are the complex 

zeros of Bi(z) (see 10.4). 
Figure 9.5 is also applicable to the zeros of 

Y~(z). There are again an infinite number near 
the infinite curves, and n near each of the finite 
curves. Asymptotic expansions of the latter for 
large n are given by the right of 9.5.24 with 
v=n and t=n-218{3: or n-213~;; where fJ: and~; are 
the complex zeros of Bi'(z). 

N umerica.l values of the three smallest com­
plex zeros of Yo(z), YtfZ) and Y~(z) in the region 
o< arg z<1r are given below. 

For further details see [9.36] and [9.13]. The 
latter reference includes tables to facilitate 
computation. 

Complex Zeros of the Hankel Functions 

The approximate distribution of the zeros of 
H~1> (z) and its derivative in the region jarg zl::;; 1r 
is indicated in a similar manner on Figure 9.6. 

CUT -n 0 

a=~./t~ 1=.66274 · · · FrGURE 9.6. · 'Zeros of HJll(z) and H~1>'(z) 
b=hfl t;~ In 2=.19146 larg zj:$1r. 

and to=l.19968 ... is the positive root of coth t The asymptote of the solitary 'infinite curve 1s 

=t. There are n zeros near each of these curves. given by 
Asymptotic expansions of these zeros for large n J z = -lln 2 = - .34657 

Zeros of Yo(z) a11r,d Values of Y1(z) at the Zeros 3 

Zero Y1 

Real 
-2. 40301 6632 
-5. 51987 6702 
-8. 65367 2403 

lmag•. Real 
,_.53988 2313 - +. 10074 7689 
,_.54718 0011 --.02924 6418 
+.54841 2067 . ,_.01490 8063 

I mag. 
-. 88196 7710 
,__ 58716 9503 
-. 46945 8752 

Zeros of Y1(z) arul Values of Y0(z) at the Zeros 
Zero Yo 

Real_. 
-0. 5027 4 3273 
-3. 83353 5193 
-7. 01590 3683 

!mag·. 
+. 78624 3714 
+. 56235 6538 
+. 55339 3046 

Real 
- . 45952 7684 
+. 04830 1909 
- . 02012 6949 

1mag. 
+ 1. 31710 1937 
-0. 69251 2884 
+ O. 51864 2833 

Zeros cj Y~(z) amd Values of Y 1(z) at the Zeros 
Zero Y1 

Real 
+o. 57678 5129 
-1. 94047 7342 
-5. 33347 8617 

[mag. 

+. 90398 4792 
+. 72118 5919 
+. 56721 9637 

Real 
-. 76349 7088 
+. 16206 4006 
- . 03179 4008 

!mag. 
+. 58924 4865 
- . 95202 7886 
+-59685 3673 

a From National Bureau of Standards, Tables o·f the BeBI!el functions Y0(a) a.t~d Y1(z) for complex: arguments, 
Columbia Univ. Press, New York, N.Y., 1950 (with permisaion). 
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There are n zeros of each function near the 
finite curve extending from z=--n to ~=n; the 
asymptotic expansions of these zeros for large n 
are given by the right side of 9.5.22 or 9.5.24 
with 11=n and t=e-2'rll3n-218a, Of t=e-2'rtl3.n,-219a~. 

Zeros or C1'0811-Producta 

If P is real and >. is positive, the zeros of the 
function 

are real and simple. If >. > 1, the asymptotic 
expansion of the sth zero is 

9.5.28 

where with 4v denoted by p., 

9.5.29 
/3=87r/(>.-l) 

-p.-1 (p.-1)(p.-25)(>.3-1) 
p= 8>. J q 6(4>.)8(>.-1) 

9.6.1 

Modified Bessel Functions I and K 

9.6. Definitions and Properties 

Differential Equation 

d2w dw 
zt dz2 +z dz - (z2+P2)w=O 

Solutions are T,.,.(z) and K.(z) . Each is a regular 
function of z throughout the z..plane cut along the 
negative real axis, and for fixed z( >=O) each is an 
entire function of "· When P= ± n, I.(z) is an 
entire function of z. 

l,(z) (9fv ~ 0) is bounded as z~o in any bounded 
range of arg z. I.(z) and L.(z) a.re linearly inde­
pendent except when P is an integer. K,(z) tends 
to zero as lzi~co in the sector ja.rg zl<!1r, 
and for all values of "• T,(z) and K.(z) are linearly 
independent. J,(z), K,(z) a.re real and positive 
when P>-1 and z>O. 

(p.-1) (p.2-114p.+l073) (>.6-1) 
r 5(4).)6(>.-1) 2~ 

The asymptotic expansion of the large positive 
zeros (not necessarily the sth) of the function 

9.5.30 J~(z) Y~(Xz) -J~(>.z) Y~(z) 

is given by 9.5.28 with the s~me value of {3, but 
instead of 9.5.29 we have 

9.5.31 
P+3 (p.2+4'6p.-63) (>.8-1) 

p= 8). I g_ 6(4;\)3(>.-1) 

(p.3+ 185J.~2-2053p.+l899) (>.0-1) 
r 5{4>.)6(>.- 1) 

The asymptotic expansion of the large positive 
zeros of the function 

9.5.32 J;(z)Y,(Xz)-Y;(z)J,(Xz) 

is given by 9.5.28 with 

9.5.33 
fJ= (s-ih/(X-1) 

'P (}'+3)>.-(J£-1) 
8X(X- 1) 

(J£2+46J,i-63) >.3 - (J£-1) (J£-25) 
q_ 6(4>.)3 (>.- 1) 

5(4'X)6(X-1)r= (J.l3+ 185p.2-2053p.+ 1899)>.6 

- (J.l-1) (J£2-l14p.+ 1073) 

2.0 

L6 

1.2 

.8 

.4 

FIGURE 9.7. l 0 (x), Ko(x), lt(x) andK,(x). 
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1.8 

1.6 

1.4 

1.? 

1.0 

.8 

. 6 

~---~---------

.2 /----- --- =-:;_::;,_ =--=-=-=--=-=-"'-------
le--•11 

0 ' ~0--~~2-,~3~-74--~~6~. --~7--~8--~9~~,0-

1.,!5) Kv·l5) 

.8 

30 
I l 
I I • 7 
I 
\ I 

25 /xvlll) I .s 
I I , I 
I I 

20 I I ·' I I 
I I 
I I I .. 

15 I ' I I 
I I I ,., 
I I 

10 I 
I \ 

I I . 2 \ I 
I I 
I I 

! \ I 
I ' . I \ I 

' ' ' 
--~-.1.- 0 
~2 0 8 10 

-5 

FIGURE 9.9. I,(5) and K,(5). 

Relations Between SolutioiUI 

9.6.2 K ( ) =J. I _"'(z)-I,(z) 
, z .,,. ' ( ) sm V1r 

The right of this equation is replaced by its 
limiting value if vis an integer or zero. 

9.6.3 

9.6.4 

I,(z) =e-i.-rfJ, (zeir') 

I,(z) =eS...-112J,(~-s'lfl/2) 

(-,-<arg z~t'lf) 

(t?r<a.rg z ~,-) 

9.6.5 
Y, (zeiY1) =et<•+llffiJ ,(z)- (2/,-)e-i .... 'K,(z) 

(-11'<arg z<i1r) 

9.6.6 I _,.(z)-l,.(z), K_,(z)=K,(z) 

Most of the properties of modified Bessel 
functions can be deduced immediately from those 
of ordinary Bessel functions by application of 
these relations . 

Lhniting Forma for Small Argumentll 

When v is fixed and z~o 

9·.6.7 

I ,(z) "'(tz)•/r (v+ 1) (v¢-1, -2, . .. ) 

9.6.8 

9.6.9 

9.6.10 

9.6.ll 

K0(z)"' -ln z 

K.(z) "';r (v) (!z)-• 

Ascending Series 

K,.(z)=Htz)-"}; Cn-z~t)! <-fz2)t 

+(-)"+1 ln (!z)I,.(z) 

+(-)"i(!z)" to {1/t(k+l)+!Jt(n+k+l)} k!~!~;)l 

where 1/t(n) is given by 6.3.2. 

}z2 (iz2)2 (fz2)3 
9.6.12 / 0(z.)=I+(ii)z+ (2!)2 + (31)2 + . · · 

9.6.13 
}z2 

K 0(z)=- {ln (!z)+'Y }I o(z)+ (1!)2 

(tz~2 (lz~a 
+(I+!) (21)2 +(1+!+!) (3!)2 + ... 

Wrorukian.a 
9.6.14 

W{ I.(z), I _,(z)} =l,(z)l _ t•+ll (z)-I,+l (z)l _,(z) 

=-2 sin (v,-)/(-rrz) 
( -1r<a.rg z~ i1r) 9.6.15 
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Integral Representations 
9.6.16 

1 i" 1 i" J 0(z)=- e*' cou d8=- cosh (z cos fJ)dfJ 
'11" 0 11" 0 

9.6.17 K 0(z)=-! f" e±•eou h+ln (2zsin2 e) ]d8 r Jo 
9.6.18 

l,(z) 

9.6.19 

9.6.20 

li" J.,.(z )=- euoaSCOS (nfJ)de 
1f 0 

li" l,(z) =- ee eoe 8 COS (v8)de 
7r 0 

sin (w) f"' e-Hollllt-•'dt 
,.. Jo (la.rg zl<v) 

9.6.21 

i CD • i"' COS (xt) Ko(x)= cos (x smh t)dt= 
1 

dt 
o o vf+ l 

9.6.22 
(:x>O) 

K,(x) =sec (tn) i"' cos (x sinh t) cosh (11t)dt 

=esc (iw) i"' sin (x sinh t) sinh (11t)dt 

Cl&lvl<l, :z> O) 
9.6.23 

K .(z) 

9.6.24 

9.6.25 
K,(xz) r (v+!)(2z)• f"' cos (.xt)dt 

rix• J 0 ( t2 + z2) •+i 

9.6.26 

(~~~>-t, x>O, l~rg zl<!?r)• 
Rei!urrence Relations 

fZ ,_1 (z)+.2' •+1 (z)=2.2'~(z) 

.2';(z) =.2' •+t (z) +!. fl' ,(z) z 

.2'~ denotes J,, e'"'K , or any linear combination of 
these functions, the coefficients in which are 
independent of z and v. 

9.6.27 l~(z)=lt (z), K~(z)=-Kz(z) 

Formulas foJ' Derivatives 

9.6.28 

(~ :zy { z-·~(z)} = z-·-t![' •H(z) 

9.6.29 

(k=O,l ,2, ... ) 

.2" !.tl (z)=i~ {2',.-~(z) +(1).2"•-Ha(z) 

+(;) $ ,_H,(z)+ . .. +.!!t•+t(z)} 

(k=O,l,2, . . . ) 

Analytic Continuation 

9.6.30 l,(ze"'.,.•) =e"''"'' I.(z) 

9.6.31 

(man integer) 

K,(ze-') =e-"'•"''K,(z)-ri sin (mv1r) esc (111r)J ,(z) 
(man integer) 

9.6.32 I.(z)=l,(z),- K,(z)=K ,(z) (v real) 

Generating Function and Associated Series 

... 
9.6.33 ei~<1+11 11= ~ tlcf~c(z) (t~O) 

~--co 

9.6.34 e' co_e '=lo(z) +2 ~ l "(z) cos(ke) 
k•l 

9.6.35 
CD 

e' 1106=l0 (z)+2 2: (-)tfz~c+J(z) sin{(2k+ 1)8} 
~·=O 

9.6.36 1= l 0(z) -2l2(z) +2I,(z)-2le(z)+ . . . 

9.6.37 e~=l0(z)+2lt(z)+2I2(z)+2Ia(z)+ .. . 

9.6.38 e-•=I0(z) -2lt(z) +Zl~(z)-213(z) + .. . 
9.6.39 

cosh z=l0(z)+2I2(z)+2I,(z) +2Ie(z)+ . . . 

9.6.40 sinh z= 2l 1(z) +2I3(z)+Zls(z)+ .. . 
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Other Dift'erential Equations 

The quantity }.3 in equations 9.1.49 to 9.1.54 
a.nd 9.1.56 can be replaced by - >.2 if a.t the same 
time the symbol ct' in the given solutions is 
replaced by !f. 

9.6.41 

z2w" +z(l ±2z)w' +(±z-~)w=O, w=e!f'1.2",(z) 

Differential equations for products may be 
obtained from 9.1.57 to 9.1.59 by replacing z by 
iz. 

Derivatives With Respect to Ordel' 

9.6.42 

() • .Ji(v+k+l) (lz3)t 
()p /,(z)=/,(z) ln (!z)..-(iz)• ~ r (v+k+ 1) ----;cJ 

9.6.4.3 

() () () 
()v K,(z)=!r csc(v1r) {(), I _,(z)-()v I,(z)} 

-r cot(n)K,(z) (v~0,±1,±2, . .. ) 
9.6.44 

(-)" [~ /,(z)J = 
UJI ,_,. 

9.6.46 

[~ / ,(z)J =-K0(z), 
u v •-o [~ K,(z)J =0 

UP •-O 

~reeeione in Tenne of Hypergeometric Functiona 

9.6.47 
(iz)• . 2 

/,(z) r(v+1) oFt (v+1, iz) 

(!z)•e-• · z-IM 0,,(2z) 
r(v +1) M (v+!, 2v+1,2z) 22•+tr(v+l) 

9.6.48 K ,(z >=(2:Ywo. ,(2z) 

CoF1 is the generalized hypergeometric function. 
For M(a, b, z), Mo .• (z) a.nd W 0 ,,(z) see chapter 13.) 

Connection With Legenche Functiona 

If JJ. and z are fixed, £Jlz>O, and v-?co through 
real positive values 

9.6.49 lim{P"P;"(cosh ;)l=/,.(z) 

For the definition of P;" and Q~, see chapter 8. 

Multiplication Theorems 
9.6.51 

!f,(>.z)=>.,.,•i: (>.2-~'t(!z)l• ;!l',,.,Jc(z) (1>.'-Il<l) 
t-o · 

If :!l'=l and the upper signs are taken, th~ re­
striction on >. is unnecessary. 

9.6.53 

K.(z) =(-)•- 1 {ln (!z) -.jl(n+ 1) }I.(z) 

+ nl(iz)-" ~ (-)"· (!z)liJ~:(z) 
2 ~:-o (n-k)kl 

+ (-)" ± (n+2k)I.+n(z) 
t • t k(n+k) 

9.6.54 Ko(z)=- {ln (tz)-h }I o(z) +2 ± IU:k(z) 
k•l 

Zeroa 

Properties of the zeros of J,(z) and K,(z) may 
be deduced from those of J,(z) and H!ll(a) respec­
tively, by applioatiQn of the transformations 
9.6.3 and 9.6.4. 

For example, if vis real the zeros of I .(z) are a.ll 
complex: unless -2k<v< - .(2k-l) for some posi­
tive integer k, in which event J,(z) has two real 
zeros. 

The approximate ~tribution of the zeros of 
K .. (z) in the region -v ~a.rg z~}-11" is obtained on 
rotating Fi8ure 9.6 through a.n angle - ! ,.-so that 
the cut lies along the positive imaginary axis. 
The zeros in the region -!w-~a.rg z~v a.re their 
conjugates. K,.(z) has no zeros in the region 
la.rg zl ~ !w-; this result remains true when n is 
replaced by any real number "· 

9. 7. Asymptotic Expanaioll8 

Asymptotic Expanaiona for Large Argum.ent.e 

When " is fixed, lzl is large and ~=4"' 

9.7.1 
e' JJ.-1 (y.-1) (JJ.-9) 

l,(z)"' ~ {1 Sz + 21(8z) 2 

(y.-l)(y.-g)(}£-2S)+ } Clargzl<ir) 
31(8z)3 • • • 
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9.7.2 
/;- -~ 1'-1 (JJ-l)(S'-9) 

K,(z) """V 2z e {l+sz+ 21(8z)' 

{S'-1) {S'-9) {S'-25) + } (ja.rg zl <a..) 
+ 3!(8z)8 • · • T" 

9.7.3 

I'( )-_E_{l_~'+3 + (J£-l){S'+IS) 
' 

2 .,;z;2 8z 21(8z)2 

{S'-l ) (S'-9){S'+35) + ) (!a.rg zl <L) 
3!(8z) 8 • • • ~~~ 

9.7.4 

K '( )-- {;" -•{I+JJ+3+{S'-l) (JJ+15) 
• z "'J 2ze 8z 2! (8z) 2 

+ {J£-l ){S'- 9){S'+35)+ } Cla.rg zl<flr) 
31 (8z)3 • • • 

The general terms in the last two expansions 
can be written down by inspection of 9.2.15 and 
9.2.16. 

If v is .real and non-negative and z is ;positive 
the remainder after k terms in the ex:pansion 
9. 7.2 does not exceed the (k+ 1)th term in E~bsolute 
value and is of the same sign, provid4~d that 
k~v-!. 

9.7.5 
1 1 1'-1 

l,(z)K,(z)-22 {1-2 (2z)2 

+!....:1 (JJ- 1) (JJ-9)- } 
2 · 4 (2z)• · · · 

(la.rg zl<,.,.._) 

9.7.6 

I; (z)K;(z) "' - iz { 1 ~ (2z)~ 
_!..:._!- {S'-1) (JJ-45) + } 

2 ·4 (2z)' · · · 

(la.rg zi<P.) 

The general terms can be written down by 
inspection of 9.2.28 and 9.2.30. 

Uniform AIJ)'Dlptotio Expansions for Large Orders 

When ~~-++ oo, these expansions hold uniformly 
with respect to z in the sector larg zl ~ !?r- E, 

where E is a.n arbitrary positive number. Here 

9.7.11 t=l /.J1+z', 11=-Jl+z'+ln z 
l +.J1+z2 

and u.~:(t), V.t(t) are given by 9.3.9, 9.3.10, 9.3.13 
and 9.3.14. See [9.38] for tables of 11, U.t(t), 
V.t(t), and also for bounds on the remainder 
terms in 9.7.7 to 9.7.1:0. 

9.8. Polynomial Approximations J 

In equations 9.8.J...to 9.8.4, t=x/3.75. 

9.8.1 - 3.75 ~X ~3.75 

/ 0 (:r:)=l +3.51562 29t2+3.0899424t4 + 1.20674 92t8 

+ .26597 32t8+ .03607 68t10+ .00458 13t12+ E 

IEI< L6X l0-r 

9.8.2 3.75 ~x< oo 

:r:te-~/0(x)=.39894 228+.01328 592t-1 

+.00225 319e-2-.00157 565t-8 

+.00916 281t-'-.02057 706t-5 

+.02635 537t-G-.Q1647 633t-7 

+.00392 377t-8+E 

lti<L9X10-7 

9.8.3 -3.75 ~X ~3.75 

x-1I 1(:r:)=l+.87890 594t2+ .51498 869t' 
+.15084 934ee +.o26s8 733t~ 
+.00301 532t10+.00032 41lt12+E 

IEI<8Xl0-0 

9,8,4 3.75 ~z< CD 

:r:le-xJ1(x)= .39894 228-.03988 024t-1 

-.00362 Oist- 2+ .00163 Bolt-a 
-.01031 555t-'+.02282 967t-6 

-.02895 312t-8 + .01787 654t- 7 

- .00420 059t-8+f 

lti<2.2Xl0- 7 

' See footnote 2, section 9.-i. 
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9.8.5 O<z~2 

~(~)=-ln (x./2)/0(:~:)-.57721 566 
+ .42278 420(z/2)2+ .23069 756(:z:/2)' 
+ .03488 590(x/2)4+.00262 698(z/2)8 

+ .00010 750(z/2)1°+.00000 740(z/2)12+e 

lei<1X1o-s 

9.8.6 2 ~:~:<(I) 

x+e%K0(:t)=1.25331 414-.07832 358(2/:z:) 

9.8.7 

+.02189 568(2/z)2- .01062 446(2/z)3 

+.00587 872(.2/z)'- .00251 540(2/z)5 

+.00053 208(2/z)8+e 

lei<1.9X 10-7 

O<:r:~2 

zKl(z)=:t 1n (x/2)/1(z)+1+.15443 144(z/2), 
- .67278 579(z/2)*-.18156 897(z/2)8 

- .01919 402(z/2)8- .0011Q 404(z/2)10 

- .00004 686(z/2)12+e 

lel<s x to- e 

9.8.8 2~z< co 

9.9.3 
DifFerential Equations 

x"w" +:zw'- (1'r+ v2)w=O, 

9.9.4 

w=ber, x+i bei~ x, ber_, z+i bei_, x, 

ker, x+i kei, :z:, ker_, z+i keL. z 

:z:4w"+2:t3w"' -(1 +211') (x'w" -~') 

+ (v'-4v'+z')w=O, 

w=ber::t:, x, bei::t:, x; ker::t:, :z:, kei::t:,. x 

Relations BetWeen Solutions 

9.9.5 
ber_, x=cos(v1r) ber, x+ain(v1r) bei, x 

+(2/11') sin(v1r) ker, x 

beL, X=-sin(v7r) ber, z+cos(v1r) bei, x 

+ (2/11') sin(v1r) kei, x 

ker_, z= cos(v11') ker, x-sin(v1r) kei, ~ 

:z;t~K1(z)=l.25331 414+.23498 619(2/z) keL, x=sin(v1r) ker, :r.+cos{v1r) kei, x 
- .03655 620(2/:~:)2+.01504 268(2/:t)3 b ( ) b b · ( )" b · 9.9.7 er_11 :t=-" er,.x, eLllx=- e1"x 
-.00780 353(2/z)'+.00325 614(2/:t)5 

- .00068 245(2/z)8+e 9.9.8 ker_11 z=(-)"ker.x, keL,.x=(-)"keillx 
lei<2.2X10-1 

-
For expansions of / 0 (x), K0(:~:), 11(z), and K 1(x) 

in series of Chebyshev polynomials for the ranges 
O;S;z~8 and 0~8/x$1, see [9.37]. 

Kelvin Functioll8 

9.9. Definitions and Properties 

In this and the following section v is real, a: ia 
real and non-negative, and n is again a positive 
integer or zero. 

Detinitio11.1 
9.9.1 

ber, x+i bei, x=J.(zeartl•)=e .... 'J,(zrrt/4) 

=et,rt],(xe'"'"') =e3vrt!2 l ,(ze-S•«I•) 

9.9.2 

ker, :r+i kei, x=e-6vrtK,(xer114) 

=trriH!l) (:z:ear 11')= -!rie-vr'H~2l (ze-r114) 

When p=O, suffices are usually suppressed. 

9.9.9 

9.9.10 

9.9.11 

Ascending Series 

"' COB { (fv+tk)?r} ( t)t 
her, X=(lx)'f_;6 klr(v+k+1) tx 

'b . _ ('L.), ~ sin { {!v+lk)?r} (~:z:2)~ 
ei, :x- 2""" f.:'o ktr(v+k+l) ' 

(i::z:2)2 (ir)• 
her x=1- (ZI)2 + (4!)2 - • • • 

. , • 2 az~)a (l::z:2)6 
be1 x=ix- (al)2 + (5!)2 - • • • 

X(n-z~ l)! (fz2)t-ln (iz) ber,. x+i1r bei,. X 

+t(!x)" to COB { (fn+tk)11'} 

X f!f(k+1)+1f(n+k+l)} {J·r)t 
kl(n+k)! • 
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(n-k-1)! 
X k! · (ir)"-ln (!x) bei,. x- tr ber,. x 

... 
+t(!x)" :E sin { (!n+ik}ll'} 

k•O 

X {lr(k+l)+lftCn+k+l)} (ir)' 
· kl(n+k).t · 

where 1/t(n) is given by 6.3.2. 

9.9.12 

ker x=-ln (jx) ber x+ir bei :t 

+~ (-)tlft(2k+l) (fz2)2t 
r-o { (2k)! J2 

9.9.16 

9.9.17 

If 

9.9.18 

.J2 ber' x=ber1 x+bei1 x 

...fi bei' x=-ber1 z+bei1 x 

,fi ker' x ker1 z+ kei1 x 

,fi kei' X=-ker1 x+ kei1 ·x 

RecUD"ence Relation!! for Crou-Products 

p,=ber. x+bei~ x 

kei x=-ln (lx) bei :t-ir ber x then 

q,= ber, x bei~ x-her~ x hei, x 

r,=her, x her~ x+bei, x hei~ x 

s,= ber~2 x + bei;z x 

+ iS• (-)" t/1(2k+2) (l.z2)2l+1 9.9.19 
t-o f(2k+l)IP ~ 

Functions of Negative Al-gument 

In general Kelvin functions have a branch 
point at x= O and individual functions with argu­
ments xt*r~ are complex. The branch point is 
ab~ent however in the case of ber, and bei, when v 

is an integer, and 

9.9.13 

ber,.{-x)=(-)" ber,. x, bei,.(-x) = ( - )" bei, x 

Reeurrence Relations 

9.9.14 
v...f2 

f.+t+f·-t=-x- (j,-g.) 

j;=2~ Cf,+t+g,+l-jH-g•-1) 

j;-'if· Jz (f.+t+g.+l) 

J;+'if·=-~ (f6- l + g,_!) 

where 

9.9.15 

f,=be~, x} 

g,=bel, x 

j,=bei, x } 

g.= -ber. x 

f,=ke~, x} 

g.=kel, x 

f,=kei, x } 

g,= -ker, x 

and 

The same relations hold with her, bei replaced 
throughout by ker, kei, respectively. 

Indefinite Integrals 

In the following j,, g, are any one of the pairs 
given by equations 9.9.15 and J:, gt are either the 
same pair or any other pair. 

9.9.21 

9.9.22 

J xt-'f,dx=~· (j,_.-g,_J=xt-• (i g.+ g;) 

9.9.23 

J x(f.g!-g,J:)dx= 2~2 {ft(j,+t +g.+t) 

- g:Cf.+t- g•+t)-j.(f:+t+ g!+l) +g.(f:+t-ft.+t)} 

=~ x(j;J:-JJ:' +g;g!-g,ft.') 
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9.9.24 

J x(J,g:+g.J:)dx-~ xl·(2j.g!-f,_1g~+1 
- f,+t!f.-1 +2g,J!-g,_J: +1 - g •+1~-1) 

9.9.25 

J x(f!+ft)dx=x(f,g~-j~g.) 
=- (x/.fi) (f.f,+t +g.g,.+I-f•U•+t +f•+tg,) 

9.9 •. 26 

f xf,g,dx=~ r(2j,g,-f,_lgll+l- f•+t9•-1) 

9.9.27 

J x(fi- g!)dx=~ w(ft-f.-d.+t-g~+g •..• g.+t) 

Ascending Series for Cross-Products 

9.9.28 

ber! x+ bei! x= 

9.9.29 

ber, x bei~ x-ber~ x bei, x 

9.9.30 

ber, x ber~ x+bei, x bei; x 

9.9.31 

ber~2 x+bei~* x 

9.9.32 

9.9.33 

_ 2.-2 .. (2k2+2vk+lv2
) (l:z:2)2k 

-(tx) ~ r(v+k+l)r(v+2k+JL) ~ 
Expan.sions in Series of Bessel Fuuctio:r:as 

ber,.(x..J2)= ± (-)"+tJ11+21(x)I n(x) 
k .. - .. 

Zeros of Functions of Order Zero 5 

ber x bei :t kerx keix 

1st zero 2. 84892 5. 02622 L 71854 3. 91467 
2nd zero 7. 23883 9. 45541 6. 12728 8.34422 
3rd zero 11. 67396 13. 89349 10. 56294 12. 78256 
4th zero 16. 11356 18. 33398 15.00269 17. 22314 
5th zero 20. 55463 2.2. 77544 19. 443&1 21. 664&4 

ber' :t bei'z ker' x kei' :t 

let zero 6. 03871 3. 77320 2. 66584 4. 93181 
2nd zero 10. 51364 8. 28099 7. 17212 9. 40405 
3rd zero 14. 96844 12. 74215 11. 63218 13. 85827 
4th zero 19.41758 17. 19343 16. 08312 18.30717 
5th zero 23.86430 21. 64114 20. 53068 22. 75379 

9.10. Asytnptotic Expansions 

AsYJDptodc Expansions .for Large Arguments 

When vis fued and xis large 

9.10.1 

&l..fJ 
her, x-_1 {f,(x) cos a+g,(x) sin a} 

y2-Jrx 

_9.10.2 

_ _! {sin (2v'11') ker, x+cos (2v'11") kei,x} 
1r 

e;M 
bei. x= ~{f,(x) sin a-g,(x) cos a } 

v2'11"X 

9.10.3 

+.! {cos (2v'11") ker, x-sfn (2v?r) kei,x} 
'II" 

ker, x=.J1t'/(2x)e-zN'J.{f,( - x) cos {J-g,(- x) sin fJ } 

9.10.4< 

kei, x=.J'11'/(2x)e-zl..fl[ -j,(-x) sin{J-g,(-x) cos{J} 

where 

9.10.& 

a=(:z:/~)+(iv-i)'ll", fJ=('&/~+(fv+l)'ll"=a+l'/1" 

and, with 4~ denoted by JJ., 

9.10.6 

j.(±x) 

...... l+~(::r::)~(.u-l)(.u-9) ... {,u-(2k-1)2} . (k"') 
f.:'l ' k!(8z)l cos 4 

----
a From British Association for the Advancement of 

Science, Annual Report (J . R. Airey), 254 (1927} with 
permission. This reference also gives 5-decima.l values of 
the next five l'.eros of each function. 
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9.10.7 

g,(±x) 

~ ( )l (~J-l)(!J-9) ... f~J-(2k-1)2} . (br) 
"'f=i =F k! (Sx? sm 4 

The terms8 in ker,x and kei,x in equations 9.10.1 
and 9.10.2 are asymptotically negligible compared 
with the other terms, but their iticlusion in numeri­
cal calculations yields improved accmacy. 

The corresponding series for her~ x, b ei; x, ker; x 
and kei; x can be derived from 9.2.11 and 9.2.13 
with z=ze3rcH; the extra terms in the expansions 
of her; x and bei; x are respectively 

- (1/w) {sin(2vw)ker; z+cos(2v?r)kei; x} 
and 

(1/w) { cos(2vw)ker; z-sin{2vw)kei; x }. 

Modulu11 and Ph.ue 

9.10.8 

M,=.J(ber, x+ bei! x), 8,=arctan (bei~ xfber • .x) 

9.10.9 her, x=M, cos 8, bei. x=M, sin 8, 

9.10.10 

9.10.11 

M_ .. ='J.,f,.., 8_,.=8,.-n,.. 

her;±=! Mr.rt cos (8,+t-l1r)-! M,_l cos (8H-ir) 

=(v/x)M, cos 8.+ Mr.rt cos (8,+t-i?r) 

=- (11/x)M,cos 8,-Mp_J cos (8,_t-f1!'") 

9.10.12 

bei; x=!M,+lsin (8,+•-lw) -lM,_t sin (8,-1-l'lr) 

= (11/:t)M,sin 8,+M•+I sin (8,+t-i?r) 

= - (11/x)M,sin8,-M,_t sin (8,_t-t?r) 

9.10.13 

her' x=M1 cos (8t-!1r), bei' :t=M1sin (81- h) 

9.10.14 

M ;=(II/X)M.+M.+l C.OS (8,+1-8,-i"lr) 

= -(v/x)M,-l.tf,_t cos (8,-t-8,-t,..) 

9.10.15 

8;=(M,+tiM,) sin (8r.rt-8,-iw) 

=-(M.,_./M.) sin (8,_t-8,-l,..) 

6 The coefficients of these terms given in [9.17) are in­
correct. The present results are due to Mr. G. F. Miller. 

9.10.16 

M~=Mt cos (8t-8o-i,..) 

8~=(M./Mo) sin (11t-9o-l1r) 

9.10.17 

d.(:rM-:8~)/dx=a,M:, 

9.10.18 

N,=.Jtker'! :r+kei~ x), cp,=arctan (kei.x/ker,x) 

9.10.19 ker.x=N, cos cp,, kei~ x=N, sin «P~ 

8 . ,08 
I 

' 
6 

;kerx 
I .06 
, I 

' ' . .04 ' 4 
I 
I 

.02 >( 2 -a; berx .0 I 

>C 

'Q) 
~ 

'0 c 
0 

0 
'0 

~~~~~~~~~~*-~~==~~~·§ 

"' 
>< .... 

]-2 -.02. ~ 
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\ 
I 
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\ 
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·.06 

FIGURE 9.10. her X, bei z, ker X and kei X. 
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6 1 8 0o~~~~~~~3~--~4--~--~~~T-~ 

• 

FIGURE 9.11. In Mo(X), 8o(x) , ln No(x) and «Po(x). 

Equations 9.10.11 to 9.10.17 hold with the symbols 
b,M, 8replaced throughout by k,N, </>,respectively. 
In place of 9.10.10 

9.10.20 

z 
.5 
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Asymptotic Expansions of Modulus and Phase 

When vis fixed, x is large and '-'=4-v2 

9.10.21 

e'Eit12 '-'-11 (p-1) 2 1 
M,--/hi { 1- 8,Y2 x I 256 x2 

('-'-1) (1-'
2+ 14'-'-399) _!_+O (.!..)} 

6144-v'2 xB x<l 

9.10.22 

ln M =~-1.1n (2 )-'-'-11 ('-'-1)('-'-25) .!._ 
• ..j2 1" n g..j2 x 384.Y2 z~ 

_ <P-1)0£-13) .!..+o(.!..) 
128 x' 7!' 

9.10.25 

ln N =--=-+tin (!!._)+"'-1 !_+{J£-1)0£-25) ..!:_ 
• .Y2 2x 8.Y2 :r. 384,Y2 ;il 

c"'-1) (p.-13) ..!:.+o (.!..) 
128 x' ~ 

Asymptotic Expansions of Cross~Producte 

If xis large 

9.10.27 

h 2 +b '2 &"
2

( 1+ 1 1+ 1 1 er x e1 z ...... - - - - -
2n-x 4-./2 x 64 x2 

33 1 1797 1 ) 
- 256,Y2 :z:8- 8192 x'+ · · · 

9.10.28 
. . , , • ez'l/2 (1 11 her x be1 x-her x be1 x ....... _ - +- -

2?rx ..j2 8 x 

9 1 39 1 75 1 ) 
+64./2 x2+512 r+8192..j2 p . . . 

9.10.30 
ezv2 ( 3 1 9 1 

her'2 x+ hei'2 X"' - 1---+i.--
2n-x 4.Y2 x 64 x2 

75 1 2475 1 ) 
+256,Y2 P8192 x•+ · · · 

9.10.31 

ker x+ ke12 x ,....._ e-r.Y2 1--· - +,;=:;-• 'lr ( 1111 
2x 4-./2 x 64 x2 

33 1 1797 1 ) 
+256..j2 r'-8192x4+ · · · 

9.10.32 

ker x kei' x-ker' x kei X"'-~ e-z..J2 (_!_.-!.!. 
2x .Y2 8 z 

9 1 39 1 75 1 ) 
+64..;2r-512r+8192.Y2x'+ · · · 

9.10.33 

kerxker' x+keixkei' X"'-~ e-r.Y2 (-k+~! 
2x v2 8 :z: 

15 1 45 1 315 1 ) 
64.Y2 :z:2+512 za+8192,Y2 x'+ ... 

9.10.34 

ker'2 x+ke1'2 X"-'- e - z..J 2 1+--+--• 'lr ( 31 91 
2x 4./2 x 64 x2 

75 1 2475 1 ) 
-25~2 :1?+8192 t'+ ... 

A&yJ:nptotie Expansions of Larse Zeros 

Let 

9.10.35 

f(o)="'-1+"'-1+("'-1)(5"'+19) + 30£-1)
2 + ... 

168 32o2 153668 5120' 

where '-'=4p1, Then if s is a large positive integer 

9.10.36 

Zeros of her, z-.J2{ 6-j(o)}, 

Zeros of bei, x-- ../2{6-j(o) }, 

Zeros of ker, x-.J2{o+f(-6)}, 

Zeros of kei, x-.,f2{o+f( -6) }, 

6= (s-iv-i)'lr 

6=(s-iv+i)n­

o=(s-!v-f)n-

6= (s-iv- i)n-
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For v=O these expressions give the sth zero of 
each function; for other values of v the zeros 
represented may not be the sth. 

Uniform Asymptotic Expanl'iiona for Large Orders 

When vis large a.nd positive 

9.10.37 

her,(vx) +i hei~(vz)"' 

9.10.38 

ker, (vx)+i kei, (vx) 

"' /'II' e-•e(xes,it.f.)-· {1+~ (-).~:'U.t(~-1)} 
'/2v{ 1 +~ .t-t vAl 

9.10.39 

her: (vx)+i bei; (vi) 

rr- e•E (xea"'"'' .)' ... v,t(~-1) 
"''J2;;,x l+t P+t; -r l 

9.10.40 

ker; (vx) +i kei; (vz) 

(;'€ e-•E (zesrt/4.)-, .., v (~-I) 
- - -v2v ---x 1+{ {I+~<-)A:Tl 

where 

9.10.41 

and 'U.~:(t), t.~:(t) are given by 9.3.9 and 9.3.13. All 
fractional powers take their principal values. 

9.ll. Polynomial Appl'oxi.m.ations 

9.ll.1 -8 :::; X:::; 8 

her x= 1-64(z/8)'+ 113.77777 774(~/8) 8 

-,32.36345 652(z/.8)12+2.64191 397t:t/8)18 

-.08349 609 (x/8)30 + .00122 552 (x/8)'lt 

-.00000 901 (x/8) 24+e 

9.11.3 

kerx=-ln (!x) her x+i1r bei x-.57721 566 

-59.05819 744(x/8)i+l71.36272 l33(x/8) 8 

-60.60977 451 (:t/8) 12+5.65539 121 (;t/8)18 

-.19636 347(:t/8)10+.00309 699(:t/8)H 

- .00002 458(x{8)28+ E 

lel<l Xl0-8 

9.11.4 

kei x=-ln(!x)hei x-i ... her :z.+6.76.454 936~x/8)' 

-142.91827 687 (:v/8)6+ 124.23569 650(x/8) to 

-21.30060 904(:r/8)H+1.17509 064(x/8)18 

-.02695 875(:r/8)22 + .00029 532(a:/8)26 +t 
lei<3Xl0-9 

9.11.5 -8~x~8 

her' x=x[-4(a:/8)~+14.22222 222(x/8)0 

-6;06814 810(x/8)10+.66047 849{x/8)u 

-.02609 253 (xj8) 18+ .00045 957 (x/8)22 

- .00000 394(z/8)28)+e 

lei<2.1XI0-8 

9.11.6 -8 ~zS8 

hei' z=x[ J - 10.66666 666(:t/8)• 

+11.37777 772(x/8)8-2.31167 514(:t/8)12 

+.14677 204{x/8)10- .00379 386(x/8)20 

+;00004 609(x/8)2•]+e 

fei<7X10-8 

/tl<l X 10-o 9.11.7 

~n~ -8SxS8 

bei x-;-16(z/8) 2-113.77777 774(x/8)8 

+72.81777 742(:tt8) 10-10.56765 779(z/8)H 

+ .52185 615(a.f8)18-.01103 667(xt8) 22 

+.00011 346(x/8)28+t 

IEI<BXlO-Q 

ker' x=-ln (!x) her' :r-x-1 her x+i1r hei' x 

+x[ -3.69113 734(x/8)2_+21.42034 017(:tf8)0 

- 11.36433 272(x/8)'0+ 1.41384 780(z/8)1
• 

-.06136 358tx/8)18+.00116 137(x/8)22 

- ,00001 075(x/8)20]+ E 

lei<SXl0-8 
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where 
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kei' :z:= -In (ix) bei' x-x-1 bei x-i'll' her' x -

+x[.21139 217-13.39858 846 (x:/8) • 

+ 19.41182 758(x/8)8-4.65950 823(z/8)u 

+.33049 424\:r/8) 16-.00926 707 (x/8) 20 

+.00011 997(x/8)~]+£ 

IEI<7X10- 8 

9.11.9 8~x< c:c 

ker x+i kei x=f(x)(l+E1) 

j(x) = {; exp [-
1 
+i x+8( -x)J 

'V2X .J2 
IEtl<tXl0-7 

-

9.ll.l0 8~x< a~ 

her z+i bei x-~ (ker x+ikei z)=g(:z:)(l+E2) 
'11' 

g(x) = kexp [~i x+O(x)] 

1£21<3 X to-7 

9.11.11 

8(x)=(.OOOOO 00-.39269 91i) 

+(.01104 86-.01104 85i) (B;x) 

+(.00000 00-.00097 6tn}(Sfx? 

+(-.00009 06- .00009 01i)(8/z)8 

+ (-.00002 52+.00000 00i)(8/z)• 

+ (- .00000 34+ .00000 51i) (8/z)6 

+ (.00000 06+.00000 19i)l8/z) 6 

9.11.12 8~z< a~ 

ker' z+i kei' x=-j(x)¢( -:z:)(l +ea) 

1Esi<2 X 10-7 

9.11.13 . 8~z< CX> 

her' z+i bei' :z:-~ (ker' x+i kei' J:) = g(:t)tf> tz) tl +~) 
11' 

where 

9.11.14 

I41<3Xl0-7 

¢(x)=(.70710 68+.70710 68i) 

+C -.06250 01-.00000 01i)(8/:z:) 

+(-.00138 13+.00138 lli)(8/z) 2 

+(.00000 05+.00024 52i)(8/x)8 

+(.00003 46+.00003 38i)(8/x)4 

+ (.ooo01 17-.ooooo 24i) (8/z)6 

+ (.00000 16-.00000 32i) (8/z)8 

Numerical Methods 

9.12. Use and ExteDBion of the Tables 

Example 1. To evaluate J"(1.55), n=01 1, 2, 
.. , each to 5 decimals. 
The recurrence relation 

J,._t (z) +J n+t (z) = (2n/x)J,.(x) 

can be us~ to compute J0 (x), J1(x), J~(z) , . , ., 
successively provided that n<x, otherwise severe 
accumulation of rounding errors will occur. 
Since, however, J,.(x) is a decreasing function of n 
when n>x, recurrence can always be carried out 
in the direction of decreasing n. 

Inepection of Table 9.2 shows that Jll(l.55) 
vanishes to 5 decimals when n>7. Taking arbi­
trary values zero for Jg and unityforJ8, we compute 
by recurrence the entries in the second column of 
the following table, rounding off to the nearest 
integer at each step. 

n Trial valuu 
9 0 
8 1 
1 10 
6 89 
5 679 
4 4292 
3 21473 
2 78829 
1 181957 
0 155954 

J,.(J.50) 
. 00000 
. 00000 
. 00003 
. 00028 
. 00211 
. 01331 
. 06661 
. 24453 
. 56442 
. 48376 

We normalize the results by use of the equation 
9.1.46, namely 

Jo(x)+2J~(x)+2J.(z)+ ... =1 

This yields the normalization factor 

1!322376=.00000 31019 7 
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and multiplying the trial values by this factor we 
obtain the required results, given in the tbi:rd 
column. As a check we may verify the v-alue of 
J0(1.55) by interpolation in Table 9.1. 

Remarks. (i) In this example it was possible 
to estimate immedia·tely the value of n=N, say, 
at which to begin the recurrence. This may not 
always be the case and an arbitrary value of N ma.y 
have to be taken. The number of correct signifi­
cant figures in the final values is the same as the 
number of digits in the respective trial values. 
lf the chosen N is too small the trial values will 
have too few digits and insufficient accuracy is 
obtained in the results. The calculation rnu.st 
then be repeated taking a higher value. On tlhe 
other hand if N were too large unnecessary effo,rt 
would be expended. This could be offset to sonne 
extent by discarding significant figures in the trial 
values which are in excess of the number of 
decimals required in J ,.. • 

(ii) II we had required, say, J 0(1.55), J 1(1.5l)), 
... , J 10(1.55), each to 5 significan t figures, we 
would have found the values of J 1o(1.55) 8Jld 
Ju (1.55) to 5 significant figures by interpolation 
in Table 9.3 and then computed by recurrence 
Je, J 8, • •• , J0, no normalization ··being required. 

Alternatively, we could begin the recurrence at 
a higher value of N and retain only 5 significant 
figures in the trial values for n~ 10. 

(iii) Exactly similar methods can be used to 
compute the modified Bessel function J,.(z) loy 
means of the relations 9.6.26 and 9.6.36. If z is 
large, however, considerable cancellation will 
~a.ke place in using the latter equation, and it is 
preferable to nonnalize by means of 9.6.37. 

Example 2. To evaluate Y,.(l.55), n=O, 1, 2, 
.. , 10, each to 5 signific8Jlt figures. 
The recurrence relation 

Y,._I(z)+ Y J&ott(z)=(2n/z) Y,.(z) 

can be used to compute Y,.(x) in the direction of 
increasing n .both for n<x and n>x, because in 
the latter event Y,. (z) is 8. numerically increa.silag 
function of n. 

We therefore compute Yo(l.55) and Yt(L55) by 
interpolation in Table 9.1. generate Y2(l.Sti), 
Y8(1.55), . .. , Y10 (1.55) by recurrence and ohe·ck 
Y10(1.55) by interpolation in Table 9.3. 

n Y,.(1 .65) n Y,.(1.65) 

0 +0.40225 6 - 1. 9917X l OJ 
1 -0 . . 37970 7 - 1. 5100 X 101 

2 - 0. 89218 8 - 1. 3440X lO' 
3 -1. 9227 9 - 1. 3722X lQ& 
4 -6. 5505' 10 - 1. 5801X lQ8 
5 -31.886 

Remarks. (i) An alternative way of computing 
Yo(x), should J 0 (x), J2(z), J,(x) , ... , be avail­
able (see Example 1), is to use formula 9.1.89. 
The other ~tarting value for the recurrence, 
Y1(z), can then be found from the Wronskian 
relation J 1(z)Yo(z)-J0(z)YI(x)=2/(wz). This is a 
convenient procedure for use with an au tomatic 
computer. 

(ii) Similar methods can be used to compute the 
modified Bessel function K,.(x) by means of the 
recurrence relation 9.6.26 and the relation 9.6.54. 
except that if z is large severe cancellation will 
occur in the use of 9.6.54 and other methods for 
evaluating K0(z) may be preferable, for example, 
use of the asymptotic expansion 9.7.2 or the poly­
nomial approximation 9.8.6. 

Example 3. To evaluate J 0(.36) and Y0(.36) 
each to 5 decimals, using the multiplication 
theorem. 

From 9.1.74 we have 

We take z=.4. Then X=.9, (X2 - l )(!z)=-.038, 
and extracting the necessary values of J t(.4) and 
Y.t(.4) from Tables 9.1 and 9.2, we compute the 
required results as follows: 
k al> aJ .(.4) 
0 + 1.0 + .96040 
1 +0.038 + .00745 
2 + o.7220x to-• +.ooool 
3 +0.914XlO- ' 
4 +0.87Xlo-r 
5 +0.7Xlo-e 

a.Y.(.4) 
- .60602 
-.06767 
-.00599 
-.00074 
- .OOOll 
-.00002 

Jo(.36) = + .96786 Yo(.36) =- .68055 

Remark. This procedure is equivalent to inter­
polating by means of the Taylor series 

at z= .4, and expressing the derivatives '6'~t> (z) in 
terms of r:t' &(z) by means of the recurrence rela­
tions and differential equation ior the Bessel 
functions. 

E•ample 4. To evaluate J.(x), J~(x), Y.(z) 
and Y:(x) for v=50, x=75, each to 6 decimals. 

We 118e the asymptotic expansions 9.3.35, 9.3.36, 
9.3.43, 8Jld 9.3.44. Here z=x/v=3/2. From 9.3.39 
we find 

2 1 2 3 (-!')811=2 {5-a.rccos a=+ .2769653. 
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Hence 

( 4r )
1
" r=-.5567724 and 1-z2 =+ 1.155332. 

Next, 
v1'

3=3.684031, 

Interpolating in Table 10.11, we find that 

Ai(v2'ar)=+.299953, 

Bi{v2' 8s) =- .160565, 

Ai' {v218t) = + .451441 1 

Bi'(v218s) = +.819542. 

As a. check on the interpolation, we may verify 
that AiBi'-Ai'Bi=l/11" . . 

Interpolating in the table following 9.3.46 we 
obtain 

bo(s)=+.Ot36, co(s)=+.t442. 

The contributions of the terms involving a1 (s) 
and d1 (s) are negligible, and substituting in the 
asymptotic expansions we find tha.t 

Jao(75) = + 1.155332(so-'18X .299953 

+5o-613X .451441 x .0136) = + .094077, 

J~{75) =- (4/3) (1.155332)-1{50- ' 111X .299953 

X.l442+so-ai8X.451441)= -.038658, 

Y 150(75) = -1.155332( -50-1111X .160565 

+so-613x .819542 x .0136) = + .050335, 
. 
Y'6()(75)=+ (4/3)(1.155332)-1( -5o- ' 111X.160565 

x .1442+so-2111 X .819542) = + .069543. 

As a. check we may verify that 

JY'- J'Y=2/(75r). 

Remarks. This example may also be computed 
using the Debye expansions 9.3.15, 9.3.16, 9.3.19, 
and 9.3.20. Four terms of each of these seri~ are 
required, compared with two in the computations 
above. The closer the argument-order ratio is to 
unity, the less effective the Debye ·expansions 
become. In the neighborhood of unity the expan­
sions 9.3.23, 9.3.24, 9.3.27, and 9.3.28 will furnish 
results of moderate accuracy; for high-accuracy 
work the uniform expansions should again be used. 

Example 5. To evaluate the 5th positive zero 
of Jto(x) and the corresponding value of J;0(x), 
each to 5 decimals. 

We use the asymptotic expansions 9.5.22 a.nd 
9.5.23 setting 11=lO, s=5. From Table 10.11 

we find 

a5=-7.944134, 

Hence 

Ai'(a6)= +.947336. 

Interpolating in the table following 9.5.26 we 
obtain 

z(s) = +2.888631 1 

.t~Cr)=+ .oto7, 
h(s)=+.98259, 

F,Cr)=- .oo1 . 

The bounds given at the foot of the table show 
that the contributions of higher terms to the 
asymptotic series are negligible.. Hence 

ito. a=28.88631 + .00107 + . .. =28.88738, 

J' (j ) 2 .947336 
10 10' a = -1 ()218 2.888631 X . 98259 

X{1-.00001+ ... )=- .14381. 

Eulnple 6. To evaluate the first root of 
Jo(z)Yo(~)-Yo(z)Jo(~)=O for X=! to 4- signifi­
cant figures. 

Let a{11 denote the root. Direct interpolation 
in Table 9. 7 is impracticable owing to the 
divergence of the differences. Inspection of 
9.5.28 suggests that a smoother function is 
(X -1 )a~0 • Using Table 9. 7 we compute the fol-
lowing values · · 

1/>.. (X-l)a11) 4 tl 

0.4 3.110 
+21 

0. 6 3. 131 -12 
+9 

0.8 3. 140 -7 
+2 

1.0 3. 142('11') 

Interpolating for l/X=.667, we obtain 
(X-l)a~1l =3.134 and thence the required root 
ai~~.=6.268. 

Example 7. To evaluate her,. 1.55, bei,. 1.55, 
n=O, 1, 2, .. . , each to 5 decimals. 

We use the recurrence relation 

J ,._1 (ze8""') +J n+l (:z:ea .. tli) 

= - n~ (1+i)J,.(xe3"'"')J 

taking arbitrary values zero for Jg(xeh0') and 
I+Oi for J 8(:z:esrtl•) (see Example I). 
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n Real !mag. ber,.z bei,.z 
trial values trial values 

9 0 0 . 00000 . 00000 
8 + 1 0 . 00000 . 00000 
7 -7 -7 -. 00002 - . 00003 
6 -1 + 89 -. 00003 +. 00030 
5 + 500 - 475 +. 00181 - . 00148 
4 -4447 - 203 -. 01494 -. 00180 
3 +14989 + 17446 +. 04614 +. 06258 
2 +11172 - 88578 +. 05994 -. 29580 
1 - 197012 + 123804 - . 69531 +. 36781 
0 + 281539 + 155373 +. 91004 + . 59461 

1: + 106734 +207449 +. 30763 +. 72619 

The values of ber ,x and bei,.x are computed by 
multiplication of the trial values by the normal­
izing factor 

1/ (294989-22011 i)= (.337119+ .025I55i) x 10-5, 

obtained from the relation 

Adequate checks a.re furnished by interpolating 
in Table 9.12 for her 1.55 a.nd bei 1.55, a.nd the 
use of a. simple sum check on the normalization. 

Should ker ,.x and kei,.x be required they ca.n be 
computed by forward recurrence using formulas 
9.9.14, taking the required starting values for 
n=O and 1 from Table 9.12 (see Example 2). If 
a.n independent check on the recurrence is required 
the asymptotic expansion 9.10.38 ca.n be used. 
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10. Bessel Functions of Fractional Order 

Mathematical Properties 

10.1. Spherical Bessel FunctioJD.S Wronakiana 

Definitions 

DifFerential Equation 
10.1.1 

z2w'' +2zw' +[z2-n(n+1)]w=O 
(n=O,± 1, ±2, ... ) 

Particular solutions are the Spherical Bessel 
junctions of the first ki1Ul 

j"(z)=.Vi,./zJ tt+i(z), 

the Sphtrical Bessel functions of the se•cond ki1Ul 

y"'(z)=..fi1r/zY ,.+t(z), 

and the Spherical Bessel functions of the tMrd 
kind 

h~l) (z) = in(z) +iy"(z) =..fl1r/zH~~{(z) 1 

Mal (z) = j,.(z) - iy,.(z) =.Vl1r/zH~~l(z). 

The pairs in(z) , y,.(z) and h~11 (z), h~2l (z) are 
linea.rly independent solutions for eve~~ n. For 
general properties see the remarks after 9.1.1. 

Aacen.diDS Series (See 9.1.2, 9.1.10) 

10.1.2 
z" { lz2 

j,.(z) 1·3·5 . . . (2n+l) J 11(2n+ 3) 

10.1.3 

y,.(z) 

10.1.4 

10.1.5 

(lz2)1 } 
+21(2n+3)(2n+ 5)- · · · 

1·3·5 ... (2n-1) { 1 iz' 
z"+1 11 (1-2?:~) 

(!z2)2 } 
+21(1-2n)(3-2n)- · · · 

(n=O, 1, 2, .. . ) 

Lbni-ting Values aa a-+0 

... ( ) 1 
r Jn z -+1·3·5 ... (2n+1) 

z"+ly,.(z)-+- 1·3·5 ... (2n-1) (n=O, 1, 2, ... ) 

10.1.6 

10.1.7 

W{j"(z), y.,.(z)} =z-2 

W{M.U(z), h~> (z)} = - 2iz-2 (n=O, 1, 2, ... ) 

Repreeentadon.a by Elementary FunctioD!I 

10.1.8 

j,.(z)=z-1[P(n+l, z) sin (z-innr) 

+Q(n+l, z) cos (z--in?r)'] 
10.1.9 

y,.(z)=(-l)"+lz-1[P(n+!, z) cos (z+fn,1r) 

-Q(n+l, z) sin (z+fnnr-)] 

P (n+l' z)=1 (n+2)l (2z)-1 

2tr(n-1) 

+ (n+4) I (Z )-' 
4lr(n- 3) z - · · · 

= ~ ( -l)t(n+i, 2k)(2z)-U 
0 

Q(n+!, z) (n+l)l (Zz)-J (n+3)1 (Zz)-a 
I!r(n) atr(n-2) 

~ 1 

1 2 
2 6 
3 12 
4 20 
5 30 

(n+5)1 _6 
+51 r (n-4) (Zz) - · · · 

(n=O, 11 2, ... ) 
(n+Tc)l 

(n+i, k) klr(n-k+l) 

2 3 ~ 5 

12 
60 120 

180 840 1680 
420 3360 15120 30240 

437 
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10.1.10 

j,.(z)=f,.(z) sin zt(-l)"+tf-n-l(z) cos z 

fo(z)=z-1, /1(z)=z~2 

j,._1(z)+f"+• (z)=(2n+l)z-•j,.(z) 

(n=O, ± 1, ±2, . .. ) 

The Functions i~(z), y,.(z) for n=O, 1, 2 

1 . ( ) sin z 0.1.11 Jo z =--z 

. ( \._sin z cos z 
Jt z1=-----z;:---~-2-

. () (3 1) . 3 
J2 z = - -- sm z- - cos z 

z3 z z2 

10.1.12 

Yo(z)=-i-t(z)=-cos z 
z 

. cos z sin z 
'!lr (z) = J-2Cz) =-Z2 - -z-

?12(2)=-i-a(z)=(-~) cos z- 3
, sin z . z z z 

Jn(x) 

.6 naO 

.5 

FtGURE 10.1. j,.(z). n=0(1)3. 

' See page n, 

* 

• 

Yn (~l 

FIGURE 10.2. y,.(:c). n=0(1)3. 

y 

.10 

.05 

0 ' 8 
\ 

10 14 
n 

1 
I 

-.05 
I 

\ 

- .10 '\ 
\ Yn C•l 

- .15 
I 
\ 
\ 
\ 

- .20 

FloUR1'110.3. j,.(:c), y. (x). :c=lO. 

Po>won's Integral and Gegenbauer's Generalization 

10.1.13 j,.(z)=2,.~"lnl .[ .. cos (z cos 9) sin2"+ 1o do 

(See 9.1.20.) 

10.1.14 

=.!_ (-i)" f .. etacoup,.(cos 9) sin9d9 
2 Jo 

(n=O, 1, 2, .. . ) 

* 

* 

* 
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Spherical 'Bessel Functions of the Second and Thin! 
Kind 

10.1.15 

y,.(z)=( -1) 11+1i-n-t (z) (n=O} ± 1, ±2, .. . ) 

10.1.16 

10.1.17 

* 

10.1.18 

h~~-l (z)=i(-l)"h~ll(z) 

h<!~-1 (z)=-i (-l)"h~21 (z) (n=O, 1, 2, ... )_ 

Elem.entary Properties 
Recur:rence Relationa 

f,.(z) :j,.l?), y,.(z) , h~11 (z), M!'(z) 

10.1.19 

10.1.20 

10.1.21 

(n=O, ± 1, ±2, ... ) 

fn-J(z) +fn+t(Z)=(2n+l )z-1/,.(z) 

d 
n/,.-1 (z)-~n+1)/,.+l(z)=(2n+1) dz f,.(z) 

n+l d 
- f,.(z)+i:d f,.(z)-f,.-t(z) z z 

(See 10.1.23.) 
n· d 

10.1.22 -j,.(z) - d-f,.(z)=f,.+1 (z) z 2 

(See 10.1.24.) 

DiJferentiation Formulae 

f,.(z) :j,.(z) , y,.(z), N_ll(z), h;!1(z) 

(n=O, ± 1, ±2, . . . ) 

10.1.23 (~ Ji)"' [z"+ 1j,.(z)]=z"-"'+tf"_,.(z) 

10.1.24 (~ tz)"' lz-"f,.{z}:J=(- l)"'z-"-"'f,.+m(z) 

(m=l , 2, 3, ... ) 

Rayleigh's Fonnulu 

10.1.25 

j,.(z)=z" (-!if_)" sin z 
z dz z 

10.1.26 

( 
1 d )"'cos z Yn(z )=-z" - - - --
zdz z 

(n=O, 1, 2, . .. ) 

Modulus and Phase 

jn(z)=...JP.fzMn+l(z) cos 8,.H(z), 

y .. (z)=...Jp/zMnH(z) sin 8n+i(z) 

(See 9.2.17.) 

10.1.27 

(
.1 / ) M 2 ( )=.!_ ~ (2n-k)l(2n-2k)l (Z )2-t-zn 
"111' 2 n+4 z z2 "o' k![ (n-k) !]2 z 

(See 9.2.28.) 

10.1.28 (}1r/z)Mf12(z)= j5(z) +yg(z)--:z-2 

10.~.29 

(h/z)M:;t(z)=jf<z)+yHz)=z-2+z-~ 

10.1.30 

C1'088 Products 

10.1.31 in(Z)Yn-1 (z)- jn-1 ( z)y,.(z) =z-t 

10.1.32 

j,.+l (z)Yn-1 (z) -j;._t (Z)Yn+l (z) =(~n+ l)z-3 

10.1.33 

io(z)j,.(z) +yo(z)y,.(z) 

=z-2 ~ (-1)~2 .. -2. (k+i) cn-k) z2.t- n 
0 n-2t k 

(n=O, 1, 2, . .. ) 

10.1.34 

10.1.35, 

10.1.36 

10.1.37 

10.1.38 

Analytic Continuation 

j,.(ze""'') = e"'" .. •j,.(z) 

y,.(ze"'"1) = ( - l )"'e"'",.1y,.(z) 

h~l> (ze2m .. ') =Mz> (z) 

(l=11 2; m, n=O, 11 2, ... ) 

Generating Functions 
10.1.39 

1 ... (- t)" 
- sin.../z3+2zt=~ - 1- y,._.(z) 
z o n 

(21tl<lz!) 

10.1.40 
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Derivatives With Respect to Order 
10.1.41 

[ .E_j,(x)] =(!11"/z) {Ci{2x) sin x-Si(2x) cos x} 
()II •-o 

10.1.42 

[:
11 

j,(x) ]., __ , =(!11"/z) { Ci(2x) cos x+Si(2x) sin x} 

10.1.43 

[~ y.(x)] =(l1r/z) { Ci(2x) cos x+[Si(2x)-1r] sin x} 
vv ·-o 

10.1.44 

[~ y,(z)J = 
VJI ••-1 

(l1r/x){Ci(2z) sin x-[Si(2z)-?r] cos x} 

Addition Theorems and Degenerate Forms 

r, p, 9," arbitrary complex; R=.J(r+p2-2rp cos 9) 

10.1.45 s~R=* (2n+I)j,.(Xr)j,.(Xp)P,.(cos 9) 

* cos >.R CD • ) 

10.1.46-~=~ (2n+l)J,.(Ar y,.(Xp)P,.(cos 9) 

ire±'9I<IPI 
CD 

10.1.47 e'' ml_ ~ (2n+l)el"r' j,.(z)P,.(cos B) 
0 

10.1.48 

Ja(z sin 9)= * (4n+I) 2~(~!;2 i211(z)P2,.(cos 9) 

10.1.49 

j,.(2z)= 

DupHcation Formula 

• 1 .. +t~ 2n-2k+t . () () 
-n.z "r k1(2n-k+I)! Jn-11: z y,.-1: , z 

Some Infinite Series Involving i!(z) 

CD 

10.L50 2: (2n+l)j!(z)=l 
0 

10.1.51 * (-1)"(2n+l)j~(z)=si~z2z 
10.L52 * j!(z)= Si~;z) 

•See page D. 

Fresnel Integrals 

CD 

-cos !z Z: (-l)"Jz,.+m(lz)]. 
0 

(See also 11.1.1, 11.1.2.) 

Zeros and Their Asymptotic Expansions 

The zeros of j,.(x) and y,.(z) are the same as the 
zeros of J,.H(x) and Y,.+t(X) and the formule.s for 
j,,, and y,,, given in 9.5 are applicable with 
v=n+t.- There are, however, no simple relations 
connecting the zeros of the derivatives. Ac­
cordingly, we now give formulas for a~ .• , b~ .•• the 
s-th positive zero of j~(z), y~(z), respectively; 
z=O is counted as the first zero of j~(z). 

(Tables of a~,, b~ .• , j,.(a~ .• ), y.,.(b~ .• ) are given in 
[10.31].) 

Elementary Relationa 

j,.(z) j,.(z) cos ..t+y .. (z) sin rt 

(t a r~al parameter, 0 ~t ~ l)' 
If,.,. is a zero of j~(z) then 

10.1.55 j,.(r11) = [r,./(n+ l)}f,.-t(r,.) 
(See 10.1.21.) 

10.1.56 = ( T ,.fn)j to+l ( T ,.) 

(See 10.1.22.) 

10.1.57 ={~ l"T!-n(n+l)} t"} - t 
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McMahon's EspaDtJioua for n Fixed and a Large 

10.1.58 

a~ ., b~ .• -P- <~+7)(8p)-1 

-~ (7~2+154~+95)(8p)-a 

- ~~ (85~8+3535~2+3561~+6133}(8p)-5 

-~~~ (6949~'+474908~3+330638~2 

+9046780~-5075147)(8t))-7- ••• 

P-1r(s+tn-l) for a~., P=1r(s+in) forb~. , ; 

JJo=(2n+l)z 

Asymptotic Espaoeiooe of Zeros and ABIIOCiated V aluee 
for nLarge 

10.1.59 

a:-.1....., (n+ i ) +.8086165(-n+! ) u3- .236680(n+!) - 1/8 

- .20736(n+!)-1+ .0233(n+! )-6/8+ ... 

10.1.60 

6~ .1"' ('n+i) + 1.8210980(n+!J 1/8 

+.802728(n+i)- 1!8-.11740(n+!)-1 

+ .0249(n+!) - 6
'

3+ ... 

10.1.61 

j,.(a~.l) -.8458430(n+i)-510 { 1-.566032(n+i)-213 

+ .38081 (n+!)-•13- .2203(n+!) -2+ ... } 

10.1.62 

y,.(b~ ,1) "'· 7183921(n+!)-51° { 1-1.Zl4769(n+!)-2' 3 

+ 1.23038 (n+i) - 413-1.0070 (n+!) - 2+ ... } 
See [10.31] for COITesponding expa.nsions for 

8=2, 3. 

Uniform Asymptotic ~aDtJiona of Zeros and 
Auociated V aluee for n Large 

10.1.63 

a~ .• -(n+!) { z[(n+i)-2' 8a;] 

... 
+ LJ ha:[(n+i)-"3a;](n+!)-2t} 

k•l 

10.1.64 

b~ .• -(n+i) { z[(n+i)-z'sb;] 

10.1.65 

j,. ca:.. ,) -.Ji11'Ai(a!) (n+1)- 510 

h[(n+i) -staa;] (z[(n+!)-z'aa;]) -112 

... 
{1+ ~ H.t[(n+i )-213a;](n+i)-tt} 

.t-1 

10.1.66 

y,.(b~. ,) - - .Jf;Bi(b;)(n+i)-5
'

0 

h [(n+t) -2Jab;) (z l (n+!) -2tsb;)) -1/1 

{1+ ± H 1[(n+!)-mb;](n+!)-2.t} 
k•l 

h (~), z Ct) are defined as in 9.5.26, 9.3.38, 9.3.39. 
a;, b; s-th (negative) real zero of Ai' (z), Bi' (z) 
(see 10.4.95, 10.4.99.) 

Complex Zeros of h~11(z), h~u'(z) 

h~O(z) and h,~>(ze21r1~')1 many integer, have the 
same zeros. 

h~1> (z) has n zeros1 symmetrically distributed with 
respect to the imaginary axis a.nd lying approxi­
mately on the finite arc joining z= -n and z=n 
shown in Figure 9.6. If n is odd, one zero lies on 
the imaginary axis. 

h~o' (z) has n+ f zeros lying approximately on the 
same curve. If n is even, one zero lies on the 
imaginary axis. 
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10.2. Modified Spherical Bessel Functions 

Definitions 

Differential Equation 

10.2.1 

z2w" +2zw' -[z2+n(n+1)]w=O 

(n=O,. ±1, ±2, ... ) 

Partic.ula.r solutions are the M odijied Spherical 
Bessel fundi<ms of the first kind, 

10.2.2 

..Jtrr/zl,.+t(z)=e-""''12j,.(ze~112) (-'ll'"<arg zSt.~r) 
=eau £12j11(ze-hllf) (f7r<a.rg z$11'") 

of tM second kind, 

10.2.3 

..Jtrr/zL .,_t(z) =escn+0-,1/i/,. (ze.,.''f) • 
(-1r<arg z$j"11') 

= e- (ra+llrC/2y,. (ze-3rl/1) 

of the third kind, 

10.2.4 

(trr<e.rg Z$11'") 

.Jtrr/ zK ,.+t(Z) = fn-( - 1)"+1.Vi'll'"/z[I ,.+t(z) -1 -n-t(~:)] 

The pairs 

..J!'ll'"/zl n+t(~) 1 ::./}11'"/Zl - n.-t(z) 
and 

.Jt1r/zl"H(z) , ..,j}1r/zK,.H(z) 

are linearly independent solutions for every n. 
Most properties of the Modified Spherical 

Bessel functions can be derived from those of the 
Spherical Bessel functions by use of the above 
relations. 

Aaeending Seriea 
10.2.5 

z" .Jh/zl ,.+t(z) 1 · 3 · 5 . .. (2n+ 1) 

10.2.6 

fL:i: 1 · 3. 5 ... (2n-1) 
'V17f/zL,._t(z) ( - l )"z"+l 

{ 
! z2 (}z2)2 } 

l+l!(l -2n) +21(1-2n)(3-2n) + · · · 
(n=O, 1, 2, ... ) 

Wronskiana 
10.2.7 

W{ .V!1r/zl,.H(z), .Vl1r/zl _,._, (z)} = ( -1)"+1z-2 

10.2.8 

W{.Vl11"/zl ,.H(z), ..Jtrr/zK,.+l (z)} = - trrz-2 

RepresentatioD& by Elementary Func tioD& 

10.2.9 

.Ji1r/zl,.H(z) = (2z) - 1[R(n+! ,-z)e' 
- ( - l )"R(n+!,z)e-•J 

10.2.10 

.Jttr/zl _,. _, (z) =(2z) -I[R(n+l,-z) e' 

+ ( -l)"R (n+ i ,z)e-•J 
10.2.11 

(n+l )! _1 R(n+l, z)=l + l!r(n) (2z) 

(n+2)1 2 
+21r(n-l ) (2z)- + · · · 

tl 

=L: (n+t. k)(2z)--' 

(See 10.1.9.) 

10.2.12 

0 
(n=O, 1, 2, ... ) 

-./trr/zl ,.+l (z)=g,.(z) sinh z+g_,._{(z) cosh z 

go(z)=z- 1
, Ut(z)=-z-2 

g,._, (z) -g,.+t (z) = (2n+ l)z-1g,.(z) 

10.2.13 

f"LT: sinh z 
-y-,.,.,du2(z)=-­z 

(n=O, ± 1, ± 2, ... ) 

sinh z cosh z 
..Jt'li'"/Zlat2(z) = - - :-+--z z 

..jlprjz/ 6/2(z)=(
3s+!) sinh z-

3
2 cosh z z z z 

10.2.14 
~ cosh z "¥1-,rfzl -l/2(z)=-

2
-

~/ 1 ()_sinh z_ cosh z 
'V"f?ff~. -3/2 z -

2 22 

.J!-rrlzl _612(z) = ; 2 sinh :;+(~ +i) cosh z 

. ... . --1"'"- --
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Modifi.ed Spherical Beseel Functions of J,he Third. Kind 

10.2.15 

~!1r/~K,.H (z) =!'fr'ie<"Hh·t/Zh~l (zeir') 

10.2.16 

( -~<a.rg z =::; l7r) 

=-!rie-<n+O ... t/Zh~s>(ze-l ... ') 

(l~r<arg z =::; 1r) 

K,.+t (z)=K - ,.- t(z) (n=O, 1, 2, . .. ) 

The Functions -¥h·/zK,.+t(z) ,n=O, 1, 2 

10.2.17 ~!1r/zK112(z)= (}1r/z)e-• 

~!1r/zKa12(z) = (l1r/ z)e-•(1 +z-1
) 

~t~/zK612(z)= {l7r/z)e-•(I +3z-1+3z-1) 

Elementary Properties 

Recm:renee Relationa 

f,.(z): ~i'tr/zl,.+t(z), (-1)"+1~!7r/ZKn+t(z)_ 

10.2.18 

10.2.19 

(n=O, ±1, ±2, . . . ) 

fn-l(z)- fn+l (z)= (2n+ l)z-1j,.(z) 

d 
nf"_1(z)+(n+l)f,.+t (z)=(2n+l ) dz f, (z) 

n+l d 
10.2.20 -f,.(z)+d- f,.(z)=f,.-t(z) z z 
(See 10.2.22.) 

n d 
10.2.21 - - j,.(z)+-d j,.(z) f ,.+l(z) 

z z 
(See 10.2.23.) 

Dift'erentiation Formnlaa 

(n=O, ± 1, ±2, ... ) 

10.2.22 (~ jz)"'[z"+'j,.(z)]=z"- "'+'j,._,.(z) 

10.2.23 G fz)"'[z-"f,.(z)]=z-n-'"f,.+m(Z) 

(m=l, 2, 3, .. . ) 

y 

I I 
I I 

I I 
I I I 
I I :~Kt 6 I I 
I I I 
I I 
I I 

~ I I 
I I 

I 
I 

' I I 
I I .. I ' t I 
I I 
I I 

3 I I 

I I 

I I 

I I 
I I 

\ 

FIGURE 10.4 . .J:x I,.+t(z), .Jiz K.,+t(z). n=0(1)3. 

•to·4 

• 
' ! 

10 • • tO ·~ 

! 
n 

FXGUBIII 10.5 . ..Jix I,.+t(z), ..Jix K,.+t(:t:) . z=lO. 
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Formulaa of Rayleigh's Type 

10.2.24 ../WZI,.+t(z)=z" ( ; d:)" sin: 
2 

10.2.25 

~ (1 d)" cosh z -v 1J1f/d -n-t(z) =z" z dz -z-
(n=O, 1, 2, ... ) 

10.2.26 

(f7r/z)[n +t(z)- J~ .. - t(z)] 

=!.. ± (-1)Ht (2n-k)l(2n- 2k)! (Zz)~_211 
z2 o kl [ (n-k) 1]2 

(n=O, 1, 2, ... ) 

10.2.27 (!11'/z) [n,2(z)-I !.m(z)]=-z-2 

10.2.28 (!7r/z)[fit2 (z)-Ea12 (z)]=z- 2- z-• 

10.2.29 

(!11'/z) [!g,(z)-1:6/ 2 (z)] = -z-2+3z-•-9z-e 

Generating Fuuctions 

16.2.30 

~!. sinh.Jz2-2izt= :t ( -~t)" [ "!1r/zLn+i(z)) 
z 0 1/i. 

(2ltl<lzD 
10.2.31 

1 ... (it)" 
-cosh.Jz2+2izt=~ -

1 
[.Ji?r/zf,._t(z) ) z o n 

Derivatives With Respect to Order 

10.2.32 

[:
11
J.(z)] •• t=-

2
!z [Ei(2x)e-:-E1 ( -2z)ez] 

10.2.33 

[~.J.(z)J = 2
1 

[Ei(2x)e-:+E1(-2z)e"] 
VJI ••-t 7T'Z 

10.2.34 [~ K.(z)J = =F.J7r/2zEi(-2z)ez 
VJI ••±} 

For Et (x) and Ei(z) , see 5.1.1, 5.1.2. 

•see page D. 

Addition Theore:ms and Degenerate Forme 

r, p, 8, >.arbitrary complex; R=.Jr+ p2-2rp cos 8 

10.2.35 

10.2.36 

e' cosB= ± (2n+ 1) [ .J!1r/zl,.H(z) ]P11 (cos 8) 
0 

10.2.37 

Duplication Formula 
10.2.38 

K,.+i(2z)= 

10.3.1 

1 - t .. +; ~ (-1)A:(2n-2k+I) K 2 ( ) 

1t.7r 2 '"'ir' k!(2n-k+l)l n-Ht 2 

10.3. Riccati-Bessel Functions 

DiJJerential Equation 

z2w" + [z2-n(n+ 1)]w=O 

(n=O, ± 11 ±2, . .. ) 
Pairs of linearly independent solutions are 

zj,.(z), zy,.(z) 

zh~1>(z), zM2>(z) 

All properties of these functions follow directly 
from those of the Spherical Bessel functions. 

The Function& zj.(z), zy~(z), n=O, 1, 2 

10.3.2 

eio(z)=sin z, zit(z)=z-1 sin z-cos z 
zj2(z)=(3z-2-1) sin z-3z-1 cos z ~ 

10.3.3 

Z'Yo(z)=-cos z, Z'Yt(z)=-sin z-z-1 cos z 
zy2(z)=-3z-1 sin z-(3z- 2·- 1) cos z • 

Wroneklans 

10.3.4 W{zj,.(z), zy,;(z)}=l 

10.3.5 W{zh~t>(z), zh~21 (z)}=-2i 

(n=O, 1, 2, . .. ) 
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10.4. Airy Functions 

Definitions and Elementary Properties 

Differential Equation 

10.4.1 w"·-~=0 

Pairs of linearly independent solutions are 

.Ai (z), Bi (z), 

Ai (z), .Ai (ze21''13), 

.A.i (z), Ai (ze-~""'13). 

Ascending Series 

10.4.2 Ai (z)=cd(z)-c2g(z) 

10.4.3 .Bi (z)=.J3[cJ(z) +c2g(z)] 

1 3 1·4 6 1·4·7 9 
f(z)=1+31 z +m z 1 91 z + ... 

=* 3~(~)t (;~~~ 
() +2 4_L~ 7+2·5·8 10+ g z =z 41 z ~ z 10! z • .. 

=~ 3t (~)t (ai:~)t 
(a+~)0=1 --

3t (a+~\=(3&:+1)(3a+4) ... (3a+3k-2) 

(a arbitrary; k=l, 21 3, ... ) 
(See -6.1.22.) 

10.4.4 

c1=Ai (O)=Bi (0)/...;3=3-2f3/r (2/3) 

= .35502 80538 87817 
10.4.5 

c2=-Ai' (O)=Bi' (0)/...;3=3-1/8/r (l/3) 

==.25881 94037 92807 

Relationtl Between Solutiona 

10.4.6_ B i (z) =eTifD Ai (ze2T'i3)+e-TtJ6 Ai (ze-, .. cis) 

10.4.7 
Ai (z) +e~'~/3 Ai (zeh·liB) +e-Zr118 .Ai (ze-2 .. 113) =0 

10.4.8 

Bi (z) +ehf/3 Bi (ze2T113) +e-z.t/8 Bi (ze-2Tt/3) =0 

10.4.9 Ai (ze±:~o-tta) =-!e±Tt/B[Ai (z) =Fi Bi (z)] 

Wrona.ldane 

10.4.10 W{Ai (z), Bi (z)} =1r-1 

10.4.12 W{ Ai (z)' .Ai (zr2.,.tta)} =}7r-ter~te 

10.4.13 W{Ai (ze2'~'113), .Ai (ze-z"'''3) }=!i1r-1 

1.0 

I ,8 

- .2 

- ,4 

-.6 

-,8 

-1,0 

FtGUREl 10.6. Ai (±:t), Ai' (±:t). 

2.2 

2.0 

1.8 

I.e 

1.2 

1.0 

f\ .8 " (\ 
I \ I \ 

FIGUREl 10.7. Bi (±.z)1 Bi' (±z). 
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Repreaentations in Tenns of Bessel Functiona 

10.4.14 

Ai (z) = h '2[J -11a(S)-1t,aCt) ]= 7r-t..fi,f3KI,a(t) 

10.4.15 

Ai (-z)=!~[JII,(t)+J-Ita(t)l 

= h ' z/3[ e"118Hia(t) + e--.. aeHm(t) J 

10.4.16 

• - Ai ' (z)=!z[Lm(!")- J ,,3(t)] =1r-1(Z/"'3)K,,a(t) 

10.4.17 

A.i' (-z)=-!z[J_2,a(tJ-J2taCtJ) 

= !Cz/~) [e-"'teH~}Ht> +je~t•t&Hm<n J 

10.4.18 Bi (z)=~(Li taC0+11taCrH 

10.4.19 

Bi (-z)=~[J-1/a(t)-JttaCt) J 

=ti~[e•'18HUHtJ-e··r«teHm<nJ 

10.4.20 Bi' (zJ = (z/~)[L2taCrJ + 12,acr:n 

10.4.21 

Bi' ( -z) = (z/~)[J_2ta(t) +J2taCt)] 

=ti(z/~)[e-"'!&H~}Ht) -t~ .. •ltHm(t)J 

Rep:resentationa of Deuel Functions in Te1rms of Airy 
Functiona 

(
3 )1/8 

z= 2r 

10.4.22 J±t13(t)=lM!~ Ai (-z)=FBi (-z)J 

*10.4.23 H~l13 (t) =e~"'18..f3[Z[Ai (- z) -i Bi (-z)] 

10.4.24 H~l13(f) =e±r«f8-J37Z[Ai ( -z) +i Bi ( - z)] 

10.4.25 1.:11a(r)=}~[=F~ Ai (z)+Bi (z)] , 

10.4.26 K:l 13(r)='lr.J3iZ Ai (z) 

10.4.27 J:2 13(t)=(~/2z)[±~ Ai' (-z)+Bi' (- z)] 

10.4.28 

Hi}Ht) =e-2rfts H~J,.(t) 

=e•"8(~/z)[Ai' ( -z) - i Bi' ( -z)] 

10.4.29 

Hm(t) =e2"' /8 H~J,a<t> 

=e-..118(~/z)[A.i' (-z) +i Bi' ( -z)] 
----

"See page D. 

10.4.30 l:213(t)=(~/2z){±v'3" Ai' (z)+Bi' (z)] 

10.4.31 

Integral Representations 

10.4.32 

(3a)-1!37r Ai [±(3a}-113x]= i "' cos (at3±xt)dt 

10.4.33 

(3a)-1137r Bi [ ± (3a)-113x] 

= i .. [exp ( -at3 ±xt) +sin (at3 ±xt)]dt 

The Integrals L' Ai (± t)dt, L' Bi (±l)dt 

r=JzS'2 

10.4.34 1• Ai (t)dt=~ ir [Ltta(t)-11/a(t)]dt 

10.4.35 iJ Ai (-t)dt=~ ir [J- t13(t)+Jt t3(t)]dt 

10.4.36 i' Bi (t)dt= )g ir [Lt13(t)+II13(t)]dt 

10.4.37 J:~ Bi (-t)dt= .Js ir [J - 11a(t)-Jl/8(t)ldt 

Ascending Seriee for L' Ai (±t)ch, L• Bi (±t)ch 

10.4.38 i ' Ai (t)dt=c1F(z)-c2G(z) 

(See 10.4.2.) 

10.4.39 i' Ai (-t)dt=-ctF(-z)+c2G(-z) 

10.4.40 i' Bi (t)dt=~[ctF(z) +c2G(z)] 

(See 10.4.3.) 

10.4.41 

i ' Bi (-t)dt=-~[c1F(-z)+c2G( - z)] 

1 ' 1 . 4 7 1 . 4 . 7 10+ F(z)=z+ 41 z +7~ z +----wr z ... 

.. (1) zll+l 

=~ 3t 3 l (3k+l )l 

1 2 2-5 2·5 -8 11 
G(z)=21 z2+51 z'+mz•+-urz + .. . 

.. t (2) . za.tH 
=~ 3 3 d3k-t2)1 

The constants c1, c2 are given in 10.4.4, 10.4.5. 
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The Functions Gi(z), Hi(z) 
10.4-.42 

Gi (z)=7r-1i"' sin(~ t3+zt) dt 

=§Bi (z)+ i'[Ai (z) Bi (t)-Ai (t) Bi (z)],dt 

10.4.43 

Gi' (z)=~Bi' (z)+ i'[Ai'(z) Bi (t)-Ai (t) Bi'(z)].dt 

10.4.44 

Hi(z)=7r-il .. exp( -~ t3+zt) dt 

=[Bi (z)+ i'[Ai (t) Bi (z)-Ai(z) Bi(t)]dt 

10.4.45 

Hi' (z)=~ Bi' (z) + J:' [Ai (t) Bi' (z) - Ai' (z) .Bi (t) ]dt 

10.4.46 Gi (z)+Hi (z)=Bi (z) 

Representations of l " Ai(±t)dt, 1'Bi(±t)dt 

by Gi (±z), Hi (±z) 
10.4.47 

i'Ai (t)dt=~+'li"[.A.i' (z)Gi(z)-Ai (z)Gi'(z)] 

10.4.48 

=-~-?I[Ai' (z) Hi (z)-Ai (z) Hi'<~~)) 
10.4.49 

f'.A.i (-t)dt=-.!.-1r[Ai' (-z) Gi (-z) Jo 3 

-Ai ( - z) Gi' ( -~~) ] 

10.4.50 

=~+1r[Ai' (-z) Hi (-z) 

-.A..i (-z)Hi'(-~~)] 
10.4.51 

J:'Bi (t)dt='li"[Bi' (z) Gi (z)-Bi (z) Gi' (z)J 

10.4.52 =~'li"[Bi' (z) Hi (z) -Bi (z) Hi'(z)] 

10.4.53 

i' Bi (-t)dt=-1r[Bi' (-z) Gi (-z) 

-Bi (-z) Gi' (-::~)) 

10.4.54 =1r[Bi' ( -z) Hi ( -z) 

-Bi (-z) Hi' (- ::r)J 

Differential Equations for Gi (z), Iii (z) 

10.4.55 w''-zw=-1r-1 

w(O) =~ Bi (0)-~ Ai (0) = .20497 55424 78 

w'(O)=~Bi' (0)=-JaAi' (0)=.14942 9452449 

w(z)=Gi(z) 

10.4.56 · w" -zw='ll"-1 

w(O)=~ Bi (0)= ~ Ai (0)=.40995 10849 56 

w'(O)=~ Bi' (0)=-Ja Ai' (0)=.29885 89048 98 

w(z)=Hi (z) 

Differential Equation for Products of Airy Function& 

10.4.57 w' '' -4zw'-2w=O 

Linearly independent solutions are Ai2 (z), 
Ai (z) Bi (z) 1 Bi2 (z). 

Wronskian for Producta of Airy Functions 

10,4.58 W {Ai2 (~) 1 Ai (z) Bi (.z) 1 Bi2 (z)} =211'-s 

Asymptotic Expaneionefor lzl Large 

6k+l 
d0=1,d~c=-6k . 1 c11 

10.4.59 

2 r=- ?!-12 
3 

(k=ll 2, 3, ... ) 

Ai (z) ,.,..,! 7r-112z-114e-t ~ ( -l?c.tr-;t Clarg zl<7r) 
2 0 

10.4.60 

Ai (-z)-7r_,,2z-''• [ sin (t+i) * (-l)tc:~,~;r-:~,~; 
-cos (r+i) * (-l)"c2.H1S-21:-1

] 

(I arg z I <i '11") 

10.4.61 

<I arg z I < 7r) 
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10.4.62 

Ai' (-z)--11"-tzl [cos (r+i) ~ (-l)~d2tS-:~t 

10.4.63 

+sin (r+i) ~ (-l)ld2.t+rr-a~tJ 
(jarg zi<f11") 

CD 

Bi (z)-11"-lz-ter ~ c,.r-• 
0 

10~4.64 

Bi (-z)-11"-lz-l [ cos (r+i) ~ (-1Yc2.tr-n 

10.4.65 

+sin ( r +i) ~ ( -1 ?cn+l r-:~t-t J 
(jarg zr<:t11") 

Bi (ze*"113) 

-~e~ ... ttez-t[sin(s+'i+~ln 2)~ (-l)1c2a:S-:~t 

-cos (r+~=F~ ln 2) ~ ( -l).t~.tHr-a-tJ 
(jarg zl<i 11") 

10.4.66 -* Bi' (z)-11"-tzter ~ d.ts-t (jarg zl<l1r) 
- 0 . 

10.4.67 

Bi' (-z)-?r-•zt [sin (r+~) * (-1).tdur-a 

-cos (r+i) * (-l).td2Htr- 2k-t] 

(jarg zl<! ?r) 
10.4.68 

--.,f2!1re"'"t'6zl [ eos (r+i=F~ In 2) ~ (-1)td2~:S-2.t 

10.4.69 

+sin (s+i+~ 1n 2) ~ (-1YdzHtS-2k-t] 

(iarg zl<i 11') 

Modulus and Phase 

Ai ( -x)=M(x) cos 8(x), Bi ( -x)=M(x) sin B(x) 

M(x)=.J[Ai2 ( -x) +Bi2 ( -x)], 
B(x)=arcta.n [Bi ( -x)/Ai ( -x)] 

10.4.70 

Ai' (-x)=N(x) cos ¢(x), Bi' (-x)=N(x) sin¢(x) 

N(x)=.J[Ai'1 ( -x)+Bi'2 ( -z)], 
1/>(x)=arctan [Bi' ( -x)/Ai' ( - x)] 

Differential Equations fo.r Mod~.alua and Pha&e 

Primes denote differentiation with respect to x 

10.4.71 

10.4.72 

10.·4. 73 NN'= -xMM' 

10.4.74 

tan (¢-8)=M8'/M'=-(rMM')-t, 

MN sin (<P-8)=T-1 

10.4.75 M"+xM-T-~M-8=0 

10.4. 76 (M2)'" +4x(M2)' -2M! =0 

"' 

Asymptotic Expansion& of Modulus and Phase for 
Large x 

10.4.78 M 2(x) ""'~ x-112 * ~2~:~.t ~.t· (fr)at (2x)-aa 

10.4.79 

8(z)-.!""_~x312 [1-~ (2z)-3+1105 (2z)-e 
4 3 4 96 

- 82825 (2 )-11+12820 31525 (2 )-12_ J 
128 X 14336 X ••• 

10.4.81 

q,(z) ........ £11"-~ x3t2 [1 +! (2z} -a_ 1463 (2z) -6 
4 3 4 96 

+495271 (2 )-a 2065 30429 (Z )_ 12+ J 
640 X 2048 2: . • • 

Asymptotic Forme ofl*Ai (±t)dt,fo•Bi (±t)dlfor Large% 

10.4.82 L:r Ai (t)dt ....... i-fr'~~"-''2x-3'4 exp ( -~z3'2) 
10.4.83 

L"' Ai (-t)dt-~-?r-112x-314 cos (~z3'_,+i) 
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10.4.84 i% Bi (t)dtrv11"-l12x-31i exp (~ :z:3/Z) 

10.4.85 .r Bi ( - t)dt-11"-1
'
2x-3t' sin(~ xa12~) 

Asymptotic Fonn11ofGi (±x), Gi' ( ±x), Hi (±x), Hi' (±x) 
for Large a: 

10.4.86 

10.4.87 Gi (-x)"''ll"- mx- 1
'
4 cos (i x312+~) 

10.4.88 Gi' (x)-27r-1x-2 

96 

10.4.89 Gi' ( -x) "'11"- 117;1f 4 sin (i x3'2+~) 
10.4.90 Hi (:t)""11"-1{2:z:-tt• exp (Jx312) 

10.4.91 

10.4.92 

10.4.93 

Hi ' (:t)"""''r-tt2z ltt exp (Jz3'2) 

Hi' (-x)--~ 1r-1:z:-2 

2 

Zeros and Their A8}'Dlptotic Expanaion!l 

Ai (z), Ai' (z) have zeros on the negatjve real 
axis only, Bi (z) , Bi' (z) have zeros on the nega­
tive real axis and in the sector t'~~"<l arg zl<!'lr. 
a., a,;; b, b; s-th (real) negative zero of Ai (z), 
Ai' (z); Bi (z), Bi' (z),-respectively. (3,, ,sr;; [J,, ~; 
s-th complex zero of Bi (z), Bi' (z) in the sectors 
tn-<arg z<v. -tn-<a.rg z< -}1r, respectiively. 

10.4.94 a,=-f[311"(4s-1)/8] 

10.4.95 a:= -g[37r(4s-3)/8] 

10.4.96 Ai' (a,)=(- 1)'-~1[311"(4s-1)/8] 

10.4.97 Ai (a;)=(-1)Hg1[37r(4s-3)/8] 

10.4.98 

10.4.99 

b,=-f[37r(4s-3)/8] 

b;= -g[37r(4s-1)/8] 

10.4.100 Bi' (b,) = ( -1)·-~1[37r(4s-3)/8] 

10.4.101 Bi (b;) = ( -l)'g1[311"(4s-1)/8] 

10.4.102 (3,= e""''3f [ 3
; (4s-1) + ~i 1n 2 J 

10.4.103 f3:=e"'' 3g [
3
; (4s-3)+ ~i ln 2 J 

•S~jepage n . 

10.4.104 

Bi' (fJ,)=(-1)'{2e- "'' 6fl [ 3
; (4s-l)+~i In 2] 

10.4.105 

Bi ((3;) = ( -l)•- 1../2e"'''6g1 [
3
; (4s-3) + ~i ln 2 J 

I zl sufficiently large 

j(z) -zt/3 (t +_! 2 - 2_5_ z-•+ 77125 z-o 
48 36 82944 

1080 56875 -8 

69 67296 z 

+16 23755 96875 -10_ ) 

3344 30208 z . . . 

( )
....., 2/3 ( _ _z_ -2+~ -~_181228 -0 

g z z 1 48 z 288 z 207360 2 

+ 186 83371 -8 

1~ 44160 z 

9 11458 84361 10 ) 
1911 02976 z- + · · · 

j, (z) ""'11"-112.zt!B (t +~ z-2_ 1525 z-• 
48 4608 

23 97875 -· ) + 6 63552 z-a_ · · · 

( ) - 1/2 -1/0(1 7 -2+1673 - · gl z "'11" z -96 z 6144 z 

843 94709 6 ) 

265 42080 2
- + · · · 

Formal .and Asymptotic Solutions of OrdiJJary Dift'e.r·­
ential EquatioJJs· of Second Order With Turning 
Points 

An equation 

10.4.106 W'' +a(z, >.)W' +b(z, X)W 0 

in which X is a real or complex parameterand, 
for fixed X, a(z

1 
X} is analytic in z and b(z, X) is 

continuous in z in some region of the z-plane, ma.y 
be reduced by the transforr;nation 

10.4.107 W(z)=w(z) exp ( ~J' a(t1 X)dt) 

to the equation 

10.4.108 

w' '+~(z, X)w= O 

cp(z, >-)=b(z, >-)-~ a2(z, X)-~ fa a(z, X). 

* 
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If 'P(z, >.) can be written m the form 

10.4.109 

where q(z, X) is bounded in a region R of the z. 
plane, then the zeros of p(z) in R are said to be 
turning points of the equation 10.4.108. 

The Special Case w"+[>h:+q(:z, >..)]w=O 

Let >-=1>-le'"' vary over a sectorial domain S: 
1>-l;:::>.o(>O), w1~w~w2, ancl suppose that q(z, >.)is 
continuous in z for lzl<r and >. in S, and q(z, X) 

- ~ q,.(z)>. _,. as X-+ m inS. 
0 

Formal Series Solution 
10.4.110 

~ . 
w(z)=u(z} :E 'P,.(z)X -"+>. -Lu' (z) :E 1/l,.(z)>. _, 

0 0 

u" +X2zu=O 

c0 , c; constants 

1 1 r· ,. 
'P•+t(z)=-21/l~(z)-2 J o ~ q,._1(t)of'~.:(t)dt 

~ .. (z)=~ z-l i ' t-t ['P~'(t)+ * cz,.-~.:(t)'P~:(t) J dt 

10.4.114 

Yo(x) =Ai (-X213x)[l + 0(>. - 1
)] 

Yl(x)=Bi ( ->.213x)[1+0(>.-1)] (jXj-+oo) 

For further representations and details, we refer 
to (10.4]. 

When z is complex (bounded or unbounded), 
conditions under which the formal series 10.4.110 
yields a uniform asymptotic expansion of a solu­
tion are given in [10.121 if q(z, X} is independent 
of >. and J>.J-+co with fixed w, and in 110.14) if X 
lies in any r egion of the complex plane. Further 
references are [10.2; 10.9; 10.10]. 

The General Cue w"+[>..1p(z)+q(z, >..)]w=O 

Let X=l>-le'" where 1>-J;:::Xo(>O) and -11'~w.S7ri 
suppose that p(z) is analytic in a region R a.nd has 
a. zero Z=Zo in R, and that, for fixed >., q(z, >.) is 
analytic in z for z in R. The transformation 
~=Hz), v=[p(z)/~P"w(z), where t is defined as 
the (unique) solution of the equation 

10.4.115 t C'!Y p(z), 

yields the special case 

(n=O, I , 2, . .. ) 10.4.116 * 
Uniform Aaymptotic Expanaiona of Solutions 

For z real, i.e. for the equation 

10.4.111 y" +[XIz+q(x, >.)]y=O 

where :t varies in a. bounded interval a <x <b that 
includes the origin and where, for each fuced X in S, 
q(x, X) is continuous in x for a ~x ~b, the following 
asymptotic representations hold. 

(i) If >. is real and positive, there are solutions 
Yo(x), y,(x) such that, uniformly in x on a~x~O, 

10.4.112 

Yo(x)=Ai ( -X213x)[l+0(>.-1)] 

Yt(X)=Bi ( ->.213x)[l+O{>.-l)) 

and, uniformly in x on 0 ~ x ~ b 

10.4.113 

Yo(x)=Ai ( -X113x)[l +0(>.-1)] + Bi ( -;>.zf.lx)0(>.- 1), 

y,(x)=Bi ( -X213x)[1 +Ocx-1)]+Ai ( ->.2"'x)0(>.- 1) 

(X-+(Z)) 

(ii) If f!i>.~O, f>.~O, there are solutions 
Yo(x), y,(x) such that, uniformly in x on a~x::;b, 

' See pa~ n. 

(dt)-2 cd~)-t d2 

ccd~)'J f(t X)= - q(z >.)- - - - · ' dz ' dz ~2 dz 

Example: 

Consider the equation 

10.4.117 y" +[>.2- (>.2-l) x-2]y=0 

for which the points x=O, co are singular points 
and z= 1 is a. turning point. It has the functions 
xV,.(Xx), zl Y>.(Xx) as particular solutions (see 
9.1.49). 

The equation 10.4.115 becomes 

(d~)
2=x2-1 

t dz xz 
whence 

(O<z~1) 

(l~z< co). 

Thus 

10.4.ll8 (
z2-I)llt 

v(t)= ~ y(x) 
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satisfies the equation 

d2V [ 2 5 e r(x2+4)] 
10.4.119 cit2+ A ~-16e+4 (xz_1)a V=O 

which is of the form 10.4.111 with z replaced by c 
and q(~, >.) independent of >... 

Suppose 81>..~0, J>..?60. By the first equation 
of 10.4.114 there is a solution v0W of 10.4.119, 
i.e., a solution y0(x) of 10.4.117 for which the 
representation 

10.4.120 

vo(c)=(x~~ 1 
)''

4 

Yo(z)=Ai( -X213c)[l +O(>. - 1
)] 

holds uniformly in xon O<x<a:> as !>-!~co. 
To identify y0(x) in terms of 'l,V~(> .. x), zlY},(Xz), 

restrict x to O<:z:~b<l so that by 10.4.118 ~ is 
negative, and replace the Airy function by its 
asymptotic representation 10.4.59. This yields 

10.4.121 

Yo(X) 

=(:z:2-1)-l/4 !'11'-1/ tx -1/0( - c) II .. exp c~ X( -f)ata) X, 2 3 

[1+0(X-1)] 

Let now X be fixed and x~o in 10.4.121. There 
results 

10.4.122 Yo(x) "'t '11'-112>.. -ltGz112 (t x)~ e>.. 

On tbe other hand, y0(x) is a solution of 10.4.117 
and therefore it can be written in the form 

where, from 9.1.7 for X fixed and z~ 

Thus, lett:ing x~o in 10.4.123 and comparing the 
resulting relation with 10.4.122 one finds that 
c2=0 and 

It follows from 10.4.120 that uniformly in x on 
O<x<co 

10.4.125 

JA(Az) 

Numerical Methods 

10.5. Use and Extension of the Tables 

Spherical Beeeel Functions 

To computej11.(x), Y11(x), n=O, 1, 2, for values of 
z outside the range of Table 10.1, use formulas 
10.1.11, 10.1.12 and obtain values for the circular 
functions £rom Tables 4.6-4.8. 

Example 1. Compute j 1 (z) for x=11.425. 

Fr 10 1 11 . ( ) sin x cos x H . om • . , J1 x =7 --x-· ence, usmg 

Tables 4.6 and 4.8, 

. (11 425)= .90920 500 .41634 873 
JI • (11.425)2 11.425 

= - .00696 54535-.036441902 

=-.04340 7356. 

To compute j.,.(x), 11 <n~201 for a value of x 
within the range of Table 10.3, obtain from Table 
10.3, directly or possibly by linear interpolation, 
j"Jl(x), i2o~x) and use these as starting values in the 
recurrence rel~tion 10.1.19 for decreasing n. 

An alternative procedure which often yields 
better accuracy and which also applies to compu­
tations of j 11(x) when both nand x are outside the 
range of Table 10.1 is the following device essen­
tia.lly due to J. C. P. Miller [9.20]. 

At some value N larger than the desired value 
n, assume tentatively FN+1=0, FN=1 and use 
recurrence relation 10.1.19 for decreasing N to 
obtain the sequence F N-1, • . • , Fo. H N was 
chosen large enough, each term of this sequence 
up to F .. is proportional, to a certain number of 
significant figures, to the corresponding term in 
the sequence iN-I(x), ... , }o(x) of true values. 
The factor of proportionality, p, may be obtained 
by comparing, say, F0 with the true value io(x) 
computed separately. The terms in the sequence 
pF0, • • • pF,. are then accurate to the number 
of significant figures present in the tentative 
values. If the accuracy obtained is not sufficient, 
the process may be repeated by starting from a. 
larger value N. 
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11. Integrals of Bessel Functions 

Mathematical Properties 

11.1. Simple Integrals of Bessel Functions 

i'tllJ,(t)dt 

11.1.1 

! 't,.J.(t)dt 

11.1.2 

Recurrence RelatioDB 

ll.l.S 

J:'J,.+l(t)dt= J:'J,._~(t)dt-2J,.(z) 

11.1.6 J:' J 1 (t)dt=l-J0(z) 

J Jo(t)dt,f Yo(t)dt,f I o(t)dt, J K 0(t)dt 

11.1.'7 

r· 1 Jo 'Co(t)dt=z~o(z)+2T.&{ Ho(z)~(z)-H1(:z:)~(:z:)} 

~.(x) =AJ,(x) + BY,(x) ,v=O,l 

A and B are constants. 

480 

11.1.8 

f"' 1 J o Zo(t)dt=xZo(x)+2TX{ -Lo(z)Zt(:z:)+Lt(z)Zo(tt:)} 

Z,(x) =Al,(x) + Be'"J:K,(x) ,P=O,l 

A and B a.re constants. 

B,(z) and L,(:z:) a.re Struve functions (see 
chapter 12). 

11.1.9 

fo"'Ko<t)dt=-( -y+ln~) x~ (kt~;gr: t) 
"' (z/2) -a 

+x~ (kl)2(2k+l)2 

"' (z/2)2
t ( 1 1) 

+xf,;t (k!)2(2k+l) 1+2+ · · · +k 

'Y (Euler's constant)=.57721 56649 ... 

In this and all other integrals of 11.1, x is real 
and positive although all the results remain valid 
for extended portions of the complex plane unless 
stated to the contrary. 

ll.l.1C) . 

r-u 1t' f"' r f "' 
Jo Ko(t)dt=2 Jo J 0(t)dt+i 2 Jo Y 0(t)dt 

Asymptotic Expansio_na 

ll.l.U 

i "' [J0(t) +iY0(t)]dt-(!Y e'c:r:-•l•> 

x[-£ (-)la2t+l:z:-tl-l+i '£ (-)1~.,:~:-u] 
k•O 1•0 

11.1.12 

11.1.13 

2(k+l)a1+t=3 ( k+~)(k+~) at 

-( k+~Y ( k-~) at-1 
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11.1.14 xte-11i 11 

[ 0(t)dt-(211')-t to a~-t 
where the at are defined as in 11.1.12. 

where the at a.re defined as in 11.1.12. 

Polynomial ApprodmatioDII 1 

11.1.16 

i"' [J0(t)+t'Y0(t)]dt 

11.1.17 

=x.,..Jel<z-.-J4>[ti (-?at(z/8) -r.t-l 

0 
1 
2 
3 
4 
5 
6 
7 

+ito (-)tbt.<z/8)- •+e(z) J 
le(z)l ~2X1o-a 

. 06233 47304 

. 00404 03539 

. 00100 89872 

. 00053 66169 

. 00039 92825 

. 00027 55037 

. 00012 70039 

. 00002 68482 

b .. 

. 79788 45600 

. 01256 42405 

. 00178 70944 

. 00067 40148 

. 00041 00676 

. 00025 43955 

. 00011 07299 

. 00002 26238 

xte_,iz l 0(t)dt='t da;(z/8)- *+e(z) 

le(z)l ~2X1o-e 

k d. 
0 . 39894 23 

1 . 03117 34 

2 . 00591 91 

3 . 00559 56 

4 - . 01148 58 

5 . 01774 40 

6 -. 00739 95 

'Approximation ll.I.l6 is from A. J. M. Hitchcock. 
PoJynomial approximations to Bessel functions of order 
zero and one and to related .functions, Math. Tables Aids 
Comp. ll, 86-88. (1957) (witb pennisaion). 

11.1.18 

zt~ K 0(t)dt= ~ (-)1e.,(z/7)-•+e(x) f.
.. 6 

• t.:O 

le(z)l ~2X10-7 

k e .. 
0 1. 25331 414 
1 o. 11190 289 
2 . 02576 646 
3 . 00933 994 
4 . 00417 454 
5 . 00163 271 
6 . 00033 934 

f Jo(t)dt JY0(t)dt JKo(t)dt 
t , t , t 

ll.l.l9 

rs 1-Jo(t) dt 
Jo t 

For 1/t(z), see 6.3 • 

11.1.20 

f"' Jo(t)dt +-r+In ~= rs [1-Jo(t)]dt 
Js t 2 Jo t 

ll.L22 

f .. K 0(t)dt 
J, t 

11.1.23 

.. (-)t(~)· 
=-~ 2k{kl)1 

f -•"' K 0 (t)dt i1r f."' Jo(t)dt 11' f."' Yo(t)dt 
-u t 2 " t 2 c t 
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Aa,-.nptotic ExpaDJ!ione 

where 

11.1.25 

where 

11.1.27 
13 c0=l,c1=g 

2(k+ l)cHl=[ 3(k+ 1)2+i] Ct-( k-t,;~)
8

ct·-l 

ll.1.28 ;tt2e- : f:r [fo(t)-J]dt -(211")-ti: Ct:t:-t 
J o t k-o 

where Ct is defined a.s in 11.1.27. 

Po)y;nomial Approximation.a 

11.1.29 

i"' %(t)dt 2gl (x)~(x) Uo(x)~(x) 
~ t x2 x 

where 

k a1 b~ 

-
0 1.0 1.0 
1 0. 15999 2815 0.31998 5629 
2 . 10161 9385 . 30485 8155 
3 . 13081 1585 . 52324 6341 
4 . 20740 4022 L 03702 0112 
5 . 28330 0508 1. 69980 3050 
6 . 27902 9488 1. 95320 6413 
7 . 17891 5710 1. 43132 5684 
8 . 06622 8328 0. 59605 4956 
9 . 01070 2234 . 10702 2336 

11.1.30 

k dk 

0 1. 25331 41 
I 0. 50913 39 
2 . 32191 84 
3 . 26214 46 
4 . 20601 26 
5 . 11103 96 
6 . 02724 00 

11.1.31 5~x~ en 

x-le-:J:z[Io(t);l]dt =toft(~) -t +E(X) 

jE(x)l ~J:t,xi0-11 

k '" 0 0. 39893 14 
1 . 13320 55 
2 -. 04938 43 
3 1. 47800 44 
4 -8. 65560 13 
5 28. 12214 78 
6 -48.05241 15 
7 40. 39473 40 
8 - u. 90943 95 
9 --3.51950 09 

10 2. 19454 64 

ll.2. Repeated Integrals of J,.(z) and K 0(z) 

Repeated Integral& of J ,.(z) 

Let 

11.2.1 

fo. ,.(z)=J,.(z), 

A ,.(z)= i~ J ,.(t)dt, ... , j,,,.(z) = J:~ f,-1, ,.(t)dt 

0: 
11.2.2 j _,,,.(z)= dz' J,.(z) 

Then 

11.2.3 
1 f' j,,,.(z)=r(r) Jo (z-ty-tJ,(t)dt (f?lr>O) 

2~ "' r(k+r) 
ll.2.4 j,,,.(z)= r (r) ~ k! · J,.+r+2k(z) 
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Recurrence Relationa 
11.2.5 

r(r-l)fr+t . • (z)=2(r-1)~,. ,.(z) 

- [ (l-r}2-n2+ z2Jfr-t, ~~(z) 

11.2.6 
+ (2r-3)~r-2,,.(z)·-z':/,_a, "(z) 

rf,+t, o(z)= zf,, o(z)-(r-l)f,-l,o(z)+~:f,_t,o(z)' 

ll.2.7 fr+t. n+t(z) fr+t, ll-t(z)-2J,. ,.(.z) 

Repeated Integrals of ~(s) 
Let 

11.2.8 

Kio(z)=Ko(z), 

Ki1(z)= J."' K 0(t)dt, ... , Ki,(z)= s.~· Ki,_1(t)dt 

11.2.9 KL,(z)=(-)' {z Ko(z) 

Tbe·n 

11.2.10 . i"' e-• aollb r dt 
KI,.(z) = h' t 

0 cos 

(9lz~O, 9lr>O, PA'z>O, r=O) 
11.2.11 

Ki,(z) =r~r) J. .. (t-z)'- 1Ko(t)dt 

(Elz~~O, Plr>O) 

U.2.12 Ki
2
,(0) r(r)r(t) 

r(r+i) 

1r 

(Elr>O) 

2 r(r+i) ( ) 
11.2.13 Ki2r+t(O) r(!)r(r+1) ~Pr>-i 
11.2.14 

rKi,+1 (z) =-zKi,(z) + (r-l)Ki,__1 (z) + zKi,_2 (z) 

11.3. Reduc tion Formulas for Indefinite 
lntegrab 

Let 

11.3.1 g,.,.(z)= J' e-111tfZ,(t)dt 

where Z,(z) represents any of the Bess~M. functions 
of the first three kinds or the modified Bessel 
functions. The parameters a and b aJPpea.ring in 
the reduction formulae are associated with the 
particular type of Bessel function as delineated 
in the following table. 

ll.3.2 Z.(z) 
J,(z), Y,(z), H!ll(z), H~2>(z) 
l,(z) 
K,(z) 

11.3.3 

pu~. ,(i)=-e- 11'z11Z,(z) 

a b 
1 1 

-1 1 
1 -1 

+ (~+v)u,.-t, ,(z)-au11 •• +t(z) 

11.3.4 

pg,., o+t(z)=-e-"'z11Z,+1(z) 

+ ~-v-1 )UJA-t,•+t (z)+bg,. ,.(z) 

11.3.5 

(p2+ab )g,.,,(z) =ae-"~z~'Z,+t (z) 

+(~-v-1)e-"'zr1Z,(z)-pe-"'zi'Z,(z) 

+p(2~-1 )g11~t •• (z)+ [v2
- (p-l)2]U;.-2,.(z) 

11.3.6 

a(v-p)g,.,,H(z) = -2ve-"'Z"Z,(z) -2vpg,.,,(z) 

+b(p+v)g,.,,_l(z) 

Caeel t 

e-11zz-·+l{ b } 
11.3.8 g_,,,(z)=:--

211
_

1 
Z,(z)+_p -?'•-1 (z) 

11.3.9 

11.3.10 

ll.3.11 

rz eUz•+l Jo e'1t•Y,(t)dt=2v+l [Y.(z)-iY.+t(z)] 

ll.3.12 

i2•Hr(v+l) 
11"(2v+lJ 
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11.3.13 
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J:' e-•J,.(t)dt=ze-•[J0(z)+l1(z)] 

ll.3.14 

e±•z.-··H 
2v-1 [I,(z)=t=J,_J(z)] 

1 
=F2t- 1(2v-l)r(v) (v;-!i) 

11.3.15 

i' e±'t•K,(t)dt 

King's integral (see [11.5]) 

11.3.16 J:'e'K0(t)dt=ze'[K0(z)+Kt(z)]-1 

11.3.17 

J,"' e•t-•K,(t)dt 

Cue2: 

ll.3.18 

e•z-r+l 
2
,_

1 
[K,(z)+K,-t(z)] (fllv>i) 

p=0,~£=±v 

bg,, ,_1 (z) =z•Z,(z) 

11.3.19 ag_,,,+t(z)=-z-•Z,(z) 

ll.3.20 J:a t•J,_1(t)dt=0'J,(z) (~>O) 

ll.3.21 

ll.3.22 

2ni'Jz..(t)dt=l~ '5: (2k-l)Jn-
1
(z) 

o t Zr=i 

ll.3.23 

11.3.24 

11.3.25 i' t•],_1(t)dt=z•I,(z) 

11.3.26 L' t-•[,+1 (t)dt= z- • l,(z) 2•r(:+ 1) 

11.3.27 

i' t•K,_t(t)dt=-z•K,(z)+2•-1r(v) (f4v>O) 

Indefinite lntegrala of Product. of Deuel Functiona 

Let %(z) and B#,(z) denote any two cylinder 
functions of orders I' and , respectively. 

ll.3.29 

f' { (kl-l')t- (l't-;,S) }~(kt)P},(lt)dt 
=z{kec-"+1 (kz)P2,(lz)-l<6',.(kz)P}~+t(lz)} • 

- {1'-v)<"C,.(kz) P},(lz) 

11.3.30 

f' t-,.-·-1~+1 (t) !?),.+1 (t)dt 

z-,.,..., . 
:= 2(~£+vtl) {~(z)HfJ,(z)+<"C~"-+1 (z)H(),.._,(z)} 

ll.3.31 

s· t,.t.+1%(t)!?)..(t)dt 

z"+r+2 
2(~£+v+l) {~(z)H(),(z)+<G;+t(z)ga+t(z) J 

11.3.32 

r· t.P,_l(t)dt=2 ~ (v+2k)J!+n(z) Jo t-o 
11.3.33 

i' t[J!_.(t)-J~+1 (t)]dt=211J:(z) 

r· zt 
11.3.34 Jo t.Po(t)dt=2[.Po(z)+JHz)] 

ll.3.35 

i ' 1 " J,.(t)J,.+1(t)dt 2- [1-J~(z)]-~ Jl(z) 
0 . k•l 

= ~ Ji(z) 
t•n+1 
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11.3.36 

(~o£+v) f' t-1~(t)2J,(t)dt 
-(lo'+v+2n) s· t-l~+ .. (t)~.+"(t)dt 

ta-l 

=%(z)~.(z)+~+ .. {z)~.+"(z)+2:E~+:t(z)~,H(z) 
l-1 

Convolution Type lntep:ale 

11.3.37 

11.3.38 

1• J,(t)J1_,(z-t)dt=J0(z)-cos z (-1<~<2) 

11.3.39 

l ' J,(t)J_,(z.-t)dt=sin z . C!~~l<l) 

11.3.-w 

l~ e-1J,.(t)J,(z-t)dt J~>+;(z) 

11.3.41 

r~ J,.(t) J,(z-t)dt = ("'+v)J,.+.(z) 
Jo t(z-t) lo£11Z 

(91"'>0, fJb >O) 

11.4. Definite Integrals 

Orthogonality Properti~ of Beael Fun•ctioDII 

Let <if,(z) be a cylinder function of' order v. 
In particular, let 

11.4.1 ~(z)=AJ,(z) + BY,(z) 

where A and B are real constants. Them 

11.4.2 

i 11 

tctf,(>.,.t) ~ (X..t)dt =0 ( m ~n) 

=[~ t'{ (t-).~.) ~(>.,.t)+~;1{X"t:)} I 
(m=n)(O<a<b) 

provided the following two conditions ho1ld: 
1. >.,. is a real zero of 

2. There must exist numbers k1 a.nd k, (both 
not zero) so that for all n 

In connection with these formulae, see ll.3.29. 
If a=O, the above is, vtilid provided B=O. This 
case is covered by the following result. 

11.4.5 

i'tJ,(q,.t)J,(a,.t)dt=O (m~n,v>-1) 
=i[J:(a..)P 

(m=n,b=O,v>-1) 

=2~ [::+~-~] [J,(a,.)]2 

(m=n, b~O, v~-1) 

ai, a,, .. . are the positive zeros of 
aJ,(z)+b:t.T;(z)=O, where a and b are real con­
stants. 

11.4.6 

J:"' t-•J•+2"+t(t)J,H,.+I(t)dt=O (m ~n) 
1 

11.4.7 

2(2n+v+I) 

(m=n)(v+n+m>-1) 

Defi.nite lntep-ala Over a Finite Ranp 

11' ii J 211(2z sin t)dt ~ J!(z) 

11.4.8 lr J 0(2z sin t) cos 'llntdt=1rJ!(z) 

.. 
11.4.9 ii Y 0(2z sin t) cos 2ntdt ~ J"(z)Y.(z) 

11.4.10 
.. i'i J,.(z sin t) sin•Ht cos2'+1 tdt 

2•r(v+I) 
zo+l J.~~+•+t(z) (ffl~o£>-11 f!lv>-1) 

11.4-• .11 

.. ii J,_(z sin' t)J,(z cos2 t) esc 2tdt 

=("'+v) J ,(z) (91"'>0, f!lv>O) 
4"'1' II+ 
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Infinite Integrals 

Integrals of the Form iQ) e- 111VZ,(t)dt 

ll.4.12 

11.4.13 

i"" e-•t,.- 1 l ,(t)dt 

11.4.14 

t' .. (l.+•> 
e r(~+v) r(!.-~) 

r(!)211r(v-~t+I) 

( Bl~t<~' &l(~t+v):>o) 

rc~+v)r(i-~) 
r(1)211r(JA-~+l) 

( ~ ~£<~' &l (p+v) :>o) 

11.4.23 i"' K0(t)dt=~ 

U.4.24 J"' e-'"''J (t)dt 2(-i)"T,.(w) ( 2<1) 
_..,. " · (1-wl)t w 

=O(w2>I) 

where T,. ( w) is the Chebyshev polynomial of the 
first kind (see chapter 22). 

ll.4.25 

J_:t-1e-'"''J ,. (t)dt 

o:=
2i (-i)"(l-w2)lU,._1(w)(w'<l) 
n 

=O{w'>l) 

where U,.(w) is the Chebyshev polynomial of the i "' cos btK0(t)dt (It2)t 

11.4.15 

(1.10[<1) second kind (see chapter 22). 

f "" arc sinh b Jo sin bt K 0 (t)dt (I +b2)i CIAI<I ) 

... . 21'f c~~+~+I) 
ll.U6 f. t'.l,(t)dt= r c·-~+1) 

( &1(~+11)>-1, !?I~<~) 

11.4.17 i'" J,(t)dt=l (f?lp>-1) 

ll.4.18 

f "' [1-Jo(t) ]dt 
Jo t~' 

11.4.19 

i"'t,.Y. (t)dt=~ r (~t+;+t) r c~t-;+1) 

X sin~ (~t-~) ( &l{ll±v)>-1, &l~t<~) 

11.4.26 

J _Q),. t-le-'"'J,.+J(t)dt=( - i)"(2?r)lP,.(w) (w2<I) 

=O(w'>1) 

where P ,.(w) is the Legendre polJnomial (see 
chapter 22). 

11.4.27 

i CD e-•ti-
1J 4 [2(zt)l]dt= 'Y<;~;) (!!la>o, f?lz>O) 

where -y(a, z) is the incomplete gamma function 
(see chapter 6). 

Integrals o£ the Fo.rm Jo., coJ.:apoz,(bt)dt 

11.4.28 

i"' e -r.ttt~ tr 1J,(bt)dt 

r (~ v+~ 1£) (~ ~)' c· 1 bl) 
== 2CV'f(v+I) M 2"+2 #, v+l,-4a2 

(gt'(~t+")>O, f?la'>O) 

ll.4.20 i<» Y,(t)dt=-tan '; 

11.4.21 iCJ) Y 0 (t)dt=O 

(j&lvi<I) where the notation M(a, b, z) stands for the con­
fluent hypergeometric function (see chapter 13). 

ll.4.22 

1· t11K,(t).dt=211-1 r (~t+;+1) r c~t-;+1) 

(&l(~t±v)>-1) 
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11.4.3() 

r e """'"Y ,.(bt)dt=-~ ' :, [1. (:;,) tan .,. 

+; K. (~,) sec w J (l~vl<~, ~a'>o) 
11.4.31 

bl i .. e-"'i' I,(bt)dt=;: e841 Ji• c:2) 

(!!111>-1, f?lat>O) 
ll.4.32 

b' i "' e-aJtt K 0(bt)dt=: eea• K 0 (;:, ) (£?1a2>0) 

Weber-Scbafheitlln Type lntqrala 

11.4.33 

f"' J"(at)J.(bt)dt 
Jo tA 2~a·-H•r(v+1)r~(~'-"t~+l) 

X F (~£+v->.+1 11-~£->-+I. +I· b') 
2 • 2 ' 2 ' " ' at 

(&l{l'+v->.+1)>0, [JlX>-1, O< b<a) 

11.4.34 

r· J,.(at)J,(bt)dt 
Jo t>-

2l.61'-H 1r(l'+ 1) r ("-~t>-+1) 

X F (~'+v->.+1 S£-v-X+l. + 1· a1
) 

2 1 2 J 2 '~' "' b' 

(!?l(~£+v-X+1)>0, f!l'J>.>-I, O< a< b) 

For Ji'1, see chapter 15. 

Special Caeee of the Diacontinuoua Webclr-Sc.hafheitlin 
Integral 

U .4.35 

i .. J,.(at) sin bt.dt 
0 t 

1 . [ . b] I' Sffi 1£ arc SlD a (O.$b~a) 

(b~a>O) 

aJ' sin Tr~£ 
2 

11.4.36 
(fJlp.> -1) 

f "' J,. (at) cos bt dt 
Jo t 

(O$b<a) 

(b~a>O) 

(BlS£> 0) 

11.4.37 

cos [1-' arc sin ~ J 
fo"' J ... (at) cos bt dt (O~b<a) Jo ,.. (a1-b2)1 

11.4.38 

-a" sin '~'1-' 
2 

. [ . b] f"' • BID ~arcsm a 
Jo J,.(at) sm bt dt= (a•-b2)t (O~b<a) 

ll.4.39 i• e""J0 (at)dt 

11 ••. 40 

aJ'COS 7rp. 
2 

(b> a> O) 

1 
(a2-b2)1 

~ 

(b2-a~)t 

(Bl~-&>-2) 

(O~b<a) 

(O<a<b) 

L., e'a'Yo(at)dt r(a'~bt)l arc sin~ (O~b<a) 
-1 2i 

(b1-a1)t+ 1r(b2-a2)l 

X ln { b-(b~-a')'} (O<a< b) 

11.4.41 

fo• t,.- .+•J,. (at)J,(bt)dt=O 

11.4.42 

11.4.43 

2"--+ta,.(b'-a')•-rl 
= b•r(,-S£) 

(b> a> O) 

(fflv>Bl~-&>-1) 

.J:.. ~-· 
0 J,. (at)rJ,._. (bt)dt=q;;- (O<b<a) 

1 
(O< b=a) = 2b 

=0 (b>a>O) 

(fJtp.>O) 

.C· Jo~at) { I-Jo(bt) }dt=o (O<b~a) 

=ln ~ (b~a>O) 
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Bankel-Nicholeon Type Integrala 

11.4.44 

f"' t•HJ.(at)dt a!'z'- ,. 
J o (t2+z,)"+l 21'T(~o~+I) K,_,.(az) 

( a>O, &lz>O~-l<&lv<2~~o~+~) 

11.4.46 

f"' Yo(at)dt _ K 0(az) 
Jo t2+z2 z 

(a>O, 9lz'>O) 

11.4.47 

r· K,(at)dt r' 
J o t•(t2+z1) 4z•+l cos "[H,(az)-Y,(az)J 

(Bla>O, 9lz~O, 9lv<!) 
11.4.48 

f"' J,(at)dt lt,(iaz)Kt,(!az) 
Jo (t2+z2)l 

11.4.49 

(~~)' r{v+I) 
r(211+1) l ,(}az)K,(iaz) 

(a>O,Blz>O,~v>-!) 

Numerical Methods 

U.S. Use and Extension of the. Tables 

For moderate values of x, use 11.1.2 and 11.1. 7-
11.1.10 as appropriate. For x sufficiently large, 
use the asymptotic expansions o.r the polynomial 
approximations 11.1.11-11.1.18. 

f3.06 
Example 1. Oompute Jo Jo(t)dt to 5D. 

Using 11.1.2 and interpolating in Tables 9.1 and 
9.2, we have 

J:&.06 JO(t)dt=2[.32019 09+.31783 69+.04611 52 

+ . 00283 19+.00009 72+.00000 21] 
=1.37415 

f 8.06 
Example 2. Compute Jo J 0(t)dt to 5D by 

interpolation of Table 11.1 using Taylor's formula. 
We have 

i z+A Jo(t)dt= i" J 0(t)dt+ kJo(x) ~
2 

J 1(x) 

h3 h4 

+12 [J2(z)-Jo(x)]+96 [3J,(x)-J 8(x)]+ ... 

Then with x=3.0 and h= .05, 

f3.06 
Jo Jo~t)dt= 1.387567 + (.05) (- .260052) 

- (.00125) (.339059) 

+ (.000010) (.746143) = 1.37415 

This value is readily checked using z=-=3.1 and 
h=-.05. Now IJ0(x)lsl for all x and [J,.(z)l 
<2-l, n~ 1 for o.ll z. In Table 11.1, we can 
always choose lhl ~.05. Thus if all terms of O(h') 
and higher are neglected, then a bound for the 
absolute error is 2ih4/48<.2·10- 6 for all z. if lhl 
~.05. Similarly, the absolute error for quadratic 
interpolation does not exceed 

h,3(2i + 2)/24< .2 . lQ- 4• 

Example 3. Interpolation of J::J0(t)dt using 

Simpson's rule. We have 

i*ll Jo(t)dt= i r Jo(t)dt+ i~+ll Jo(t)dt 

iz+ll Jo(t)dt=~ [Jo(x)+~o ( x+~)+J0(x+h) ]+R 
R=-2~0 J~•>(E), x<E<x+h 

Now 
. 1 JJ•l (z) =s [J .(x) -4J2(x) +3Jo(x) 1 

IJJ•><x>i<6~~.J2 <.82 
and with lhl ~.05, it follows that 

IR1<.9 . 1Q-10 

Thus if :&=3.0 and h=.05 

J:s.o& J 0(t)dt= l.38756 72520+ (.~5) [- .26005 19549 

+4(-.2684113883)-.27653 49599] 

= 1.37414 86481 
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which is correct to lOD. The above procedure 
gives high accuracy though it may be necessary to 

interpolate twice in Jo(z) to compute J o( z+~) 
and J 0(z+h). A. similar technique based on the 
trapezoidal rule is less accurate, but at most only 
one interpolation of J o(x) is required. 

Example 4. ComputeL
8 

J 0(t )dt and L
3 

Yo(t )dt 

to 5D using the representation in terms of Struve 
functions and the tables in chapters 9 and 12. 

For x= 3, from Tables 9.1 and 12.1 

J0=- . 260052 J1 = . 339059 

Yo= . 376850 Y1= . 324674 

Bo= . 574306 B 1=1. 020110 

Using 11.1.7, we have 

La J 0(t)dt=3(-.260052} + 
3
; [(.574306)(.339059) 

- (1.02011 0) (-.260052) l 
= 1.38757 

Similarly, 

La Y0(t)dt=.l9766 

Using ll.l.8 and Tables 9.8 and 12.1, one can 

compute i"' lo(t )dt and iz K 0(t)dt. 

f .. J o(t)dt, f"' Yo(t )dt, t• [Io(t)-l]dt, f"' Ko(t )dt 
J: t J: t Jo t Js t 

For moderate values of z, use ll.l.l9-11.1.23. 
For x sufficien tly large, use the asymptotic ex­
pansions or the polynomial approximations 
ll.l.24-ll.1.31. 

Repeated Integrala of Jo(z) 

For moderate values of x and r , use ll.2.4. 
II r =l, see Example 1. For moderate v alues of 
z, use th e recurrence formula ll.2.5. If x is large 
and x» r, see the discussion below. 

Example 5. Compute J,. 0(x) j,(x) to 5D for 
x=2 and r=0(1)5 using 11.2.6. We have 

rf,+r (z) = xj,(x)- (r - l)j,_1 (x) +zJ,_,(x) 

f -tCz) = - J. (x), fo (x)=Jo(x), ft (Z)= iz J o (t) dt 

and the terms on this last line are tabulated. Thus 
for z = 2, 

f - t= -.57672 48, fo=.22389 08,11= 1.42577 03 

The r ecurrence formula gives 

f:z=2(f. + f-1)=1.69809 10 
Simile.rly, 

fa= l.20909 66,],=.62451 73,}6= .25448 17 

When :r> >r, it is convenient to use the auxil­
iary function 

This satisfies the recurrence relation 

2.19r+t(~)=z2g,-(r-1)2g,_.(z) 

+Cr-l)(r-2)g,_:~(:~:), r~3 

9I (:~~) = L"' J o(t)dt, g2(x) =gt (x) -J1 (z) 

Ua(z) =[z2g2(:r) -gt(Z) + zJo(x))/z' 

Example 6. Compute g,(z) to 5D for x= 10 
and r = 0(1)6. We have for z=lO, 

J 0= - .24593 58, J ,,.04347 27, g1= 1.06701 13 

Thus 
g,=1.02353 86, ua=.98827 49 

and the forward recunence formula gives 

g. =.96867 36, ua=.94114 12, ua=.90474 64 

For tables of 2-'j,(:~~), see [11.16]. 

Repeated lntegrala ol Ko~$) 

For moderate values of z, use the recurrence 
formula. 11.2.14 for all r . 

Example 7. Compute Ki,(z) to 5D for :c= 2 
II.Ild r=0(1) 5. We have 

rKi,+1 (z) = -:tKi,(z) + (r-1)Ki,_1(z) + xKi,_?(z) 

K.L1(z)=K1(z), Ki0(z) =~(z), Ki1(z)= i"' ~(t)dt 
and the functions on this last line are tabulated 
Thus for .:c=2, 

Ko= .11389 39, K 1=.13986 59, Ki~ =.097l2 06 

and 

Similarly, 

Kia=.07696 36, Ki,=.07043 17, Ki5=.06525 22 

If xfr is not large the formula can still be used 
provided that the starting values are sufficiently 
accurate to offset the growth of roundin~ error. 

For tables of Ki,(z), see [11.11]. 
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Now 

fo(x)= iz K 0(t)dtJt(Z)=[l - zK1(z)]/:t 

the latter following from 11.3.27 with v= 1. In 
11.3.5, put a=l1 b=-1, p=O and v=O. Let 
p.=m. Then 

j,.(z)= [(m-1)~,.-2(z) -z'lK1 (z) 

-z(m-1)K0(z)]/z2 (m>l) 

Using tabular values of fo and f1> pne can compute 
in succession J2, j 3, . . . provided that m/z is not 
large. 

Example 8. Computef,.(z) to 5D for z=5 a.nd 
m=0(1)6. We have, retaining two additional 
decimals 

Thus 

~= . 00369 ll 

fo= 1. 56738 74 

K1 =. 00404 46 

ft=· 19595 54 

}2=.05791 27,}.=.01458 93,Je=.00685 36 

Similarly starting withj,, we can compute fa andf6· 
If m>x, employ the recurrence formula in 

backward form a.nd write 

fm-2(z)=[~m(z) +z2K,(x)+z(m- l)K0(z)]/(m-1)2 

In the latter expression, replace j,. by g111 • Fix z. 
Take r>m and assume g,=O. Compute 9r-a1 

Ur-4t etc. Then 

lim g,_n(x) j,.(z), m=r-2k 
·~"' 

.Apart from round-{)ff error, the value of r needed 
to achieve a stated accuracy for given z and m 
can be determined a. priori. Let 

Then 
E,=jg,-j,j 

(r-1) 2(r-3) 3 ••• (r-2k+1)Z 

Er ~ [rK1 (x)+x(r-1)K0 (x) 1/(r-1)2 

since for x fixed,j, (z) is positive and decreases as r 
increases. 

Example 9. Computej111(x) to 5D for x=3 and 
m=0(2)10. We have 

K 0 =.03473 95 

If r=16, 

Taking g1a=O, we compute the following values 
of gu, gl21 •• 'I Uo by recurrence. Also recorded 
are the required values off.,. to 5D. 

m g,. ! .. 

14 . 00855 42 
12 . 01061 09 
10 . 01325 05 . 0132·5 

8 . 01751 39 . 01751 
6 . 02548 09 . 02548 
4 . 044.47 31 . 044.4'7 
2 . U936 90 . 11937 
0 1. 53994 71 1. 53995 

For tables ofj,.(z), see [11.21]. 
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12. Struve Functions and Related Functions 

Mathematical Properties 

12.1. Struve Function B,(~) 

Differential Equation and General Solution 

12.1.1 

The general solution is 

12.1.2 w=aJ,(z)+bY.(z)+H,(z) (a,b, constants) 

where z-'H,(z) is a.n entire function of z. 

Power Series Expan.eion 

12.1.3 

12.1. 5 

Integral Rep-reeenta1io1111 

If gp,>-!, 

12.1.6 

B. (z) 2 (!z)• ft (1-t2)rlsin (z t) dt 
.[; r(,+l) Jo 

12.1.7 

12.1.8 

12.1.9 

12.1.10 

496 

.. 
2(! z)• f"2 sin (zoos 9) sin., 9d9 

.J;r(v+l) Jo 

=Y. (z) 

+ 2(iz)• . f"' e-•• ct+t~)-ldt 
-v'ir(,+l) Jo 

(laxg zl<i) 
Recu.rrenee Relatione 

12.1.11 

12.1.12 

12.1.13 

-.• 

Hn (X) 

. 8 

~= (2/ro)-H1 

d 
dz (z•H,)=z•H,_J 

FIGURE 12.1. Struve junctions. 

H,.(z), n=O(l)3 

FIGURE 12.2. Struve junctions. 

H.(z) , -n=-1(1)3 
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-.1 

FIGURE 12.3. Struve functions. 

B.(z), z=3, 5 

Special Propertiee 

12.1.14 B,{x) > 0 (x>O and ~~~ 1) 

12.1.15 

B-[t•+t>(z)=(-l)'VIl+t(z) (nan integer~O) 

12.1.16 H,(z)=(~~Y {1-cos z) 

12.1.17 

~(z)=(2:)' (1+ :2)-(:z)' (sin z+ co; z) 
12.1.18 B.(ze"' .. ')=e"'<•+~>rtB,(z) (man integer) 

12.1.19 ~(z)=! f: J2~:+1(z) 
1r t=O 2k+1 

12.1.20 BI(z)=~-~ J 0(z)+! :,E ~-z_:(z) 
1r 1r ll".t-l'tll:""-1 

Integrate (See chapter 11) 

12.1.22 l"' r' Ho(t)dt=~ 
12.1.23 

12.1.25 
Struve'e lnte«r&l 

4f."" 2 2s.· - e-'B,(t)dt=-B,(z)+- t-1 Ho('t)dt 
1r a 1rZ 1r a 

12.1.26 

2s.· 4[ ~ - t-1 Bo(t)dt=l-- z---
1r • 1r

2 1 2·32·3 

+ z6 
1 1·32·52·5 

12.1.27 

fo• t,.-,-IH,(t)dt f(!~)2"-•-l tan (f1r~~>) 
J~ f(JI-b+ 1) 

<lfJI~~>l<1 , f!lv>9lp.-}) 

Ifj,{z)= i" H,(t)t•dt 

12.1.28 
I•+ I= (2"+ l)j,{z)-z•+IB,(z) 

zt.+t 

+ (v+ 1)2>+1r(t)r(,+i) (&lv >-!) 

where R,.=O(Izl·-1--
1
). If ., is real, z positive • 

and m+!-,~0,. the remainder after m terms is 
of the same sign and numerically less than the 
first term neglected. 

1.2.1.30 
2 [1 1 p . 31 11 

. 31 
• 51 J 

llo(z)-Yo(z}-;: z z3+--zr- 21 + · · · 
(!arg zl<1r) 

12.1.32 

[llo(t)-Y0(t)]dt-- [ln (2z)+yJ i. 2 

0 1r 

where ;·=.57721 56649 . . . is Euler's constant. 

12.1.33 

J.
... - I 2 CD ( -1)i[ (2k) 1]1 

• t [lfo(t)- Yo (t)]dt-rz ~ (k!)2(2k+l)(2z)ti 

(!arg zl<.,.) 
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Asymptotic Exparu~ions for Large Orden 

12.1.34 
2(iz)' • klbt 

H,(z)-Y, (~)-~r(11+i) ~ z*H 

()arg zl<lr,)JI!<I2:1) 

bo=l, b1 =211/Z1 b,=6(v/z)~-t, ba=20(v/z)3-4(J1/z) 

12.1.35 

H,(z)+iJ,(z)"' 2(iz)• ± kl!: (!JII>I:::/) 
.J;rc~~+i) t--o z* 

12.2. Modified Struve Function L,(•) 

Power Serle8 Exparudon 
.... 

12.2.1 L,(z)=-ie-2 B,(iz) 

12.2.2 

12.2.3 

12.2.5 

6 

.. 

2 

-I 

• (z/2)tt 
=(!z)•+l ~ r(k+t)r(k+v+-l) 

Integral RepreKntatioiUI 
F 

2(z/2)' f'i L,(z)=- c . sinh (z cos 8) sin2
• 84'18 

-vrr(v+!) o 
(!Jt'JI>-;l) 

Recurrence Relatione 

2v (z/2)' L,_1-L,+t=- L,+ c 
z "'"" rc~~+t) 

i 
I 

\L-1 
I 
I 
I 
I 

, (z/2)' 
L.-~+L.+t=2L,- r::. 

. -v'lr r(~~+t) 

\ 

3.0 3.5 4.0 4.5 

FIGURE 12A:. Modified St1"11AJe junct:ihns. 

L,.(.:z:}, ±n=0(1)5 

•see oann. 

As:rmptotic Espan1ion £or Large I• I 

12.2.6 L,(z)-/_,(z) 

_! ~ (-t)t+lr(k+!) <I 1<1 ) 
LJ ( )Jt-r+l argz -,11' 

1r t-o r(v+!-k) ~ 

Integrals 

12.2.7 

i' 2 12.2.8 [lo(t)-Lo(t)]dt-- [ln (2z)+'Y] 
0 11" 

2 ... (2k)l (2k-l)! . 
--; ~ (k!)'(2z)" ()arg zl< i1r) 

12.2.9 i. 2 
L1(t)dt=Lo(z)-- z 

0 11" 

Relation to Modi&.ed Spherie&l Bessel Function 

12.3.1 

12.3.2 

12.3.3 

12.3. Anger and Weber Functions 

An(ller'a Function 

11,. l,(z)==- cos (v6-z sin 8) d8 
1r 0 

l,.(z)=J,.(z) (n an integer) 

Weber's Function 

E,(z) ==-~ f .. sin (v8-z sin 8) d8 r Jo 
Relatione Between Anger's a.nd Weber'• Function 

12.3.4 sin (w) l,(z)=cos (w) E~(z)-E_,(z) 

12.3.5 sin (w) E,(z)= l_,(z)-oos (n) l,(z) 

Relations Between Weber's Function and Struve'• 
Function 

U n is a positive integer or zero, 

l'; ']r(k+l) (!z) .. -tt-• 
12.3.6 E,.(z)-; ~ r(n+i-k) H,.(z) 

12.3.7 
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12.3.8 

12.3.9 

Eo(z)=-~(z) 

E1(z)-~Bt(z) ... 

12.3.10 

Numerical Methods 

12.4. Use and Extension of the Tables 

Example 1. Compute Lo(2) to 6D . From 
Table 12.1 / 0(2)-Lo(2)= .342152 i from Ta:ble 9.ll 
we have [ 0(2)=2.279585 so that Lo(2)=1.937433. 

Example 2. Compute llo(10) to 6D . From 
Table 12.2 for x-1=.1. ~(10)-Y0(10)=.063072; 
from Table 9.1 we have Y0 (10)=.055671. Thus, 
llo(10)= .118743. 

Example 3. Compute .C' llo(t)dt for :t=6 to 

5D. Using Tables 12.2, 11.1 and 4.2, we have 

le Ho(t)dt= i ' Yo(t)dt+~ln 6+ft(6) 

=-.125951 + (.636620)(1.791759) 
+.816764 

= 1.83148 

Example 4. Compute H.,(x) for x=4, - n.= 
0(1)8 to 68. From Table 12.1 we have 'llo(4)= 
.1350146, H 1(4)=1.0697267. Usingl2.1.9 we find 

11_,(4)=-.433107 IL4(4)= .680652 
H_2( 4) = .240694 H_0( 4) = -1.21 H06 
IL3(4) = .152624 B...7(4) = 2.82066 
IL(4)=-.439789 IL.8(4)=-8.24H33 

Example 5. Compute H ,.(x) for x=4, n= 
0(1)10 to 78. Starting with the values of llo(4) 
and H ,(4) and using 12.1.9 with forward recur­
rence, we get 

~(4) = .13501 46 
H 1(4)=1.06972 67 
H2(4)= 1.24867 51 
H3(4)= .85800 95 
B 4(4)= .42637 41 
H 5(4) = .16719 87 

H,(4) =.05433 54 
B7(4) =.01510 37 
H s(4) =.00367 33 
H a(4) = .00080 02 
H,o(4)=.00018 So 

We note that for n>6 there is a. rapid loss of 
significant figures. On the other hand using 12.1.3 
for x=4 we find H,(4) =.0007935729, H t0(4) = 
.00015447630 and backward recurrence with 12.1.9 
gives 

H 8(4) = .00367 1495 
H7(4)=.01510 315 
~(4)=.05433 519 
B 6(4)=.16719 87 
8.(4)=.42637 43 

H 3(4)= .85800 94 
B ,(4)=1.24867 6 
H 1(4)=1.06972 7 
lfo(4)= .13501 4 

Example 6. Compute L ,.(.5) for n=0(1)5 to 
88. From 12.2.1 we find L5(.5)=9.6307462Xl0-7

, 

L.(.5)=2.1212342X l0-5• Then, with 12.2.4 we 
get 

La(.5)=3.82465 03X l04 

L2(.5)=5.36867 34X10-3 

L l(.5)=.05394 2181 
Lo(.5)=.32724 068 

Example 7. Compute L,.(.5) for - n=0(1)5 
to 68. From Tables 12.1 and 9.8 we find Lo(.5) = 
.327240, L1 (.5) = .053942. Then employing 12.2.4 
with backward recurrence we get 

L_, (.5) = .690562 
L -2(.5)=-1.16177 
L_3(.5) = 7.43824 

L_.(.S)=-75.1418 
L _5(.5) = 1056.92 

Example 8. Compute L,.(x) for x=6 and 
- n=0(1)6 to 88. From Tables 12.2 and 9.8 
we find Lo(6)=67.1244541 L1(6)=60.725011. 
Using 12.2.4 we get 

L_l(6)=61.361631 
L_2(6)=46.776680 
L_3(6) =30.159494 

L_,(6) = 16.626028 
L-6(6)= 7.984089 
L_8(6) = 3.32780 

We note that there is no essential loss of accuracy 
until n=-6. However, if further values were 
necess~ry the recurrenc~ procedure becomes un­
stable. To avoid the instability use the methods 
described in Examples 5 and 6. 
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Table 12.2 STRUVE FUNcrJONS FOR LARGE ARGUMENTS 

:z;-1 Ho(z)- Yo{:t) H1(:z:)- Y1(:t) J.(:z:) l o(z ) -L.(:z:) J.(:z:)-L.(:.~:) t~(:t) f,(z) <z> 
o. 20 0. 123301 0,&59949 0.819924 0.133955 o. 60742& o. 793280 0.125868 5 
0,19 0. 117449 0. 657819 o. 818935 0.126&83 0. 610467 0.794902 0.119694 5 
0.18 0.111556 0.655774 0. 817981 0.119468 0.613348 o. 796448 0.113505 6 
0.17 0.105625 o. 653818 0.817062 0. 112319 0.616060 o. 797910 0. 107299 6 
0.16 0.099655 o. 651952 0.816182 0. 105242 0.618598 o. 799279 0.101079 6 

0.15 0.093647 o. 650180 o. 815341 o. 098241 0.620955 0.800551 o. 094843 7 
0.14 0.087602 0.648504 o. 814541 o. 091318 o. 623129 o. 801721 0. 088593 7 
0.13 0.081521 o. 646927 0,813785 o. 084474 o. 625119 o. 802787 0.082328 8 
0.12 0. 075404 0.645452 0, 813074 o. 077706 0. 626927 0. 803750 o. 076051 8 
0.11 0.069254 o. 644081 0. 812411 o. 071010 0. 628558 0.804611 o. 069761 9 

0,10 0.063072 o. 642811 o. 811796 0.064379 0.630018 0.805374 0.063460 10 
o. 09 0.056860 0.641663 o. 811232 0.057805 0.631315 0.806047 o. 057147 11 
o. 08 o. 050620 0.640622 0,810722 0.051279 0.632457 0.806634 0.050824 13 
o. 07 0.044354 o. 639696 0.810266 o. 044793 0.633450 o. 807140 0.044492 14 
o. 06 o. 038064 0. 638888 o. 809866 0.038340 0. 634302 0,807572 o. 038152 17 

0. 05 0.031753 o. 638200 0,809525 0. 031912 o. 635016 0.807933 o. 031805 20 
o. 04 o. 025425 0.637634 0.809244 0.025506 0.635596 0.808225 o. 025451 25 
0. OJ o. 019082 0.&37191 0.809023 o. 019116 0.636045 0.808450 0.019093 33 
o. 02 0.012727 0.&36874 0.808865 0. 012738 0.636365 0.808611 0.012731 50 
o. 01 0.006366 0,636683 0. 808770 0.006367 0.636556 0. 808706 0. 006366 100 

o. 00 0.000000 o. 636620 o.ao8138 0.000000 0.636620 0.808738 0.000000 GO 

[<-g>s] [<-g>2] [<-:>s] [< -~)1] [< -g>2] [< -g>l] [<-~)2] 

[.[H.(')-Yo(t)Jdt-_g In :.~:+/.(:t) ... 

f.[l.(t) - / 1(t)]dt -~ In z+f,(z) 
1' 

1· [ Bo(t) 7 Yo(t)] dt=fa~) 

<:.~: > .. nearest integer to z . 

Starting with B o(z) e.nd B 1(:t), recurrence formula 1.2.1.9 may be used to generate H .(:t) fo~ n<O. As long as~<:~: 
(approx.), B.(:z:) may be generated by forward recurrence. When n>:z:/2, forward recurrence 1.8 unatabl.e. To av01d 
instability choose n> >:e, compute H.(z) and Bt+1(z) with 12.1.3. and then use backward recurrence With 12.1.9. 

If n>'o, L.(z) must be generated by backward recurratce. II n < O, L.(z) may be generated by backward recurrence 
as long as L.{:z:) increases. H n<O e.nd L.(x) is decreasing, forward recurrence should bt u.eed. 

See Examples 4-8. 





13. ConOuent Hypergeometric Functions 
Lucy JoAN SLATER 1 

Contents 

Mathematical Properties . . . . . . . . . . . . . . 
13.1. Definitions of Kummer and Whittaker Functions 
13.2. Integral Representations . . . . . . . . . . 
13.3. Connections With Bessel Functions . . . . . . 
13.4. Recurrence Relations and Differential Properties 
13.5. Asymptotic Expansions and Limiting Forms 
13.6. Special Caaes . . . . . 
13.7. Zeros and Turning Values . . . 

Numerical Methods . . . . . . . . . . 
13.8. Use and Extension of the Tables 
13.9. Calculation of Zeros and Turning Points . 
13.10. Graphing M(a, b, :r:) . 

References . . . . . . . . . . . . . . . . . . 

Table 13.1. Confluent Hypergeometric Function M(a, b, :r:) 
z=.l{. l)l(l)W, a = -1(.1)1, b=.l(.l)l , 88 

Table 13.2. Zeros of M(a, b, :r:) . • • 
a=-1(.1)-.1, b=.l (. l)l, 7D 

Page 
504: 
504: 
505 
506 
506 
508 
509 
510 

511 
511 
513 
513 

514: 

516 

535 

The tables were calculated by the author on the electronic calculator EDSACI in the 
Mat hematical Laboratory of Cambridge University, by kind permission of its director, Dr · 
M. V. Wilkes. The table of M (o, b, x) wu recompute<! by AU.red E. Beam for uniformity 
to eight significant figures. 

1 University Mathematical Laboratory, Cambridge. (Prepared under contract with the 
National. Bureau of Standarda.) 

503 



13. Confluent Hypergeometric Functions 

Mathelllatical Properties 

13.1. Definitions of Kummer and Whittaker 
Functions 

Kumme~'• Equation 

13.1.1 
d'w ilw z - + (b-z) - -aw=O 
di' dz 

It has a. regular singularity at z=O a.nd an irregular 
singularity at Q) . 

Independent solutions are 

Kummer'• FunetioD 

13.1.2 

az (a)2z1 (a),.z" 
M (a1 b1 z)=l+T+ (b)

2
21+ · · · + (b),.nl+ · · · 

where 

(a),.=a(a+1)(a+2) . . . (a+n-1), (a)0= 1, 

and 

13.1.3 

U. ( b ) r { M (a, b, z) 
a, 1 z =sin 1rb r (l+a-b)r(b) 

Parameter& 
(m, n po&itive i11teger&) 

bjll! -n ajll! - m 

bjll!-n a=-m 

b=-n a_7~!!-m 
b=- n a=-m, 

m> n 

b=- n a=- m, 
m~n 

1_.M(l+a-b 1 2-b, z)J 
- z r (a) r (2- h) 

M(a, b, z) 

a convergent series for 
all values of a, b and z 

a. polynomial of degree m 
inz 

a simple pole at b= - n 

undefined 

U(a1 b, z) is defined even when h~±n 
As lzi~Q) 1 

13.1.4 

M (a1 b1 z)=~~!~ e•za-&[I + O(Iz/- 1
) ] 

a.nd 

13.1.5 

M (a, b,z) r (b) (-z)-•[I+O(Izj-1)) (9lz<O) 
r (b-a) 

U(a, b, z) is a many-valued function. Jt.s princi­
pal branch is given by -,.-<a.rg z~,.-. 

13.1.6 
Locarithmic Solution 

(-1)"+1 [ 
U(a1n+I , z) n!r(a-n) M(a,n+l 1 z) In z 

• (a) z' J 
+ ~ (n+i),rl {it(a+r)-it(1+r)-it(l +n+r) J 

(n-1)1 _,. + r (a) z M (a-n1 1-n, z),. 

lor n=O, 1, 21 ••• 1 where the last function is the 
sum to n terms. It is to be interpreted as zero 
when n=O, and it(a)= r'(a)/r(a). 

13.1.7 U(a1 1-n, z)=z"U(a+n, 1+n, z) 

As 9lz-+Q) 

13.1.8 

AnuyticContinuation 
13.1.9 

U( b "'"') 1r _ , ( M (b-a, b, z) 
a, 'z~ w= sin Tb e r (l +a-b) r (b) 

e*r((J -&>zt-•M(1-a, 2- b, z) 
- r (a) r (2-b) } 

where either upper or lower signs are to be taken 
throughout. 

13.1.10 

U(a b ze2" 1")=[1-e-2r'h) r(l-b) M (a b z) 
1 1 r(l+a-b) 1 1 

+e-'""'e"U(a1 b, z) 

Alternative Not.atione 

1F1(a; b; z) or ~(a; b; z) for M(a, b, z) 

z-42F0(a, 1 +a-b; ;-1/z) or 'ir(a; b; z) for U(a, b, z) 

Complete Solution 

13.1.11 y=AM(a, b1 z)+BU(a, b, z) 

where A and B are arbitrary constants, b jll! -n. 

Ei1ht Solutiolll 

13.1.12 y1 =M(a1 b, z) 

13.1.13 y2=z1-bM(l+a-b, 2-b, z) 

13.1.14 y3=e'M(b-a, b, -z) 
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13.1.15 y,=z1-•e•M(l-a, 2-b, -z) 

13.1.16 y5= U(a, b, z) 

13.1.17 y8=z1-&U(l+a-b, 2-b, z) 

13.1.18 y1=e•U(b-a, b, -z) 

13.1.19 y8=z1- 0e'U(l-a, 2-b, -z) 

Wn)neldane 

If W{ m, n} =y,.y~ -y.y~ and 

13.1.20 

e=sgn (J z) = 1 if J z>O, 
=-1 if .Fz50 

13.1.34 

General Confluent Equation 
13.1.35 

w''+f~+2J'+b~' -h'-~,' ]w' 

+[e;, -h' - ~:) c~+ j' )+ A(~-1) 
+ 2A..1' +1"+ 1''-ah'' ]w=O z h 

Solutions: 

W{l, 2}= W{3, 4}=W{I, 4}= - W{2, 3} 1 36 
b 

• 13 • . 
=(1- )z-ue' 

z-Ae-tts)M(a, b, h(Z)) 

z-Ae-I<SlU(a, b, h(Z)) 13.1.21 13.1.37 

W{I, 3}=W{2, 4}=W{5, 6}=W{7, 8}=0 

13.1.22 W{l, 5}=-r(b)z-•e•fr(a) 

13.1.23 W{l , 1 }=r(b)e"'nz-•~·tr(b-a) 

13.1.24 W{2, 5}=-r(2-b)z-•e•fr(l+a-~) 

13.1.25 W{2, 7}=-r(2- b)z- 11e'/ r(l-a) 

Kummer Tranaformationa 

13.1.27 M(a, b, z)=e'M(b-a, b, -z) 

13.1.28 

z~-•M(l+a-b, 2- b, z)=z1
- 11e'M(l-a, 2-b, -z) 

13.1.29 U(a, b, z)=z1
-

11U(l+a-b, 2·- b, z) 

13.1.30 

e'U(b-a, b, -z)=e• .. t<J-o1e'z1- 0U(l-a, 2-b, -z) 

Whittaker'• Equation 

13.1.31 

Solutions: 

13.1.32 M,,,.(z)=e-t•zt+,.M(!+ I'-", 1+2~o~, z) 
13.1.33 

W,,,.(z)=e-l•zH~tU(!+~o~-IC, 1 +2#, z) 

(-1r<arg z::;1r, "=!b-a, So~=tb-i) 
•See pap II. 

13.2.1 

13.2. Integral Repreeentationa 

9lb>9la>O 

r (b-a)r (a) M ( b ) 
r (b) a, 'z 

13.2.2 

13.2.3 

13.2.4 

13.2.5 

= J:1 
e"t'-1(1-t)o-c'-1dt 

=C .... ., J: e"(t -A)4 -
1(B-t)•-•-1dt 

(A=B-l) 
f!la>O, f!lz>O 

r(a)U(a, b, z)= l• e-11t'"-1(l+t)•-•-1dt 

13.2.6 

13.2.7 

=21-•e••fo .. e-l100811 ' sinh11
-

18 cotb•-lll (i6)d8 • 
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13.2.8 T(a) U(a, h, z) 

= eA•f .. "' e-''(t-A)4-t(t+B)a·-a-tdt 

(A=l-B) 

Similar integrals for M •.• (z) and W.,.(z:) can 
be deduced with the help of 13.1.32' and 131.1.33. 

13.2.9 
Barnee-type Contour lntepaB 

I'(a} M(a b z)=-1 re+t• T(-s)T(a+s) (--z)'ds 
r(b) ' ' 2ri J,_,... T(h+s) 

for larg (-z)l<t'~", a, b,_!O, -1, -2, .. .. The 
contour must separate the poles of r( -s) from 
those of r(a+s); cis finite. 

13.2.10 

r (a) I' (l +a-b)z4U(a, b, z) 

1 f"+'"' =
2
--= I'(-s)r(a+s)T(I+a-b+s)z-•ds 

11"'t o-f• 

for larg z!<3
2
r, a.,_!O, -1, -2, ... , b-a;u•~I, 2, 

3, . . . . The contour must separate the poles of 
r( -s) from those of r(a+s) and T(l +a-b-f-s). 

13.3. Connections With Bessel Functione 
(see chapters 9 and 10) 

Beeeel Functioll8 aa Limitins c.-

If b and z are fured, 

13.3.1 lim{M(a, b, zfa)/T(b)} =z•-•6Ia-t (2~2) 
4-+• 

13.3.2 lim {M (a, b,-z/a)/f'(b)} = zl-t"Jo-t ('l:-.j"z) 
•-+• 

13.3.3 

lim {T(l+a-b) U(a, b, z/a)}=2zt-t&Ka-t0~{Z) 
o-+• 

13.3.4 

lim{ I'(l+a-b)U(a, b, -z/a)} 
4-tCD 

13.3.7 

M~(Z) z) e''(ibz-az)t-t" 

• 
· ~ A~~(iz)l"(h-2art''J•-•+,.(.J(2zb-4za)) 

n•O 

where 
Ao=l, At=O, A2=lh, 

(n+l)A,.+t=(n+b-I)A..-t+(2a-b)A..-2, 

13.3.8 

M (a, b,z) 
I'(b) 

where 

(a real) 

Co=1, Ot=-bh, Ct=-i{2h-l)a+ib(b+t)h', 

(n+ 1)0,.+1 = [(l-2h)n-hh]O,. 

+ [(1-2h)a-h(h- l)(b +n-l)JO,._t 

-h(h-l)aC,._, (h real) 

13.3.9 M(a, b, z)=~O .. (a, b)l,.(z) 
n-o 

where 

Co=1, Cl(a, b)=2a{b, 

0,.+1(a, b)=2a0,.(a+l, b+t)/b- O,._t(a, b) 

13.4. Recurrence Relations and Di«erential 
Properties 

13.4.1 

(b-a)M(a-1, b, z)+(2a- b+z)M (a, b, z) 

-aM(a+I, b, z)=O 

13.4.2 

b(b-l)M(a, b-1, z)+b(l-b-z)M(a, b, z) 

+z(b-a)M(~, b+1, z)=O 

13.4.3 
= -rie .. 10zt-toH~1lt(2.rz) (J'z>O) (I+a-b)M(a, b, z)-aM(a+I , b, z) 

13.3.5 = 1f'ie-.. nzJ-t6H~l1 (2,fi) (.)'z<O) +(b-l)M(a, b-1, z)=O 

Expan.ion. in Series 
13.3.6 

M(a, b, z)=e''T (b-a-!)(iz)•-Ht 

. £ (2b-2a-1),.(b-2a),.(b-a-t+ n) 
* n-o nl(b),. 

(- 1)11 Ib-4 -t+,.(iz) (b#0,- 1,- 2, .. . ) 

13.4.4 

bM(a, b, z)-bM(a-1, b, z)-zM(a, b+l, z)=O 

13.4.5 

b(a+z)M(a, b, z)+z(a-b)M(a, b+l, z) 

-abM(a+I, b, z)=O 
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13.4.6 

(a-l+z)M(a, b, z)+(b-a)M(a-1, b, z) 

+(1 -b).i\IJ(a, b- 1, z)=O 

13.4.7 

b(1-b+z)M(a, b, z)+b(b- 1)M(a-1. b-1, ?) 

-az.M(a+ 1, b+ 1, z)=O 

13.4.8 M '(a, b, z)=iM<a+ 1, b+ 1, z) 

d" (a),. b ) 
13.4.9 dz" { M(a, b, z)} =(b) .. M(a+n, +n, z 

13.4.10 aM(a+l, b, z)= aM(a, b, z)+zM' (a, b, z) 

13.4.11 

(b-a)M(a-1, b, z)= (b-a- z)M(a, b, z) 

+zM'(a1 b, z) 

13.4.12 

(b-a)M(a, b+l, z)=bM(a, b, z)-bM'(a, b, z) 

13.4.13 

(b-1)M(a, b-l, z)=(b-l)M(a, b, z) 

+zM'(a, b, z) 

13.4.14 

(b-l)M(a-1, b- l , z)=(b-1- z)M(a, b, z} 

+ zM'(a, b, z) 

13.4.15 

U(a-1, b, z)+(b-2a-z)U(a, b, z) 

+a(1+a-b)U(a+l, b, z) = O 

13.4.16 

(b-a- 1)U(a, b-1, z)+(l-b-z)U(a, b, z) 

+zU(a, b+1, z)=O 

13.4.17 

U(a, b, z) -aU(a+l, b, z) - U(a, b-l, z)=O 

13.4.18 

(b-a)U(a, b, z)+U(a-1, b, z) 

-zU(a, b+ 1, z)=O 

13.4.19 

(a+z)U(a, b, z)-zU(a, b+l, z) 

+a(b-a-l )U(a+1, b, z)=O 

13.4.20 

(a+z-1)U(a, b, z)-U(a-1, b, z) 

+(I+a-b)U(a, b-1, z)=O 

13.4.21 U'(a, b, z)=-aU(a+1, b+ I , z) 

13.4.22 

d" 
dz" {U(a, b, z)}=(-l )"(a),.U(a+n, b+n, z) 

13.4.23 

a(l+a-b)U(a+1, b, z)=aU(a, b, z) 

+zU'(a, b, z) 
13.4.24 

(I+a-b)U(a, b-1, z)=(l-b)U(a, b, z) 

-zU'(a, b, z) 

13.4.25 U(a, 6+1, z)=U(a, b, z)-U'(a, b, z) 

13.4.26 

U(a-1, b, z)=(a-b+z)U(a, b, z) - zU'(a, b, z) 

13.4.27 

U(a-1, b- 1, z)=(l-b+z)U(a, b, z) 

-zU'(a, b, z) 

13.4.29 

(1 +2J.t+2K)Mc+t.,.(z)- (1 +2;u-2~e)Mc-t,,.(z) 

=2(2K-~)M •. -(z) 

13.4.30 

W~+•. ,.(z)-z;w •. ,.+t(z) + (IC+SJ) W•-t.~~ (z)=O 

13.4.31 

(2K-z)W •. 11(z) + W•+t,,.(z) 

=(J.t-K+i){J.t+K-})Wc- t,,.(z) 

13.4.32 

zM~. 11 (z)=(iz-K)M.,,.(z)+(i+J.t+")M.+t.,.(z) 

13.4.33 zW~.,.(z)=(!z-K)W •. ,.(z)-W.+t.,.(z) 
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13.5. Asymptotic Espansiona and Limiting 
Forma 

13.5.1 

M(a, b,z) 
r(b) 

e"''"z-• {~1 (a),.(l+t~-b). (-z)-•+O(Izj-•)} 
r(b-a) ::fl nl 

I e•z--• {~1 (b-a).(l-a). z-•+O(Izl-~} 
r(a) ;:fl nl 

the upper sign being taken if-j..-<arg z<J..-, the 

lower sign if -t..-<a.rg z~ -j1r. 

13.5.2 

U(a, b, z)-=z-·(~ (a).(l~a-b). (-z)-• 

+O(jzj-•)} (-f1r<Ug z<J1r) 

Con.-eqina Facton Cor the Remahaden 
13.5.3 

O(jzj-•)=(a)a(l~t-6)a (-z)-• 

II+ <i+l6-jG+iz-lR) +O(IzJ-1)] 
z 

and 

13.5.. -

O(lzl-~ (6-a)a(l-a)a 2 _ 5 

81 
[f-b+2a+z-S+O(jzj-1)] 

where the R'th and &th terms are the smallest in 
the exps.nsions 13.5.1 and 13.5.2. 

For amall • (o, b hed) 

13.5.5 As lzl-+0, M(a, b, 0)=1, b~-n 

13.5.6 U(a, 6, z) r~~:)l) z•-•+O(Izl£f.-l) 

(916~2, 6~2) 

13.5.7 

(6=2) 

13.5.8 

1 
=-r(a) [ln z+~a)+2'Y ) 

+O(Jzln zl) (b=l) 

13.5.10 U(a, b, z) r(I-6) +0(1zl1-!l•) 
r(t+a-b) 

(0<916<1) 

13.5.11 1 
r(l +a) +O(lz In zl) (b=O) 

r(t-b) . 
r(t+a-b) +O<Izl) 

(Bib<O, 6J'O) 

13.5.12 

13.5.13 
For la.rp o (b, • ib:ed) 

M(a,b,z)= 

.r (6)et•(i6z-az)i-ttJ._1 (~(2bz-44z)) 

where 
[1 +O(Jib-aJ-")] 

lzl=-lt b-aj' and ~=min (1-p, j-f-p), O~p<J. 

13.5.14 
M (a, 6, z)=r(b)e~(jbz-ax)t-t• ... - t 

coe (~(26z-4az)-jb ... +i11') 

Ll +0(1!6-aj-t)] 

88 G~-m for b bounded, Z real: 

13.5.15 
U(a, 6, z)= 

r(t6-a+t)et•zt-t_•(oos (ar)J._1(.,f(2bz-4az)) 

-sin (ar)Y ._1{~{26z-4az))) [1+0(Jib-aJ-.)) 

where ~ is defined in 13.5.13. 

13.5.16 
U(a, 6, z)=r(jb-a+i) .. --t~zt-t• 

cos (~(26z-4az)-ib .. +a .. +l11') 
[1 +O(Jib-aj-t) 1 

88 a~-m for 6 bounded, z real. 

For larp real o, b, • 

If c08h1 8=x/(2b-4a) so ths.t z>2b-a>I, 

13.5.17 
M(a, b, z)=r(6) sin (ar) 

13.5.18 

exp [(b- 2a){! sinh 28-B+cosh1 8)] 
[(b-2a) cosh 9]1-~r(ih-a) sinh 28]- t 

[l+O(J!b-aj-')1 

U(a, b, z)=exp [(b-2a)(i sinh 29-B+cosh1 8)] 
[(b-2a) cosh 8]1-~(lh-a) sinh 28]-t 

[l+O<Itb-al-'>1 



CONFLUENT HYPERGEOMETRIC FUNCTIONS 509 

If x= (2b-4a)(l +tf(b-2a)f], so that 

z--2b-4a 
13.5.19 

13.5.21 

M(a, b, z)=r(b) exp { (b-2a) cos' 8} 

M(a, b, z)=etz(b-2a)f-&r (b){Ai(t) cos (a-r) 
[(b-.2a) cos e)l-&(r(lb-a) sin 28)-t 

[sin (ar )+sin { (lb-a)(28-sin 28) +lr} 
+Bi(t) sin (a,.)+O(Ilb-a!-1)] +O(jjb-al-1)) 

13.5.20 13.5.22 
U(a, b, x)=etz+a-t&r(l)-r-lz6-t 

{ 1-trtt) (bx-2ax)-13t,.-t+O(!lb-ml-f)} 
U(a, b, z)=exp [(b-2a) cos1 8][(b- 2a) cos 8]1-& 

[(}b-a) sin 28J-l{sin [(ib-a) 

(28-sin 28)+irJ+O(jjb-a!-1)} If cos' 8=z/(2b-4a) so that 2b-4a>x>O, 
U.6. Special Cuee 

M(a, b, t) 
Relation Function 

a b % 

13.6.1 .. +i 2•+1 2it r(JL +•)e'•(lz)-·J ,(a) Beaeel 

13.6.2 -·+~ -2·+• 2it - r(JL - •)e'i(i•) 1cos (rr)J ,(z) -11in (1'11') Y,(t)) Beaeel 

13.6.3 •+i 2·+• 21 r(ll + .. )e•(h)-•1,(•) Modified Be811el 

13.6.4 n+l 2n+2 2i• r ( !r +n)e"( h)--IJ •+t<•> Spherical Beaeel 

13.6.5 -n -2n 2i• r(ll-n)e"(h)•+tJ -..-t(•) Spherical Be~~~~el 

lS.6.6 n+l 2n+2 2.1 r(jl+n)e•(lt)--II.+t(•) * Spherical Besael 
-

13.6.7 n+l 2n+l ' -2-.r~ r(Jl+n)e-ln(ta:n)-(ber. z+i bei. %) Kelvin 

1S.6.8 L+I-i., 2L+2 2iz e"li't('l, z)rL-1/Ct(.,) Coulomb Wave 

13.6.9 -n a+l % nl L<'">( <;:+ 1). " %) 
Laguerre 

. 
13.6.10 a a+l -z ar ... .,(a,z) Incomplete Gamm& 

13.6.11 -n 1+•-n % 
(nl)tzt-

(l+r-?t). p.,(,, z) Poisson-Charlier 

13.6.12 a a • •• Exponential 

13.6.13 1 2 -2i• r'·· . Trigonometric --IIID S • 
13.6.14 1 2 21 

e• Hyperbolic -tdnh • • 
13.6.15 -!· i , .. 2-l'exp (tti)B!0>(,) 

Weber 

exp (izl) sm (•) or 
13.6.16 t-i .. t tz' 2z ' 

Parabolic Cylinder 

13.6.17 t tzt n! . Hermite - n -- ( -i)-H~ta(z) (2n)! 

13.6.18 l f,l;2 
nl 1 Hermite - n (2n+l)! (-!)-•; Hta•+l(z) • 

13.6.19 • l -:t;l 
... 

Error Integral - erf z 
~ 

13.6.20 !m+i l+n ,.. n!r'-tto+ .. -1 

r(,lm+t) e•1 T(m, n, r) • Toronto 

•see page n. 
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13.6. Spedal ~ntinued 

U(a, b, z) 
Relation 

a b I 

13.6.21 ·+i 2•+1 2• .--ie•(2z)- • K ,(z) 

13.6.22 •+t 2•+1 -2iz j..le r1r(v+ i )-z] (2z)-•H!1> (zr 

13.6.23 •+t 2.+1 2i.J j..ie--tT r(v +I)-z] (2z)-·H~21 (zr 

13.6~ n+1 2n+2 2z .--ie•(2z)-•-tK,.+t(•) 

13.6.25 ., t fzlll rt.r1 exp (fz1'')2-"'3"' Ai (1) 

13.6.26 n+i 2n+l & i"'r-leV..(2v'"u)- •[ker. %+i kei,. %) 

13.6.27 -n a+1 2: ( -1)-n!L~1_(z) 

13.6.28 1-a 1-a ~ e•r(a, :) 

13.6.29 1 1 -s -e-•·Ei (z) 

13.6.30 1 1 : eaE.(:) 

• _!li (:!:) 13.6.31 1 1 -lnz 
;t; 

13.6.32 tm-n l+m % r (1 +n-im)e-><l•->w. . .. (:~:) 

13.6.33 -·· 0 2z r(I+i•)e&k,(:) for :>O 

13.6.34 1 1 u e#(-1.-i+~ Si (%)-Oi (%)) 

13.6.35 1 1 - u e-""[1.-i-i Si (s)-Ci (%)) 

13.6.36 -·· i i .. 2-l•e•2
' 4 D,(z) 

13.6.37 !-t· • t~:• 2.-h•214D.(z)/z • 

13.6.38 t-In t Z} 2-•H.(x)/x • 

13.6.39 t t :r} .../~ exp (:r}) erfc s 

13.7. Zeros and TW'Ding Values For the derivative, 

If jb-t,, is the r'th positive zero of J 0_1 (x) , then 
a first approximation X 0 to the r'th positive zero 
of M(a, b, ;z:) is 

13.7.4 

M' (a, b, Xt) = 

Function 

Modified Bessel 

Hankel 

Hankel 

Spherical Bessel 

Airy 

Kelvin 

Laguerre 

Incomplete Gamma 

Exponential Integral 

Exponential IntegreJ 

Logarithmic Integral 

Cunningham 

Bateman 

Sine and Cosine Integral 

Sine and Cosine Integral 

Weber 
or 

Parabolic Cylinder 

Hermite 

Error Integral 

13.7,1 Xo=i:-1.• {1/(2b-4a)+O(l/(!b-a)i)} 
'( X {+(b X)M(a, b,Xo) } 

M a, b, o) 1 - o M'(a, b, Xo) 

13.7.2 
_ ...-2(r+ !b-1)2 

Xo- 2b-4a. 

A closer approximation is given by 

13.7.3 X 1= X 0-M(a, b,Xo)/M' (a, b,Xo) 

"SH page D. 

If X~ is the first approximation to a turning value 
o( M(a, b, x), tbtl.t is, to a zero of M'(a, b., :r:) then 
a. better approximation is 

13.7.5 
X;,M7 (a, b, X:J 

aM(a, b,X~) 
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The self-adjoint equation 13.1.1 can also be 
written 

13.7.6 

The Sonine-Po1ya Theorem 

The maxima and minima of lwl form an in­
creasing or decreasing sequence according as 

-a:r;'IJ-te-~ 

is a.n increasing or decreasing function of~, that is, 
they form a.n increasing sequence for M (a, b, x) 
if a> O, x< b- ! or if a< O, x> b-!, and a decreas­
ing sequence if a> O and .x> b-! or if a< O and 
x< b-!. 

The turning values of lwl lie near the curves 

13.7.7 

W= ± r(b)'w·-l/Jezl2(jbx-ax) l-l~ { l - X/(2b-4a) } - l/t 

Numerical Methods 

13.8. Use and Extension of the Tables 
Calculation of M(a, b, s) 

Kummer'e Tranalonnation 

Exunple 1. Compute M(.3, .2, -.1) to 78. 
Using 13.1.27 and Tables 4.4 and 13.1 we have 
a=.3, b=.2 so that 

M (.3, .2, - .l)=e-·1M(-.1,~.2, .1) 

= .85784 90. 

Thus 13.1.27 can be used to extend Table 13.1 to 
negative values of x. Kummer's transformation 
should also be used when a and b a.re large and 
nea.rly equal, for x large or small. 

Example 2. Compute M (17, 16, 1) to 78. 
Here a=l7, b=16, and 

M (17, 16, 1)=etM(-1, 16, -1) 

=2. 71828 18 X 1.06250 00 

= 2.88817 44. 

Rec;u.rnmce Re1atioll8 

Example 3. Compute M( - 1.3, 1.2, .1) to 78. 
Using 13.4.1 and Table 13.1 we have a= - .3, 
b=.2 so that 

M(-1.3,.2, .1)= 2[.7 M(-.3, .2,.1)-.3M(.7,.2, .1)] 

=.35821 23. 

By 13.4.5 when a= - 1.3 and b= .2, 

M (-1.3, 1.2, .1)=[.26 M (- .3, .2, .1) 
-.24 M(- 1.3, .2, .1)]/.15 

=.89241 08. 

Similarly when a=-.3 and b= .2 

M (-.3, 1.2, .1)= .97459 52. 

Check, by 13.4.6, 

M ( -1.3, 1.2, .1)=[.2 M ( - .3, .2, .1) 
+ 1.2 M (- .3, 1.2, .1}]/1.5 

= .89241 08. 

In this way 13.4.1-13.4.7 can be used together 
with 13.1.27 to extend Table 13.1 to the range 

-10<a~ l0, -10~b~l0, - lO!S:x!S:lO. 

This extension of ten units in any direction is 
possible wi~h the loss of about 18. All the re­
currence relations are stable except i) if a< O, b< O 
and !al> lb l, x> O, or ii) b< a, b< O, lb-al> lbl, 
x<O, when the oscilla.tions may become large, 
especially if lx! also is large. 

Neither interpolation nor the use of recurrence 
relations should be attempted in the strips 
b= - n±.l where the function is very large nu-

_merica.lly. In particular M (a, b, z) cannot be 
evaluated in the neighborhood of the points 
a=-m, b=- n, m~n, as near . these points 
small changes in a, b or x can produce very large 
changes in the numerical value of M(a, b, x). 

Example4. Atthepoint {-1. -l.x),M(a,b, x) 
is undefined. 

X 
When a = -1, M{-1, b, x)=1-bfor all x. 

Hence lim M( - 1, b, x)=1 +x. ButM(b, b, x)=e" 
IH- 1 

for all x, when a= b. Hence lim M(b, b, x) =~. 
IH- 1 

In the first case b~-1 along the line a= -1, and 
in the seco~d case b~-1 along the line a= b. 

Derivatives 

Example 5. To evaluate M'(-.7, -.6, .5) to 
78. By 13.4.8, whena.= - .7 a.nd b=-.6, we have 

M'( - .7, - .6, .5)= :~ M(.3, .4, .5) 

= 1.724128. 

Aayuiptotic Fonnulae 

For x~ 10, a and b small, M (a, b, z) should be 
evaluated by 13.5.1 using converging factors 
13.5.3 and 13.5.4 to improve the accuracy if 
necessary. 
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M 
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FtoURE 13.2. M ( -4.5, 1, ~). 

(From F. 0 , Trlaoml, Fun&ionl, lperaeometrlcbe aooJluentl, Ed.lnlonl. 
Cremoneae, Rome, Italy, 11164, wl&b perml.!lslon.) 
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FIGVRE 13.3. M(a, 1, z). 
(Prom E. Jahnke a.nd F. Emd!~ Tables or functions, Dover PabllcatloDI, 
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FIGUBE 13.4. M (a, .5, z). 

(From E. Jahnke and F. Emd~~ Tables or ranctloD!, Dover Publlcatlona, 
Inc., New YoU:, ~.Y., 1~. with J)e11lllasWD.) 
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14. Coulomb Wave Functions 

Mathematical Properties 

14.1. Di:ft'ere.ntial Equation, Series Expan.sion.s 

Di fferential Equation 

14.1.1 

dllw +[1 277 L(L+ l)]w=O 
dp2 p tJ 

(p>O, - oo <'11< (I), L a non-negative integer) 

The Coulomb wave equation hSB a regular 
singularity at p=O with indices L f.- 1 and - L; 
it has an irregular singularity at p= oo • 

Gene.ra:l Solution 

14.1.2 
W=OtFL("', p)+02Gi:.(71, p) (Ot, o. constants) 

where FL('I1, p) is the -regular Coulomb wave 

Irregular Coulomb Wave Function GL('I, p) 

14.1.14 

oLe,, p)= c~(11) F£(71, p)[ln 2p+ ;:~:~l+BL(,, p) 

14.1.15 

14.1.16 

8L(1J 1 p)=D£(1J)P-~L('1 1 p) 

1 
DL(1J)OL('IJ)=2L+1 

function and GL('IJ, p) is the irregular (logarithmic) 14.1.17 
Coulomb wave function. 

Regular Coulomb Wave Function FL('I, p) 

14.1.3 

FL('tl, p)=OL(.,)I'+te- •11M(L+l-i71, 2L+2, 2ip) 

14.1.4 

14.1.6 

A L ·-1 AL ,__'1_, 
L+l- I . LH L+I 

(k+L)(k-L-I)Af =2.,Af-t-Af-2 

14.1.7 

(See chapter 6.) 

14.1.8 ~(,}=27rfl(e,...•-1) -t 

14.1.9 Q2( )JL(fl)~(fl) 
L 

71 211(2L+ 1) 

14.1.10 

538 

14.1.18 

a~L=l, af+1=0, 

- (k-L- 1) (k+ L)af=2,af-s- af_,-(2k-l) PL('l)At 

14.1.19 

9.£(11)=-± _s __ ~1 ! 
PL('IJ) r•l s'+'f11 •-1 8 

+£t'{r'(1+~17)} +2-r+rL('I) 
r(I +~.,) PL(fl) 

(See Table 6.8.) 

14.1.20 

(-1)£+1 1 2(i71-L) 
rL(TJ)-, (2L)l J {2L+ 1 + 2L(ll) 

+2:t(i'1-L)(i11-L+I)+ 
(2L-1)(21) .. . 

+ 22L(i,-L)(i 11-L+I) ... (i, + L-1)} 
(2L)I 

14.1.21 

G' dGL 2'1 {F'[ln 2 +qL('l) J+ -IF ( ) } 
L= dp =o~c'l> L P PL<'l> · P L .,, p 

+of(,, p) 
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14.1.23 

1.6 

~~~~~-L-6~,~~8~~,0--~~~~,4-- L 

- .4 

-.8 

-1.2 

1.5 

I 
I 

I 
I 

I 
I 

\ / 
'~ ... -' 

FIGURE 14.1. FL(ft, p), Gr,(Tt, p). 

7J= l, p= lO 

FIGURE 14.2. Fr., F~, Gr. and G~. 

7J=l0, p=20 

GL.~i. 

24 

22 

20 

II 

II 

14 

12 

10 

II 

8 

4 

2 

D 

-2 ... ., 

14.2. Recurrence and Wronskian Relations 

Recurrence Relatioua 

If Ur.=Fr.(1'1, p) or GL(T/, p), 

du L 2 

L _dt.=(L2+'12)iur.-t-(-+11)Ur. 
p p 

14.2.1 

14.2.2 

(L+ 1) dduL::::::o:[<L+ 1)2 +.,Ju~.-[ (L+ 1) 2+'12)tuL+, 
p p 

14.2.3 

L[ (L + 1) 2+ '12]•ur.+1= (2L+ 1)[11+ L (L + l) ]ur. 
p 

14.2.4 

14.2.5 

14.3.1 

- (L+ 1) [L2+'12]tur.-t 

Wronaldaa Relation• 

Fr.-tGr.- Fr.Gr.-1=L(L2+,2) -t 

14.3. Integral Representations 

e-.. •1'+1 J_, .. _ e- 1P1 (1-t)L-t~(l+t)L+'•dt 
(2L+1)10r.(71) -t 

14.3.3 
e---.Pr.+t 

Fr. +iG£=-(2L+ 1) 10r.(71) 

·l .. {(l-tanh2 t)L+1 exp [-i(p tanh t-2'1t)] 

+i(l+t2)Lexp [-pt+2., arctan t]}dt 

14.4. Bessel Function Expansions 

Expanaion in Tenna of Beuel-CIUrord Fanctioua 

14.4.1 

Fr.('l, p)=OL(71) ~L~~~' p-L ~ b~.tt12JI:(2{i) 
'I t-'tt'+t 

(t=2f1p, 'I>O) 

14.4.2 

Gr.('fJ,p)-Dt(ttPd'I)P-L f; (-t)•b,.t"12K~;(2 .. [i) 
t-"it'+t 
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14.4.3 

62£+1=1, 62£+2=0, 

• 4.,3(k-2L)ba+t+kba-1+ba-s=0 (k~2L+2) 

l4.4.4 

(See chapter 9.) 

Espaneion in Teana of Spherical DeMel FuncdODII 

14.4.5 

FL(rl, p)= -

1·3·5 ... (2L+l)pG£('7) it ba~;P Ja+t'(P) 

14.4.6 
2L+3 

b£=1, bL+t= L+1 ., 

(2k+l) 
ba k(k+I)-L(L+l) 

{2,bt-l (k-1)(k;k2~-;L(L+l) b.,_,} 

14.4.7 
(k).L+1) 

• ~~JL+t{p)+t~l /)~&J&+t(#>)} 

14.4.8 b~ (k+2) (k-1) 
• (2k+3) bt+l (2k-l) 6•-l 

E.pan.ion In Terma of Airy Funetlona 

:r:= {2.,-P )/{2Tt)11a JA= (2'17)21a' 'I> >O 

IP-2'11<2" 
.14.4.9 

Fo(, , p) -.,..t (2Tt)t {~(z) [1 +g'+g'+ . . . ] 
~('I, p) B1(z) lA lA' 

+~'(z) [f'+j'+ . . ·]} 
B1' (z) p. p.1 

14.4.10 

*See p~e 11. 

Jl= (l/5)zl 

1 12=35 (2zl+6) 

1 
fa=63000 {84:r:7+1480z4+2320z) 

g,=-(1/5)z 

1 
g,~350 (7z'-30zl) 

1 
g.=-

63000 
{1056z8- 1160zl-2240) 

(See chapter 10.) 

14.5. Asymptotic Expanaiona 

Aqmptotle Espanaion for Larp Valuee of p 

14.5.1 F,=g cos e,+J sin 8£ 

14.5.2 GL j cos 8£-g sin 8L 

14.5.3 Fl=g• cos 8r.+r sin Br. 

14.5.4 Gl r COB s~.-g• sin Bx., ar-Jg*=l 

14.5.5 

14.5.6 

7( 

Bx.=p-'1 ln 2p-L.~ITr. 

IT£=arg r(L+ 1 +i,) 

(See 6.1.27, 6.VU.) 

14.5.7 ITr.+t=tT,+arcta.n L~l 

(See Tab1ea 4.14, 6.7.) 

• • • • 
14.5.8 J-~ft, g-~ g~;,J*-(;1:/:, g*-~ u: 
where 

/o=l, 9o=O, ro=o, !fo=-1-'17/P 

/'*1 =aafa-bt!Ja 

9"+1 =a.ga+ba/t 

f::+t=aaf:-btQt-Ja+;/P 

U:+t=atQt+bJ:-ga+t/P 

(2k+l)'t b L(L+l)-k(k+t)+'l' 
a~:= (2k+2)/ ~:= (2k+2)p 
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14.5.9 

f+ . 1 ~ (i,-L)(i,+L+1) + (~,-L)(iti-L+1)(i~+L+l)(i11+L+2) 
~g- 11(2ip) 21(2ip)2 

+
(ifl-L) (i,-L+ 1) (i,-L+2) (i,+ L+ 1) (i11+ L+2) (i11+ L+3)+ 

3!(2ip)8 • • • 

A.ymptotic Expanaion for L=O, p=21J> >O 

14.5.10 Fo(277) r(1/3)~ 2 r(2/3) 1 32 1 92672 r(2/3) 1 
Go(2TJ)/..fJ"' 2-fi {l=F35 r(l/3) ~-8100 ~=F7371·10• r(l/3) fl10- • • . } 

14.5.ll 

Fo(277) r(2/3) 1 r(l/3) 1 8 1 11488 r(tf3) 1 
0:,(277)j..fJ"'2~~{± 1+15 r(2/3) 112±56700 pe+l8711·103 r{2/3) {1± · · .} 

fJ={2,/3)U, r(1/3)=2.6789 38534 ... , r(2/3)=1.3541 17939 ..• 
14.5.12 

F0(2'1)...., { .70633 26373} ~ {1 =f .04959 570165 .00888 88888 89 
Go(2'7) 1.22340 4016 " ,,. 171 

=F.00245 ~;991 81 .00091 0~958 061=F.00025 3~84 115 . .. } 
'f] " , 

14.5.13 

F~(211)-.{ .40869 57323} -~{1± '17282 60369+.00031 74603174 
G~{2'f]) - .70788 17734 '7 ,M '71 

12 

FIGURE 14.3. F0 (71, p). 

,=0, 1, 5, 10, p/2 

FIGURE 14.4. F~(,, p). 

t~=O, 1, 5, 10, p/2 

± .00358 12148 50+ .00031 17824 680 ± .00090 73966 427 + } 
'f]" ,. '11,,. . .. 

... 

1.2 

.8 

.4 

-12 /1]:1 
' 

FIGURE 14.5. Go~'11 p). 
"=0, 1, 5, 10, p/2 

I 
iTJ=5 

FIGURE 14.6. G~(TJ, p). 
IJ= O, 1, 5, 10, p/2 
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14.6. Special Values and Asymptotic Behavior 

14.6.1 L>O, p=O 

14.6.2 

14.6.3 

14.6.4 

FL=O, Ft=O 

GL= ('D J G;.=- ('D 

L=O, p=O 

Fo=O, FO=Oo('l) 

Go=1/0o('1), G'o=-a> 

L~a> 

FL-OL(.,),r+-1, GL-DL(fl)p-L 

L=O, 71=0 

F0=ein p, F~=coa p 

00=008 p, t'lo=-sin p 

U.6.5 p..,...:,('D 

GL+iFL"'exp i[p..,....'lln 2p-~-r +crL] · 

14.6.6 L>O, 11= 0 

FL=(i'rp)i JL+t(P.) 

GL= ( -l)L(l-rp)l J-a,+}) (p) 

14.6.7 L~O, 2'1> >P 

14.6.8 

14.6.9 

F ....., (2L+1)!0L('7) (2 )il [2(2 )t] 
L (2'7)L+l T'fP :lL+l T'fP 

GL"' (2L!~)T'f{~L(f1) (2f1p)tKu+1[2(2'7p)t] 

L=-0, 2'11> >P 
F 0-e-"•(1rp)ti1[2(2.,p)t] 

F~"'e-"•(21r'IJ) l[0(2 (2'17 p) t] 

Go"'2e"~ (~)'K1[2(2f1p)t] 

a=2..j2;;-p-7r'7 

{3= (p/2'7) l 

U.6.10 

1 1 
Fo"'2 fJe'"; F~- { fJ-2+ 

811 
e-:r~} F0 

Go-f:Je-'"; G~- { -tJ-2+8~ t-%~}Go 
t=pf21f 

a=2., [[t(l-t) ]t+arosin tt-j1r} 

fJ= [ t/(1-t) }t 

Ht.6.U 

Fo=a sin {j; F~= -t'(bF0- .aG0) 

Go=a cos fJ; G~=-t2(aF0+bG0) 

t=2., 
p 

1 8t3-3t• 
a=(1-t)l exp [ 64(2.,) 2(1-t)3] 

13=!+2 {(1-t)t+!.ln [1-(1-t)t]} 
4 11 t 2 1+(1-t)t 

a=t-2(1-t)t, 6=[817(1- t)]-1 

u.6.12 ">>o, 2'11"'P 

FL(~, p) ..;;. { L(L+l) }1/0 {Ai {x)} 
GL(TJ, p)"' 1r 1+ 2 Bi (x) 

PL 

PL=TJ+[,•+L(L+ 1))112 

x=(PL-p)[.!_+ L(L71)pta 
PL PL 

14.6.13 11> >O, 2, ....... p 

X= (2'17- p) (271)-1/8 

[Go+iFo]"''ll'112(2'7) 1' 8[Bi(x) +iAi(x)) 

[G~+iF~]--,..112(271)~ 1'0(Bi' (x)+iAi' (x) ] 

14.6.14 ">>O 
PL=T'f+['lli+LCL+l)]lla 

FL(PL) _ _ r (_l /_3) (PL)'te{t+;:;:.L..!...(L--=+;_t....t....) }·-11e 
GL(PL)/.J3 2.,[; 3 Pi 

Fi(pL) - ± r(2/3) (PL)-vo{t+ L(L+1) }l/6 
Gi(pL)/,[3 2.,j; 3 P.i 
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14.6.15 

14.6.16 

cro('7) - li+'l(ln 77 - 1)] 

Oo('l)"' (211-'1) l/Je~, 

(Equality to 8S for '7> 3.) 

14.6.17 '1--J{) 

cro('7)"' -n h=Euler's constant) 

2LL! 
0£('7)"' (2L+l)t 

14.6.18 L-+oo 

Numerical Methods 

U . 7. Use and ExteruJion of the Tables 

In. general the tables a.s presented a.re not simply 
interpola.ble. However, values for L > O may be 
obtained with the help of the recurrence rella.tions. 
The values of {4(.,, p) may be obta.iilled by 
applying the recurrence relations in increasing 
order of L. Forward recurrence may be used for 
FL('l, p) as long a.s the instability does not produce 
errors in excess of the accuracy needed. In this 
case the backwards recurrence scheme (see :&­
ample 1) should be used. 

Example 1. Compute FL(TJ, p) and Fl('l,, p) for 
"=2, p=5, L=0(1}5. Starting with F~= 1, 
Ft, = 0, where F!=cFL, we compute from 1•i .2.3 in 
decreasing order of L: 

(1) (2) (3) <•> 
L F: Fi Ft. F~ 
11 0. 
10 1. 
9 4. 49284 
8 17. 5225 
7 61. 3603 
6 191.238 
5 523.472 
4 1238. 53 
3 2486. 72 
2 4158. 46 
1 5727. 97 
0 6591.81 

. 090791 

. 21481 

. 43130 

. 72124 

. 99346 
1. 1433 

F0/F~= 1.7344 X w-'=c- 1• 

. 091 . 1043 

. 215 . 2030 

.4313 . 3205 

. 72125 . 3952 

. 99347 . 3709 
1. 1433 . 29380 

The values in the second column a.re obtained 
from those in the first by multiplying 1by the 
normalization constant, Fo/Ft where F0 is the 
known value obtained from Table 14.1. 

Repetition starting with F:a= 1 and F~=O 
yields the same resulta. 

In column 3, the results have been givem. when 
14.2.3 is used in increasing order of L. 

F;, (column~) follows from 14.2.2. 

Example 2. Compute G£(fl, p) and G~(TJ, p) for 
"=2, p=5, L=1(1)5. 

Using 14.2.2 and 00 (2, 5)=.79445, G~= - .67049 
from Table 14.1 we find G1 (2, 5)= 1.0815. Then 
by forward recurrence using 14.2.3 we find: 

L GL - G'c. • 

1 1. 0815 • 60286 
2 1. 4969 . 56619 
3 2.0487 . 79597 
4 3. 0941 1. 7318 
5 5. 6298 4. 5493 

The values of G~ are obtained with 14.2.1. 
Example 3. Compute Go(fl, p) for 11=2, p=2.5. 
From Table 14.1, 00 (2, 2)=3.5124, 0~ (2, 2) 

= -2.5554. Successive differenti~tion of 14.1.1 
for L=O gives 

<P+'w <Pw ,p+ tw ,p-•w 
p dpHS::a(2fl- p) d" - k {dpH l + dpl:- 1} 

Taylor's exp&nsion is w(p+.:lp)=w(p)+(.:lp)w' 

+(.:l~)2.w''+ .. . . With w=Go('J , p) s.nd .:lp=.5 

we. get: 
dliGo (top) " d1Go 

k dplt k'l dp" 
0 3. 5124 3. 5124 
1 -2.5554 - 1.2777 
2 3. 5124 . 43905 
3 - 6.0678 - . 12641 
4 12. 136 . 03160 
5 - 29. 540 -. 00769 

~ 83. 352 . 00181 
7 - 268. 26 - . 00042 

00 (2, 2. 5}=2. 5726 

As a check the result is obtained with J~=2, p=3, 
.:lp=-.5. The derivative G~('7, p) may be ob­
tained using Taylor's formula. with w=Go('1, p). 

•see page n . 
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15. Hypergeometric Functions 

Mathematical Properties 

15.1. Gauss Series, Special Elementary Cases, 15.1. 7 

Special Values of the Argument F(l, ! ; t; -z2)=(1+zi)lF(1, 1; J; -z2) 
GauN Series 

The circle of convergence of the Gauss hyper-
geometric series 15.1.8 

=z-1 ln [z+(1+z2)1] 

F(a, b; b;z)=(l- z)-11 

15.1.1 

F(a, b;c; z)=2F,(a, b,· c; z) 

• (a) (b) z" 
=F(b, a,·c; z)=~ " " 1 n-o (c)" n. 

r(c) • r(a+n)r(b+n) z" 
r(a)r(b) ~ r(c+n) n! 

is the unit circle lzl= l. The behavior of this 
series on its circle of convergence is: 

(a.) Divergence when 9l (c-a-b)~ -1. 
(b) Absolutecon'Vergencewhen f!l. (c-a-b)>o. 
(c) Conditional convergence when -1<9f(c-a 

-b) ~0; the point z=l is excluded. The Gauss 
series reduces to a. polynomial of degree n in z 
when a or b is equal to -n, (n=O, 1, 2, . .. ). 
(For these ca.ses see also 15.4..) The ~eries 15.1.1 
is not defined when c is equal to -m, (m=O, 1, 
2, ... ), provided a or b is not a. negative integer 
n with n<m. For c=- m 

15.1.2 

lim r(l ) F(a, b; c; z)= 
~-.-m C 

Special Elementary Cuea of Gaul!ll!l &riea 

(For cases involving higher functions see 15.4.) 

15.1.3 

15.1.4 

15.1.5 

15.1.6 

F(1, 1; 2; z)=- z-1 ln (1-z) * 

F(i, 1; ii z2)=tz-•1n G+;) 

F(i, 1; -!; -z')=z-1 arctan z 

F (}, !; i; z2)=(1-z2)1F(11 1; J; z2)=z-1 arcsin z 

"See pagelL 

556 

15.1.9 F(a, !+a;;; z2)=t[(1+z)-2t1+(1-z)-20] 

15.1.10 

F(a, l+a; ii z2) = 

!z-1(1-2a) _, [ (1 +z)1_,.._ (1- z)1-ta) 

15.1.ll 

F( -a,ll(;}; - z2)=! {[ (1 +zZ)t+zJ211+[(1 +z2)1-z]211 } 

15.1.12 

F(a, 1-a; !; -z2)= 

}(1 +z2Y-t { [(1 +z2)l+z)24- 1+[(1 +z2)t-z]ta-t J 

15.1.13 

F(a, i+a; 1+2a; z)=2"'[1+(1-z)t]-211 

=(1-z)lF(t+a, i+a; 1+ 2a; z) 

15.1.14 

F(a, ! +a; 2a; z)=~-1(1-z)-l[1+(1-z)l)'-2<1 

••• 2 _sin [(2a-1)z] 
15.1.15 F (a, 1-a, f, sm z)- (2a-1) sin z 

• • • 2 sin [(2a-2)z] 
15.1.16 F(a, 2- a, J , sm z) (a-l) sin (2z) 

15.1.17 F( - a, a; l; sin2 z)= cos (2az) 

15118 F( 1 . ~- . 2 ) cos [(2a-l)z] • • a, -a, 11"• s1n z cos z 

15.1.19 F(a, !+a; !; -t.an2 z)=cos211 z cos (2az) 

Special Values of the Argument 

15.1.20 
r(c)r(c-a- b) 

F(a, b; c; 1) r(c-a)r(c-b) 

(c#O, -1, -2, . .. , fJl(c-a-b)>o) 
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15.1.21 
_ r(l+a--b) 

F(a, b; .a-b+1; -1)=2 ~~~ r(l+!a-b)f(l+ta) 

(l+a-b~O, -1, --2, . . . ) 

15.1.22 
F(a, b; a-b+2;-1)=2-4 11"112(b-1)-1r(a--b+2) 

[r(ia)r(:+ia-b) r(t+ta)r~1+!a:-bJ 
(a-b+2~0, -1, --2, . . . ) 

15.1.23 F(l, a; a+ 1; -l)=ia[tf(t+la) -·tf(ta) 1 

15.1.24 
r(t+ta+!b) 

F (a, b; l¢+tb+t;t)=~ r(t+ta)r(t+th') 

(ta+tb+t~O, -1,--2, ... ) 

15.1.25 
F(a, b; ta+tb+1; })=2~(a-b)- 1r(l+icJ~+tb) 

{[r(ta)r(t+ib) 1-1-[r <l+ ia) r(}b) ]-1} 

(}(a+b)+1 ~0, -1, -2, . . . ) 

15.1.26 
F(a, 1- a; b; l)= 

21-br•r(o) [r(la+!b) r <t+lb-ld)l1-1 

(b~O, -1, -2, .. . ) 

15.1.27 
F(l, 1; a+1; i)=a[tf(!+la)-tf(la)] 

(a~-1, -2, -3, ... ) 

15.1.28 
F(a, a; a+l; l)=2"-1a[tf(!+!a)-~(ia)j 

(a~-1, -2, -3, ... ) 

15.1.29 
-:14 r(t)r(J--2a;) 

F (a, i+a; t-2a;-!-)=(t) r(t)r(t-~,;) 

(J-2a~O, -1 , -2, . . . ) 

15.1.30 

F (a, i-+a; t + a; t)=(t)o~ r(t:i!~t~ia) 
(i+fa~O, -1, -2, .. . ) 

15.1.31 
F (a, .ja+j-; fa+!; efr/8) 

2-Jc+J t 3-t<•+ll 1r0te r(ta+t) 
= 11" e r(ta+})r(f) 

(j- a~-t,-.Y.,--.lf, .. . ) 

15.2. Differentiation Formulas and Gauss' 
Relations for Contiguous Functions 

Di«ereotjatioo Fonoulaa 

d ab 
15.2.1 d- F(a, b; c; z)=- F(a+l, b+1; c+1; z) z c 

15.2.2 

d:: F(a, b; c; z) (a~~i~),. F(a+n, b+n; c+n; z) 

15.2.3 

d" 
dz" [z4+"- 1F(a, b; c; z)1=(a),.za-1F(a+n, b; c; z) 

15.2.4 

15.2.5 

d:: [ze-a-hl-1(1-z)PH-cp(a, b; Cj z)1 

=(c-a),.z'-4
-

1(1-z)aH-c-"F(a-n, b;c; z) 

15.2.6 

d" 
dz" [ (1-z)a+IH F(a, b; c; z) 1 

=(c-a~;i:-b),. (1-z)aH-c-"F(a, b;c+n; z) 

15.2.7 

d" 
dz" [ (1 - z)"+•-1F(a, b; c; z)] 

= (-1)"((J)",.(c-b),. (1-z),._1F(a+ n, b; c+n; z) 

15.2.8 

d:: [z'- 1(1- z)b-•+• F(a, b; c; z) 1 

= (c-n),.z'-"-1(1-z)b-c F(a-n, b; e-n; z) 

15.2.9 

:: .. (z'-1(1-z)aH-~ F(a, b; c; z)] 

=(c-n),.ze-"- 1(1-z)a+O-c-nF(a-n, b-n;c-n; z) 

Gauu' Relation• fol' Contiguoua FunetioiU 

ThesixfunctionsF(a± 1, b; c; z), F(a, b±l; c; z) , 
F(a, b; c±l; z) are called contiguous to 
'F(a, b; c; z). Relations between F(a, b; c; z) and 
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any two contiguous functions have been given by 
Gauss. By repeated application of these rela­
tions the function F(a+m, b+n; c+l; z) with 
integral m, n, l(c+l~O, -1, -2, ... ) can be 
expressed as a linear combination of F(a, b; c; z) 
and one of its contiguous functions with coefficients 
which are rational functions of a, b, c, z. 

15.2.10 

(c-a)F(a-1, b; c; z)+(2a-c-az+bz)F(a, b; c; z) 

15.2.21 

[a-1-(c-b-l)z)F(a, b; c; z) 

15.2.22 

+(c-a)F(a-1, b; c; z) 

-(c-1)(1-z)F(a, b; c-l; z)=O 

[c-2b+(b-a)z]F(a, b; c; z) 

+b(1-z)F(a, b+t; c; z) 

-(c-b)F(a, b-1; c; z)=O 

+a(z-1)F(a+1, b; c; z)=O 15.2.23 

15.2.11 

(c-b)F(a, b-1; c; z)+(2b-c-bz+az)F(a, b; c; z) 

+b(z-l)F(a, b+I; c; z)=O 

15.2.12 

c(c-I)(z-1)F(a, b; c-1; z) 

+c[c-1-(2c-a-b-1)z]F(a, b; •; z) 

c[b-(c-a)z]F(a, bj c; z)-bc(l-z)F(a, b+ I ; c; z) 

+(c-a)(c-b)zF(a1 b; c+ 1; z)=O 

15.2.24 

(c-b-l)F(a, b; c; z)+bF(a1 6+1 ; c; z) 

-(c-1)F(a1 b; c-l; z)=O 

15.2.25 

+(c-a)(c-b)zF(a, b; c+1; z)=O c(1-z)F(a, b; c; z)-cF(a, b-1; c; z) 
15.2.13 

[c- 2a-(b-a)z)F(a, b; c; z) 

15.2.14 

+a(1-z)F(a+1, b; c; z) 

-(c-a)F(a-1, b; c; z)=O · 

(b-a)F(a, b; c; z)+aF(a+t, b; c; z) 

-bF(a, b+l; c; z)=O 
15.2.15 

(c-a-b)F(a, .b; c; z) +a(l-z)F(a+ 1, b; c; z) 

-(c-b)F(a, b-1; c; z)=O 
15.2.16 

c[a-(c-b)z]F(a, b; c; z)-ac(1-z)F(a+l, b; c; z) 

+(c-a)(c-b)zF(a, b; c+1; z)=O 
15.2.17 

(c-a-l)F(a1 b; c; z)+aF(a+I, b; c; z) 

- (c-1)F(a, b; c-1; z) =0 
15.2.18 

(c-a-b)F(a, b; c; z)- (c-a)F(a-1, b; c; z) 

+b(1-z)F(a, 6+1; c; z)=O 
15.2.19 

(b-a)(l-z)F(a, b; c; z)-(c-a)F(a-1, b; c; z) 

+(c- b)F(a, b- 1; c; z)=O 
15.2.20 

c(l-z)F(a, b; c; z)-cF(a-l, b; c; z) 

+(c-b)zF(a, b; c+l; .z)=O 
•See pace a. 

• + (c-a)zF(a, b; c+1; z)=O 

15.2.26 

~b-1-(c-a-1)z]F(a, b; c; z) 

15.2.27 

+(c-b)F(a, b-1; c; z) 

-(c-1)(1-z)F(a, b; o-1; z)=O 

c[c-1- (2c-a-b-l)z]F(a, b; c; z) 

+Cc-a)(c-b)zF(a, b; c+I; z) 

-c(c-1)(1-z)F(a, b; c-1; z)=O 

15.3. Integral Representations and Transfor­
mation Formulas 

lnleifral Repreeentationa 

15.3.1 

F(a, b; c; z)= 

r(c) fl to-1(1-W-o-1(1-tz)-adt 
r(b)r(c-b) Jo 

(&lc>Plb>O) 

The integral represents a one valued analytic func­
tion in the Z'i)lane cut along the real axis from 1 to 
cc and hence 15.3.1 gives the analytic continua­
tion of 15.1.1, F(a, b; c; z). ~other integral 
representation is in the form of a Mellin-Ba.rnes 
integral 



HYl?ERGEOMETRIC FUNCTIONS 559 

15 3 2 F r b ) r(c) J'"' ~r(a+s)r(b+s)r(-s) (-z)•;]-
• • ,a, i c; z 211"ir(a)r(b) _,.,. r(c+s) ~ 

. r(c) f' .. I'(a+s)r(b+s) • 
=ti r(a) r(b) _, .. 1'(1 +s) r(c+s) cso(,.-s) ( -z) ds 

Here -,..<a.rg( -z)<• and the path of integration is chosen such that the poles of r(a+s) and 
r(b+s) i.e. the points s=-a-n and s=-b-m(n, m=O, 1, 2, ... ) respectively, are at its left 
side and the poles of csc(1rs) or r( -s) i.e. s=O, 1, 2, are at its right side. The ca.ses in which -a, -b 
or -c are non-negative integers or a-ll equa.l to an integer are excluded. 

IJnear Transformation Formulaa 

From 15.3.1 and 15.3.2 a number of transformation formula.s for F(a, b; c,· z) can be derived. 

15.3.3 F(a, b; c; z)=(1-z)•-•HF(c-~, c-b; c; z) 

15.3.4 =(1-z)-aF(a, c-b; c; z z 
1
) 

15.3.5 =-(1-z)-.,F(b c-a" c· 2.._) ' '' 'z-1 

15.3.6 
r(c)r(c-a-b) . . 
r(c-a) r(c-b) F(G~, b, a+b-c+I, 1-z) 

+(1-z)•-a-& r(c)r(a+b-c) F 'c-a c-b· c-a-b+1· 1-z) 
r(a)r(b) ' ' ' ' 

(Jarg (1-z)J<:n-) 

15.3.7 r(c)r(b-a) -a ( • . 1) 
r(b)r(c-a) (-e) F a, 1-c+a, 1-b+a, z 

r(c)r(a-b) -& ( • • 1) 
+r(a)r(c-b) (-z) F b, 1-c+b, 1-a+b, z (J arg (- z)l<•) 

15.3.8 -4 r(c)r(b-c:t) ( 1 ) 
=(1-z) r(b)r(c-c:t) F. a, c-b; a-b+1; 1_

2 

-& r(c)r(a-b) ( 1 ) 
+(1-;a~) r(a)r(c-b) F b, c-a; b-a+l; 1_z (l'arg (1-z)J<,..) 

15.3.9 r .(c)r(c-a-b) -4 ( 1) 
r(c-a)T(c-b) z F a, a-c+l; a+b-c+l; 1--z 

+ T(c) r(a+ b-c) (1-z)•-a-.,zz-• F(c-a l-a· c-a-b+1·t-!) 
r(a)r(b) ' ' ' z 

(Jarg zl<,.., Ja.rg (l-z)l<11") 

Each term of 15.3.6 has a. pole when c=a+b±m, (m=O, 1, 2, ... ); this ca.se is covered by 

r (a+b) • (c~) .. (li), ,. 
15.3.10 F(a, b; a+b; z) r(a)r(b) ~ -(nl)2 [2!Ji(n+1)-tf(a+11>)-!f(b+n)-In (1-z)](l-z) 

(Ja.rg (1-z)J<1r, ]1-zJ<l) 

Furthermore for m=l, 2, 3, ... 

15.3.ll F(a, b; a+b+m; z) r(m)r(a+b+m) ~1' (a)tt(b),. (1-z)" 
r(a+m) r(b+m) ,._onl(l-m),. 

- r(a+ b+m) (z-1)"'--£ (a+m),(b+m),. (1-z)"[ln (1-~)-tf(n+l) 
T((j~)f (b) n•O n!(n+m)l 

-!f(n+m+l)+tf(a+n+ m) + tf(b+n+m)] (Jarg (1-z)J< 1r,[1-z]<t) 
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15.3.12 F(a, b; a+b- m; z) r(m)r(a+b-m) (1-z)-111 ~ (a-m),.(b-m). (1-z)" 
r(a)r(b) n•O n!(1-m),. 

(-1)"'r(a+b-m) "'£ (a),.(b),. (1-z)"[ln (l-z)-~(n+1) r(a-m)r(b-m) n-onl(n+m)l 
-~(n+m+ 1) +~(a+n) +~(b+n)] 

(la.rg (1-z)l< ... ,l1-zl<l) 

Similarly each term of 15.3.7 has a. pole when b=a±m or b-a=±m and the case is covered by 

15 ~» 13 F( ) r(c) (-z)-• ~ (m),.(l-c+a), z-•[ln (-")+2·"' ... +1)-·"'a+n~-·'·(c-a-n)J .OJ. . a,a;c; z r(a)r{c-a) i;& (nl)2 "' 'I"V• '1"\ 'l 'f' 

(larg (-z)l<-r, lzl>1, (c-a) ~0, ±1, ±2, ... ) 

The case b-a=m, (m=l, 2, 3, ... ) is covered by 

15.3.14 F(a,a+m;c; z)=F(a+m,a;c; z) 

r(c)(-z)-•-• ± {a),.+,..(1-c+a),.+,. z-"[ln (-z)+~(l+m+n)+l/t(l+n) 
r(a+m)r(c-a) t1•0 nl(n+m)J 

r(c) m-l r (m-n) (a) 
~ljt(a+m+n)--1/t(c-a-m-n)]+(-z)-• :E "z-• 

r(a+m) 11•0 nlr(c-a-n) 
(la.rg(-z)l< ... , lzl>l, (c-a)~O, ±1, ±2, ... ) 

.... 

The case c-a=O, -1, -2, ... becomes elementary, 15.3.3, and the case c-a=l, 2, 3, ... can be 
obtained from 15.3.14, by a. limiting process (see [15.2]). 

Quadratic Tnlllllf'onnatiou Fonnulu 

If, and only if the numbers ±(1-c), ±(a·-b), ±(a+b-c) a.re such, tha.t two of them are equa.l 
or one of them is equal to ;, then there exists a. qua.dratic tta.nsformation. The basic formula.s 
are due to Kummer [15.7J and a. complete list is due to Goursat [15.3}. ·see also [15.2]. 

15.3.15 

15.3.16 

15.3.17 

15.3.18 

F(a,b; 2b;z)=(l-z)-IGF( ia, b-ia; b+ i ; 
42

zt 
4

) 

=(1-lz)-IJF(ia, i+ia; b+~~i z'(2-z)-2
) 

=(i+ hft z)-24F[a,a-l,+i; b+ i ; G~::2.rJ 

15.3.19 F(a,a+!;c;z)=(i+tJI=Z)-kF( 2a,~~-c+1;c; ~~~) 

15.3.20 

15.3.21 

15.3.2~ F(a,b; a+b+i;z)=F(2a, 2b; a+b+l; ,l-l.J1 z) 

=(i+i.Jl z)-k F(' 2a, a-b+i-; a+b+i; ::2.-l) 
' 1-z+t 

15.3.23 
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15.3.24 F(a, b; a+b-i; z)=(l-z)-tF(2a--1,2b-l;a+b-!;!-!·b z) 

15.3.25 

15.3.26 

15.3.27 

15.3.28 

=(1-z)-l (*+~L.JI=-Z)'-14 F(2a-1 a-b+-1.· a+b-..\-· ~-1) 
'" .J ' '"' "''..j1 z+1 

F(a, h; a-b+l; z)=(l+z)-11F (}a1, ia+i; a-b+l; 4z(l+z)-') 

=(1 ±.rz)-14F{(,, a-b+!; 2a-2b+l; ±4-vZ(l±.rz)-') 

=(~-z)-aF(}a1, ia-b+t;a-b+1;-4z(l-z)-2) 

15.3.29 F (a, b; i4+-fb+l; z)=(l-2z)-aF(ia, 1a+i; l4+tb+ti ~~:~,) 
15.3.30 =F(ia, jb; ita+lb+t; 4z-4z') 

15.3.31 F(a, 1-a; c; z)=(l-z)•-•F(ic-~ra, lc+ia-l; c; 4z-4z2) 

15.3.32 ·={1-z)~-•(t-2z)1'-'F (le-ta, ic-ta+t; c; (4z'-4z)(l-2z)-1
) 

Cubic transformations are listed in (15.2) and [15.3]. 
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In the formulas above, the square roots are defined so that their value is real and positive when 
O~z<I. All formulas are valid in th4S neighborhood of z=O. 

15:4. SJWJCial Cues of F(a, b; c; z) 

PolJUomiab 

When a or b is equal to a. negative integ4sr, then 

• (-m) (b) t.• 
15.4.1 F(-m,b; c_; z)=~ ()• "-1 ~ c,. n 

This formula. is also valid when c=-m-,l; m, l=O, 1, 2, . . 

• ( -m),.(b'). z• 
15.4.2 F(-m, b;-m·-l; z)="5: ( zj - 1 ::fl -m- 1,. n 

Some particular cases a.re 

15.4.3 F(-n, n; t; z)=T,.(l-2:z:) 

15.4.4 F (- n, n+l ; 1; z)=P,.(l-2x) 

15.4.5 F( -n, n+2a; a+~; z )= (~). C~·>{l-2x) 
n! 

F(-.n, a + l + ,i+n; a+l; :z:)=(a+l),. p~cr.~l (l-2x) 

Here T,., P "' o~·> , p~a.~> denote ChebJlghev, Legendre's, Gegenba.uer's a.nd Jacobi's polynomials re­
spectively (see chapter 22). 

Legendre Functlona 

Legendre functions are connected with those special cases of the hypergeometric function for which 
a. quadratic transformation exists (see 15.3). 

15.4.7 F(a, b; 2b; z)= 22b- 1r(t+ b)zt-o (1-z)t<o-a-t>P.:=!-t [ ( 1-~) (1-z)-i] 

15.4.8 = 22b'll"- l J(~h~~) z- &(1.-z)i<O-a>et.·<oz-o> Q::r (i-1 )* 

15.4.9 F(a, b; 2h;-z)=22b~.-J r~t(~)h) z-0(l+z)tiO- II)rt ... ce - t ) Q:: r ( ~~) (ja.rg zl<•, larg (l±z)l<r)• 



15.4.10 F(a, a+!; c; z)=2c-1r(c)zl-t•(l-z)lt-ll-tP~;!.((l-z)-t] 

(la.rg zl<~. larg (1-z)I<T, z not between 0 and- oo) 

15.4.11 F(a, a+!; c; z)=2"-1r(c)( -z)l-lt(l-z)t•-a-tp~;~c[(l-z)-t) 

15.4.12 F(a, b;a+b+t; z)=2'1H-tr(l+a+b) (--z)t<t-a-&>J>!:::t((l-z)l] 

(larg ( -z)l<1r, z not betw.een 0 and 1) 

15.4.13 F(a, b; a+h+!i z)=2"H-tr(t+a+b)zt<t-•-•>J>!:::t[(l-z)'l (O<z<l) 

15.4.14 F(a, b; a-b+1; ~=r(a-b+t)ztb-l"(l·-z)-•P!.-;• G+:) 

(larg (1-z)l<~. z not between 0 and- oo) 

15.4.15 F(a, b; a-b+l; z)=r(a-b+1)(1-z)-•( -:t)t•-taP!.-;• G +:) 

15.4.16 F(a, l-a;c; z)=r(c)(-z)t-t•(t-z)tt-!lpt_-.•ct-2z) 

(la.rg (-z)l<~. la.rg (1-z)l<~, z not between 0 tmd 1) 

15.4.17 F(a, l-a; c; z)=r(c)zt-tt(l-z)tt-tp~-:(l-2z) 

15.4.18 F(a, b; ta+!b+!; z)=r(t+!a+tb)[z(z-1)]t0-•-•>Pf~~:~:~:(l -2z) 
(larg z 1<~. la.rg (z-1)1<~. z not between 0 and 1) 

15.4.19 F(a, b; !a+!b+!; z)=r(t+!a+!b) (z--z2)1<1-•-•>pt~~:~:~~(l-2z) (O<z<l) 

15.4.20 F(a, b; a+b-l; z)=2"+•-•r(a+b-l){ --z)tll- •-•>(t-z)-t.Pt:.!:U(l-z)t) 
(I a.rg ( -z)l<~. I arg (1-z)l<~, ~[(1-z)t)>O, z not between 0 and 1) 

15.4.22 F(a, b; t; z)=~-t2"+~~-tr(!+a)r(t+b)(z-I)t<t-•-•>[P.:~:t(z')+Pi:~:~( -zl)] 
(larg zl<1r, I a.rg(z-1)1<~. z not between 0 and 1) 

15.4.24 
%1.! (b-•) 

F(a, b; !;-z)=w--t2'1-•-1r(t+a)r(l-b)(z+l)-t--t•e ~ {P!:;:_1[zl{1+z)-t] 
+P!+~-1[-zl(1+z)-l] } 

(±according as Jz~O, z not between 0 and oo) 

15.4.25 F(a, b; ! ; - z)=w--J2"-•- 1r(t+a)r(I-b){I+zi - ta-t• {P!:;~_1(zl(I +z)-•]+P!+~- 1[ -x1' 20+z)-t]} 
(O<z< oo) 

15.4.26 F(a,b;f;x)= -w--12"+&-lr(a-!)r(b-!)z-1(1-z)t<i-•-•> {Pi:~:~(zt) -P.:~:~( -z') } (O<z< I) 

15.5. The Hypergeo1netrie DiBerential Equation 

The hypergeometric differential equation 

<Pw dw 
15.5.1 z(l-z) dz2 +[c-(a+b+l)z] dz -ahw=:O 

•see p~o. 
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has three (regular) singular points e=O, 1, co. The pairs of exponents at thes~ points are 

15.5.2 P1?~=0, 1-c, p~~~=O,c-a-b, 

respectively. The general theory of differential equations of the Fuchsian type distinguishes betwee.n 
the following cases. 

A . NO'TI£, of the n'l.f,mbers c, c-a-b; a-b is eg:ual to an integer. Then two linearly independent solutions 
of 15.5.1 in the neighborhood of the singular points 0, 1, co are respectively 

15.5.3 wHo>=F(a, b; c; e)=(l-z)•-ca-•F(c-a, c-b; c; z) 

15.5.4 '1.0-J<o>=t-•F(a-c+l, b-c+l; 2-c; ·z)=z1-"(l-z)•-•-•F(1-a., 1-b; 2-c; z) 

15.5.5 Wt(l)=F(a, b; a+b+1-c; 1-z)=t-•F(t+b-c, t+a-c; a+b+l·-c; 1-z) 

15.5.6 WJu,=(l-e)•-•-•F(c-b, c-a;c-a-b+ 1; 1-z)=z•-•(1-z)•-a-•F(l-a, 1-b;c-a-b+l; 1-z) 

15.5.7 tDtc.,=z-•F(a, a-c+I; a-b+I; z-1)=z•-•(z-t)•-a-bF(1-b, c-b; a-b+l; z-1) 

15.5.8 WJc .. >=z-•F(b, b-c+l; b-a+t; z-•)=z~&-•(z-1)'-a-•F(l -a, c-a; b-a+I; z-1) 

The second set of the above expressions is obtained by applying 15.3.3 to the first set. 
Another set of representations is ~ obtained by applying 15.3.4 to l5.5.3 through 15.5.8. This 

gives 15.5.9-15.5.14. 

15.5.9 wHo>=(l-z)--F(a, c-h; c; z z1 )=(1-z)-11F(b, c-a; c; z z 
1
) 

15.5.10 fl12co>=z1-"(l-z)'-a- IF(a.:_c+l, 1-b; 2-c; z z 
1
)=z1-'(1-z)"-•-•F(b-c+I, 1-a; 2-c; z z 

1
) 

15.5.Il Wl(l)=z-•F(a, a-c+l; a+b-c+l; 1-z- •)=z-•F(b, b-c+I; a+b-c+I; 1-z- 1) 

15.5.12 

WJct> =z«-'(1-z) t-a-e F(c-a, 1-a; c-a-b+ 1; 1-z-1) =zb-•(t-z) t-•-•F(c-b, 1-b; c-a-b+ 1; 1-z-1) 

15.5.13 w11..,,=(z-:-I)-•F(a, c-b; a-b+l; 1 
1 

z)=(z-1)-•F(b, c-a; b-a+l; 
1 

1 e) 

15.5.14 

w~c .. ,=z1-•(z-l)'-'"-'F(a-c+l , l-b;a-b+1; 1
1 z)=z1-•(z-l)•-•-•F(b-c+ l ,1-a; h-a+1; 1

1 
e) 

15.5.3 to 15.5.14 constitute Kummer's 24 sOlutions of the hypergeometric equation. The analytic con­
tinuation of Wt.2<0>(e) can then be obtained by means of 15.3.3 to 15.3.9. 

B. One of the· numbers a, b, c-a, c- b is an integer. Then one .. ,~f the hypergeometric series for 
instance w1 .2<0h 15.5.3, 15.5.4 terminates and the. corresponding solution is of the form 

15.5.15 w=Z'"(I -z)~p .. (z) 

where p,.(z) is a polynomial in z of degree n. This case is referred to a.s the degenerate case of the 
hypergeometric differential equation and its solutions are listed and discussed in great detail in [15.2}. 

G. The 11/Umber o-a-h is an integer, c nonintegral. Then 15.3.10 to 15.3.12 give the analytic continu­
ation of Wt .2CO> into the neighborhood of z= 1. Similarly 15.3.13 and 15.3.14 give the analytic continu­
ation of w. ..sco> into the neighborhood of z= co in case a- b is e.n integer but not c, subject of 
course to the further restrictions c-a=O, ± 1, ±2 ... (For a detailed discussion of a.ll possible 
eases, see (15.2]) . 

D. The n1.11mber c= 1. Then 15.5.3, 15.5.4 are replaced by 

15.5.16 1Daco>=F(a, b; 1; .z) 
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(lzl<l) 

E. The number o=m+l, m=l, 2, 3, . . . . A fundamental system is 

Wt.<o>=F(a, b; m+l; z) 15.5.18 

15.5.19 w2<o>=F(a, b; m+l; z) ln z+£ (i~,.(~),. I z"[l/t(a+n)-!f(a)+if(b+n)-1/t(b)-!f(m+t+n) 
n-1 m ,lfl, 

m (n- -1)!(-m),. -IJ 

+1/t(m+l)-1/t(n+l)+!f(l)]- ~ (1--a),.(l-b),. z Cl~l< 1 and a, br!O, 1, 2, ... (m-1)) 

F. The number c= 1-m, m=l, 2, 3, . . . . A fundamental system is 

15.5.20 w1<ol=z"'F(a+m, b+m; l+m; z) 

15.5.21 
CD (a+m) (b+m) 

w2 ,0>=z"'F(a+m, b+m; t+m; z) ln z+z"'~: z" (l+:n),.n! "[1/t(a+m+n)-1/t(a+m)+l/t(b+m+n) 

-!f(b+m)-1/t(m+l+n)#(m+l)-1/t(n+t)+!f(l)]-~ (1-~~-~?~~;-~:.m),. z"'-" 

Clzl<1 and a, br!O, -1, -2, . .. -(m-1)) 

15.6. Riemann's D~erential Equation 

The hypergeometric differential equation 15.5 .• 1 
with the (regular) singular points 0, 1, oo is a 
special case of Riemann's differential equation 
with. three (regular) singular po4I_ts a, b, c 

15.6.1 

d!w cl-a-a' . 1-fj-{31 1---y--y'] dw 
d$2 + z-a + z~b + z-c dz 

+[aa'(a-b)(a-c) +fjfJ'(b-c)(b-a) 
z-a z-b 

+n'(c-a)(c-b)J w 
z-c (z-a)(z- b)(z-c) =O 

The pairs of the exponents with respect to the 
singular points a j b j c a.re a, a'; {J, {J' ; -y, -y' respec­
tiveJy subject to the condition 

The complete set of solutions of 15.6.1 is denot"d 
by the symbol 

15.6.3 

w=P{: 
a ' fj ' -y' 

b 

·} 
e 

{J 'Y 

Special Caeee of Riemann's P Function 

(a.) The generalized hypergeometric function 

15.6.4 

w=P{: 
a' 

1 

·} 
fJ' 

(b) The hypergeometric function F(a1 b; c; z) 

15.6.5 

w~Pt_: 
1 

·} a 0 

b c-a-b 

(c) The Legendre functions P~(z), Q~(e) 

15.6.6 

w=P{ -
0

i• 
t+lv 

CD 1 

(1-z~-·} 0 

(d) The confluent hypergeometric function 

15.6.7 

w~P{ H~ 
<J:) c 

·} -c c-k 

!-u 0 k 
provided lim c~co . 
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TI1LDUOI'ID&tion Formulaa for Riemann's P Function 

c--•y c--<)'p {: 
b c 

z }=P{ a:k 
b c 

·} 15.6.8 13 'Y 13-k-l 'Y+l z-b z-b 
a' 13' 'Y' a'+k 13' -k-l 'Y' +l 

15.6.9 p { : 

b c 

·}=P{:: 
bl CJ 

·} 13 'Y 13 "( 

a' (3' -y' (3' 'Y' 

where 

Az1+B Aa1+B b Ab.+B k 1+B 15•6·10 2 Oz1+ D' a Ca1+D' Ob1+D' c=-Oc.+D 

a.nd A, B, 0, Dare arbitrary constants such that AD-BO~O. 
Riem8JUl's P function reduced to the hypergeometric function is 

15.6.11 p { : 

a' 

b 

13 

13' 

c 

-y' 
} (z-a)a c~~-c)"~' { 

0 

z =- -- p 0 
z-b l~-b 

. a'-a 

~ (z-a)(c-b) } 
(z-b)(c-a) 

'Y'--r 

The P function on the right hand side is Gauns' hypergeometric function (see 15.6.5). If it is replaced 
by Kummer's 24 solutions 15.5.3 to 15.5.14 th,e complete set of 24 solutions for Riemann's differential 
equation 15.6.1 is obtained. The first of these EIOlutions is for instance by 15.5.3 and 15.6.5 

15.6.12 w=(: :x (: ~y F [ a+fJ+-y,a+fJ' +-r~ l+a-a'; ~:=:~ ~:=!0 
15.7. Asymptotic E.spansioD8 

The behavior of F(a, b; c; z) for large lzl is 
described by the transformation formulas of 15.3. 

For fixed a, b, z and large lei one bas [15.81 

15.7.1 

,. (a) (b) z" 
F(a,b;o;z)=:E " "-+O(Icl-"'-1

) 
n-o (c),. n! 

For fixed a, c, z, (c~O, -1, -2, ... , O<lzl<l) 
and large lbl one has [15.2] 

Ll5.1] P . Appell and J . Kampe de Ferlet, Fonotions hy-p,er­
g6ometriques et hyperspheriques (Gauthie!rs­
Villars, Paris, France, 1926). 

[1 5.2) A. Erdelyi et al., Higher transcendental functions, 
vol. 1 (McGraw-Hill Book Co., Inc., New York; 
N.Y., 1953). 

(15.3] E. Goursat, Ann. Sci. ~cole Norm. Bup(2)10, 
3-142(1881). 

15.7.2 

F(a, b; c; z)=e-c~[r(c)/r(c-a)] (bz)-•[t +O(Ibzl-1)] 

+[r(c)/r(a)] e11'(bz)<~-c(l +O(Ibzl-1)] 

( -~ arg(bz)<tr) 
15.7.3 
F(a, b; c; z)=e1~[r(c)/r(c-a)] (bz)-0 [1 +O(Ibzl-1

)] 

+ [r(c)/r(a)]eh(bz)'•-c[l +OCI bzj-1
) 1 

( -l?r< arg (bz)<tr) 

For the case when more than one of the param­
eters ar~ large consult (15.2]. 

[15.4) E. Goursat, Proprietes generales de !'equation 
d'Eu.ler et de Gauss (Actualites scienti.fiques et 
industnmes 333, Paris, France, 1936). 

[15.5] J . Xampe de Feriet, La fonotion hypergeometrlque 
(Gauthiers-VIJlars, Paris, France, 1937). 

(15.6] F.. Klein, Vorlesungen tlber die hypergeometrische 
Funktion (B. G. Teubner, Berlin, Germany, 
1933). 
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[15.8] T. M. MacRobert, Proc. Edinburgh Math. Soc. ~, 
84-88(1923). 

LHi.9) T. M. MacRobert, Functions of a complex variable, 
4th ed. (Macmillan and Co., Ltd., London, 
England, 1954). 
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diJferential equations (Clarendon Press, Oxford, 
England, 1936). 
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16. Jacobian Elliptic ]functions and Theta Functions 

Mathematical Properties 

Jacobian Elliptic Functions 

16.1. Introduction 

A doubly periodic meromorphic function 1s 
called an eUiptio function. 

Let m, m1 be numbers such that 

m+m1=l. 

We call m the parameter, m1 the complem;~ntary 
parameter. 

In what follows we shall assume that the p:a.ram­
eter m is a real number. Without loss of gen­
erality we can then suppose that 0$m$ll (see 
16.10, 16.11). 

We define quarter-periods K and iK' by 

16.1.1 

fr12 d8 
K(m)=K= J o (1-m sin2 8) 112 ' 

'K' ( ) 'K ' . fr/Z d8 
t m=t =tJ o (l-m, sin28)''2 

so that K and K' are real numbers. K is called 
the real, iK' the imaginary quarter-period. 

We I)Ote that 

16.1.2 K(m)=K'(m1)=K'(l-m). 

We also note that if any one of the numbEu-s m, 
m1, K (m), K'(m), K'(m)/K(m) is give~, all the 
rest are determined. Thus K and K' caJCl not 
both be chosen arbitrarily. 

In the Argand diagram denote the points 0, K , 
K+iK', iK' by a, c, d , n respectively. These 
points are at the vertices of a rectangle. The 
translations of this rectangle by >.K, ~JiK', where 
X, ~J are given all integral values positive or nega­
tive, will lead to the lattice 

.s .c .s .c 

.D .d .n .d 

.s .c .s .c 

.n .d .n .d 

the pattern being repeated indefinitely on all 
aides. 

Let p, q be any two of the letters s, c, d, n. 
Then p, q determine in the lattice a. minimum 
rectangle whose sides are of length K and K' and. 
whose vertices s, c, d, n are in counterclockwise 
order. 

De&oition 

The Jacobian elliptic function pq u is defined by 
the following three properties. 

(i) pq u has a simple zero at p and a simple 
pole at q . 

(ii) The step from p to q is a half-period of pq u. 
Those of the numbers K, iK ', K +iK ' which differ 
from this step are only quarter-periods. 

(iii) The coefficient of the leading term in the 
expansion of pq u in ascending powers of u about 
u=O is unity. With regard to (iii) the leading 
term is u, 1/u, 1 according as u=O is a. zero, a. 
pole, or an ordinary point. 

Thus the functions with a pole or zero at the 
origin (i.e., the functions in which one letter is s) 
are odd, and the others are even. 

Should we wish to call explicit attention to the 
value of the parameter, we write pq (u!m) instead 
of pq u. 

The Jacobian elliptic functions can also be 
defined with respect to certain integrals. Thus if 

16.1.3 f" d8 
U= Jo (l-msin28)112' 

the angle lfJ is called the amplitude 

16.1.4 I(J= am u 

and we define 

16.1.5 

sn u=sin I(J, en u=cos lfJ, 

dn u= (1-m sin' lfJ) 112= .1(1fJ). 

Similarly a.ll the functions pq u can be expressed 
in terms of I(J. This second set of definitions, 
although seemingly different, is mathematically 
equivalent to the definition previously given in 
terms of a lattice. For further explanation of 
notations, i:pcluding the interpretation, of such 
expressions assn (lfJ\a), en (ulm), dn (u, k) , see 17.2. 

569 
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16.2. Clusifi.cation of the· Twelve Jacobian Elliptic Function • 

AccordiD• lo Poles and Half-Periods 

Pole Pole Pole Pole 
iK' K+iK' K 

Half period iK' sn u cd u de u 

Half period K+iK' CD U sdu DC U 

-
Half period K dnu nd u BC U 

The three functions in a vertical column are 
copolar. 

The four functions in a horizontal line are 
coperiodic. Of the periods quoted in the lBBt line 
of each row only two are independent . 

. - ·- ·- ., .,·.~.,.. 
•...,Jinu ,.. •• 

"'""·-- .- · ....... ~ •"#_,.· 

I 

.// 

. 

FtGUBE 16.1. J~ian eUipticjumtion8 

sn u, en u, dn u 

1 
m=2 

IC U 

The curve for on (ull) is the boundary between thoee 
which have an inflexion and those which have not. 

\ ,/ 
\ ntu / ne u \_cw 

_..,..--._.~ _.-*·---·-.... 
.~ .. _ .. _ _...- ·-._._..---,.,.,.,·ndu ............ . ~ 

5 

or-------~k--------2~1C-------3~K--------.-K--u 
· .5 

- 1.0 

-1.5 

-2.0 

FIGURE 16.2. JlUobian eUipticjumtimuJ 

ns u, nc u, nd u 

1 
m=2 

0 

ns u 

dsu 

CBU 

·lO 

Periods 2iK', 4K + 4iK' , 4K 

Periods 4iK', 2K+2iK', 4K 

Periods 4iK', 4K+4iK' , 2K 

"'-, 
dcJ, 

\ 
FIGURE 16.3. JlUobio.n eUiptic jumtilrn! 

sc u, cs u, cd u, de u 

1 
m=2 

16.3. Relation of the J acobian Fun.ctiona to the 
Copolar Trio sn u, en u, dn u 

16.3.1 
cnu dnu 1 cdU=- dcu=-- nsu=---
dnu cnu SD 'U 

16.3.2 
sn u. 1 dnu 

sdu= dnu DC U=--- dsu=-
cnu snu 

16.3.3 
1 sn u CDU 

ndu= dn1t sou=-- cs u=---
cnu snu 

And generally if p, q, rare any three of the letters 
s, c, d,n, 

16.3.4 
pru pqu=-
qru 

provided that when two letters are the same, e.g., 
pp u, the corresponding function is put equal to 
unity. 
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16.4. Calculation of the Jacobian Functions by 
Use of the Arithmetic--Geometric Mean 
(A.G.M.) 

For the A.G.M. scale see 17.6. 
To calcula.te sn (ujm), en (ujm), a.nd dn (u!m) 

form theA.G.M. scale st&rting with 

16.4.1 ao=l, bo=....[m,, co=.,fii/,, 
tenninating a.t the step N when eN is negligible to 
the accuracy required. Find tfJN in degrees where 

and then compute successively tfJN-a, tfJN-2, 

IP!, tfJo from the recurrence relation 

16.4.3 

Then 

16.4.4 

. (2 ) c,. . SlD tp,._,-tp,. = - BlD tp,. . 
a,. 

sn (u!m)'=sin ~Po, cu (u!m) =cos IPo 

dn (ujm) 
cos tpo 

571 

. . ., 

16.4.2 
From tlieSe all the other functions can be deter­
mined. 

16.5. Special Arguments 

u sn u CD U dn u 

16.5.1. 0 0 1 1 

16.5.2 ~K 1 mtll• 
ma11• 

2 (1 + tn{l')111 (l+m~lll)llt 

16.5.3 K 1 0 m,tJ• 

16.5., ~(iK') im-llf 
(l+mll')l/t (l+mllt)tll 

2 m"• 

• ! (K+iK') c· r· ( r· 16.5.5 2-t/Jm, - •1•[(1 +milt)''' ~ (1-i) m, ((l+mtll')"' 
2 +H1-mlll)ll' ) . 4 -t(l-mtll2)11•] 

16.5.6 K+~(iK') 
2 

m-tlf - . (1-mll')"' 
1 mill 

(1-mll')t/1 

16.5.7 iK' ... "' "' 
16.5.8 !K+iK' 

2 
(l - m1tl2)-lle _ . ( m1tlt )'' • 

' 1-ml', -ima11• 

16.5.9 K+iK' m-Il• -i(mt!m) ttt 0 

16.6. Jacobian Functions when m=O or 1 

m=O m=l 

16.6.1 sn (u\m) sin u tanh u 
16.6.2 en (u m) cosu sech u 
16.6.3 dn (u!m) 1 sech u 

16.6.4 cd (u/m) cosu 1 
16.6.5 sd (u m) sin u sinh u 
16.6.6 nd (u!m) 1 cosh u 

16.6.7 de (u~m~ sec u 1 
16.6.8 nc (u m secu coshtt 
16.6.9 sc (ujm) tan u sinh u 

16.6.10 ns ~u/m) cscu coth u 
16.6.ll ds um) CBCU each u 
16.6.1% cs (u!m) cotu each u 

16.6.13 am (u!m) u gdu 

•A- n ..... n 



16.8.1 sn 
16.8.2 CD 
16.8.3 dn 

16.8.4 cd 
16.8.5 ad 
16.8.6 nd 

16.8.7 de 
16.8.8 nc 
16.8.9 sa 

16.8.10 DB 
16.8.11 ds 
16.8.12 C8 

16.7. Princi]pal Terrns 

When the elliptic function pq u is expanded in H.scending powers of (u-K,), where K, i.s one of 
0, K, iK', K+iK', the first term of the expansion is called the principal term and has one of the 
forms A, B_X (u-:-K,)_, 0-+-(u-K,) according asK, is an ordinary poin~, 1). zero, or a pole of PC!. u. 
The followmg list gtves these forms, where X means that the fa.ctor (u-K,) has to be supplied 
and -+- means that the divisor (u-K,) has to be, supplied. 

K,= 0 K iK' K+iK' 

16.7.1 an u l X 1 m-•~+ m-•n 

16.7.2 en u 1 -m•t">( -i'm-tn+ -· c:·y~~ 
16.7.3 dnu 1 mtllt -i+ im•"'X 
16.7.4. cd u 1 -1X m-tn -m-1/J+ 

16.7.5 sd u m1-tn im-111 1 
l X -i + (mm.)lll 

16.7.6 nd u 1 m 1-l/1 iX -im1-IIJ--r-
6 

16.7.7 dcu 1 -1+ mtJJ -m1"X 
16.7.8 ncu 1 -m,-ll•--r- im1"X • c:J" 
16.7.9 ac u IX -mc us+ i im.-1/t 
16.7.10 na u 1+ 1 milt X ·m•l2 
16.17.11 dsu 1+ mt1/S -iml/1 i(mm1)11fX 
16.7.U ca 'U 1+ -mtt/1)( -i -imt111 

16.8. Change •of Argument 

u -u u+K u-K K-u u-1-2K u-2K 2K-u u+iK' r.t+2iK' u+K+iK' 

sn u -an u cd u - cd u cd u -sn u -en u an u m-•nns u an u m-tlldc u 
en u en u -mt1flad u m1111ad u m•' 'lsd u - onu -cnu -en u -im-1/tds u ~en u -im1

1ttm-tllnc u 
dn u dnu m1•11nd u m111'nd u m111tnd u dnu dn u ·' dn u ~ca ·u ~dnu im1

111sc u 

cd tt cd u - sn ·u an u Bn u -cd u -cd u - cd u m-•11dc u cd u -m-•"ns u 
sd u -ad u m1- 1"cn u - m1.-t/tcn u m1- 11'cn u ~sdu -sdu sd u i'm-t11nc u -sdu -im,-lllm-t11ds u 
nd u nd u m1-tlldn u m1-•11dn u m1- 1"dn u nd u nd u nd u iso u -ndu -im1- •llcs u 

de u do u -nau nau DB U -dou -dcu -de u m1"cd u dcu -m1
''

2sn u 
no u D C U -m1-t/2dsu. m1-lllds u m1-tltds tt -ncu ~ncu --"DC U imlltsd u --<DC U im1-l/lmt11cn u 
ac 'U -scu -m~-'''as u - 17h-•11cs u m,- •ncs u BC tL BC tL -sc u ind u -se u imt-1"dn u 

DS U -ns u de u ~dcu de t' -ns u -Ill! u nsu m'ltsn u DS U mtttcd u 
ds u ~dsu 111-t1nnc u -m1

1'2nc u m1
11lnc u --'dsU ~dsu dsu ---im112cn u -dsu im11/Jmt/lsd u 

CB U -cs u -m1•ttsc u -m1
1 flsc u m1

1'1sc u 'CB U csu -----cs 'U -idnu ~au -im1•11nd u 

u+2K 
+2iK' 

-anu 
en u 

-d:nu 

-cdu 
ad u 

-ndu. 

- dcu 
no u 

-sc u 

--'OS U 

dsu 
-csu 
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16.9. Relations Between the Squares of the 
Functions 

16.9.1 - dnS.U+ mt=-m cn'u=m snS.U-m 

16.9.2 -m.ndS.U+mt=-mmtsdlu=m cd.S.U-m 

16.9.3 m.scS.U+mt =mtne2.u= de'u-m 

16.9.4 csS.U+ mt=dsS.U=ns"u-tn 

In using the above resulta remember that 
m+mt= l . 

If pq u , rt u are any two of the twelve functions, 
one entry expresses tq"u in terms of pq2.u and 
another expresses qt"u in terms of rt2.u. Since 
tqS.U . qt'u= 1, we can obtain from the table the 
bilinear relation between pq"'u and rtS.U. Thus 
for the functions cd u, sn u we have 

~6.9.5 
1- m cdS.U 

nd1u= ·, dn'u= l ..._m sntu 
m. 

and therefore 

16.9.6 (1-m cd'u)(l-m. sn2u) =tnt. 

16.10. Change of Parameter 
Nqative PIUUDeter 

If m is a positive number, let 

16.10.1 

16.10.2 

16.10.3 

16.10.4 

m 1 u 
p.=1+m' p.1=1+m' "= p.

1
i 

an (uj-m) = p.ttsd (t1lp.) 

en (ul-m)= cd (ojp.) 

dn (uj-m)=nd (ojp.) . 

16.11. Reciprocal Parameter (Jacobi's Real 
Transformation) 

16.11.1 

16.11.2 

16.ll.3 

16.11.4 

an (ulm) = p.1"sn (t~lp.) 

cn-(ulm)=dn (ojp.) 

dn (ulm) =en (o/p.) 

Here if m> 1 then m- 1= p.< l. 
Thus elliptic functions whose parameter is real 

can be made to depend on elliptic functions whose 
parameter lies between 0 and 1. 

16.12. Descending Landen Transformation 
(Gall88' Transformation) 

To decrease the parameter, let 

16.12.1 

then 

16.12.2 

16.12.3 

16.12.4 

sn (ulm) 
(1 + p.11') sn (olp.) 
1+p.1'

2sn' (olp.) 

( I ) c_n~( "+-1 ~'-:--) d_n:-:(:-+t~l ~':....,;.) en um = 1 +P.m sn2 (t1lp.) 

dn 2(t1jp.) - (l-p.1
' ') 

dD (ul m)= (1 +P-Il l) -dn2(t1jp.). 

Note that successive applications can )>e made 
conveniently to find sn (ulm) in terms of sn (olp.) 
and dn (ujm) in terms of dn (vlp.), but that tpe 
calcnlation of en (ulm) requires all threefunctions. 

16.13. Appi'Oximation in Terms of Circular 
Functions 

When the pa.ra.meter m is so small that we may 
neglect m' and higher powers, we ha. ve the 
approximations 

16.13.1 

sn (ulm) "'='Bin u-~ m(u- sin u cos u) cos u 

16.13.2 
1 ( . ) . en (ujm) ~cos u+i m u-sm u cos u sm u 

16.13.3 dn (ujm) ,::::;}~ m sin' u 

1 16.13.4 am (ujm) ,.,u4 m(u-sin u cos u). 

One way of calculating the Jacobian functions 
is to use Landen's descending transformation to 
reduce the parameter sufficiently for the above 
formulae to hecome applicable. See also 16.14. 

16.14. Ascending Landen Transformation 

To increase the pa.ra.meter, let 

4ml/2 (t-m•'~V u 
16.14.1 p.=(l+mttl)"i' P.t= l+mi12) ' "= l + p.

1
1ls 

161 .. 2 ( I )- (l+ 112) sn (vlp.) en (vjp.) 
. ... sn u m - 1'1 dn (t~IP.) 

1 +P.ll/2 dn 2(fJjp.)-I'IJ/I 
16.14.3 en (ul m) P. dn (vlp.) 

16.14.4 
}-p.ll/2 d,n2 (t.!jp.) +I'II/I 

dn (ul m) = P. dn (t~IP.) 
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Note that, when successive applications are to 
be made, it is simplest to ca.lculate dn (ujm) since 
this is expressed always in terms of the same func­
tion. The calculation of en (ujm) leads to that of 
dn (vj~). 

The calculation of sn (ttlm) necessitates the 
evaluation of all three functions. 

16.15. Approximation in Terms of Hyperbolic 
Function~ 

When the parameter m is so close to.unity that 
m1

2 and higher powers of m1 can be neglected we 
have the approximations 

16.15.1 

sn (ujm):::::: tanh u+~ m1 (sinh u cosh u.-u) sech' u 

16.15.2 

en (ulm) s;::jsech u 

~ m1 (sinh u cosh u-u) tanh u sech u 

16.15.3 

dn (ujm) :::::sech u 

1 --
+4 m1 (sinh u cosh u+u) tanh u sech u 

16.15.4 

am (ujm) ==:::gd u+i m1 (~inh u cosh u-u) sech u. 

Another way of calculating the Jacobian func­
tions is to use Landen's ascending transformation 
to increase the parameter sufficiently for the above 
formulae to become applicable. See also 16.13. 

16.16. Derivativett 

Func- Derivative 
tion 

16.16.1 an u en u dn u 
16.16.2 CD U -mu dn u Polen 
16.16.3 dnu -m BD U CD U 

16.16.4 cdu -mt ad u ndu 
16.16.5 ad u cd u nd u Poled 
16.16.6 nd u mad u cd u 

16.16.7 dcu mt 80 u nc u 
16.16.8 no u ao u de u Pole c 
16.16.9 ao 1.1 de u nc u 

16.16.10 n.eu -dsucsu 
16.16.U dsu -ce u n.e u Poles 
16.16.12 ca U -nsudsu 

Note that the derivative is proportional to the 
product of the two copolar functions. 

16.17. Addition Theorems 

16.17.1 sn(u+u) 

sn u·cn v·dn v+sn tJ·cn u·dn u 
1-m sn2u · sn'v 

16.17.2 cn(u+") 
en u · en v-an u. dn u · sn " · dn v 

1-m sn2u .sn'v 

16•17•3 dn(u+t~)=dnu-dnv-msnu · cnu-snv · cnv 
1-msn2u . sn'v 

Addition theorems a.re derivable one from 
another and are expressible in a great variety of 
forms. Thus ns(u+v) comes from 1/sn(u+v) in the 
form (1-msnlusn2v) I (sn u en v-dn v+sn vcnudn u) 
from 16.17.1. 

Alternatively ns(u+v)=m112sn { (i.K'-u)-v} 
which a.gainfrom16.17.1 yields tbeform (ns u cs v dsu 
-ns11cs udsv)/(ns1u-ns2 v). 

The function pq(u +v) is a rational function of 
the foUl' functions pq u., pq v, pq'u, pq'v. 

16.18. Double Arguments 

16.18.1 sn 2u 

2sn u · en u . dn u 2sn u · en u · dn u 
l-msn4u cn2u+sn2u · dn•u. 

16.18.2 en 2u 

cn1u-sn3u · dn1u 
1- msn'u 

cn1u-sn1u · dn1u 
cn'u+sn2u · dn1u 

16.18.3 dn 2u 

16.18.4 

16.18.5 

16.19.1 

16.19.2 

16.19.3 

dn'u-msn1u · cn1 u 
- l-msn4u. 

dnsu+cn'u(dn1u-1) 
dn2u-cn2u(dn1u- 1) 

l -en 2u sn1u. · dnJu 
I+cn 2u cnlu 

1-dn 2-u msn'u · cn'u 
I +dn 2u dn:lu 

16.19. Half Arguments 

u,, 1-cn u 
sn ~"' t+dn u 

2~~·-dn u+cn u 
en yu.- l+dn u 

dn
l.l. m1 +dn u+mcn u. 
~ u I+dn u 

16.20. Jacobi's Imaginary Transform.ation 

16.20.1 

16.20.2 

16.20.3 

sn(iulm)=isc(ulmt) 

en (iul m)=nc(ul m,) 

dn(iul m) =dc(ul m,) 
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16.21. Complex Arguments 

With the abbreviations 

16.21.1 
s=sn (zlm), c=cn(zlm) , d=dn(zlm), s,=sn(ylm,), 

c1= cn(ylm1), d,= dn(ylm,) 

16.21.2 sn(z+iyJm) 
8 • d1 +ic · d · Bt • Ct 

c~+ms1 - s~ 

16.21.3 cn(z+iylm) o · c1-is · d · s1 - d, 
~+ms1 · s~ 

16.21.4 dn(z+iylm) d - c1 • d1- ims · c · Bt 

~+ms'-~ 

16.22. Leading Terms of the Series in Ascending 
Powers of u · 

16.22.1 
u8 u' 

sn(ulm) = u-(l+m) 31 +(1+ 14m+rn'> 51 

16.22.2 
u'J. u• 

cn(u! m)=I~+(1+4m) 41 

16.22.3 
u2 u' dn(ulm)=l - m 21 +m(4+m) 41 

u' - m(16+ 44 m+ m'l.) 61 + . .. 

No formulae are known foJ; the general coeffi­
cients in these series. 

16.23.6 
7r 211' • q" 

nd (ulm) 2m~12K+ m~',Kt; (-1) " t + q2"cos 2nv 

16.23.7 

16.23.8 

nc Culm) 

16.23.9 

16.23.10 
r 21r • q'"+l . 

ns (ttlm) = 2Kcsc v-K:; l-qZ•+t sm (2n+l)v 

16.23.11 
1r 27r • qt•+t . 

ds (u lm)=2Kcscv-K ~l+q2"+1 sm(2n+l)v 
16.23.12 

7r 2r • rf" . 
cs (uJm)=2Kcotv-K?; l+q' "sm2nv 

16.24. Integrals of the Twelve Jacobian Elliptic 
- Functions 

16.24.1 fsn u du=m-ttJ In (dn u-m112cn u) 

16.24.2 fen u du= m-t12 arccos (dn u) 

16.24.3 f dn u du.=arcsin (sn u.) 

16.23. Series Expansions in Terms of the Nome 16.24.4 fed 'U du=m-112 In (nd u+m112sd u ) 

q=e-rK•tK and the Argument 1J=7rtL/(2K) 16.24.5 f sd u du= (mm1)-l lt arcsin (-m'12cd u) 

2r • h"+112 • 
16.23.1 sn (ujm)= 112 u ~ 

1 
x tf"+lsm (2n+l )v 16.24.6 fnd u du=m,-112 arccos (od u) 

m ~ 11-o -

- Zr • q•+ tt2 
16.23.2 en (ul m)-m''2K ~ 1 + q2"+' cos (Zn+ l )v 

_ r 2r .. q" 
16.23.3 dn (ujm)- 2K+K?; l + q2" cos 2nv 

16.23.4 
. - 2r .. ( - l)"q"+t/2 

cd (ujm)-m li2K f; l -q2•+t cos (2n+l)v 

16.23.5 
d 2r • q"+l" 8 (ujm) (mt7h) 1'2K~ (-1)"1 +_rt•+1sin (2n+I)v 

16.24.7 fdc u du=ln (nc u+sc u) 

16.24.8 fno u du.=m1112 In (de u+ml12so u) 

16.24.9 fsc u d'!J.=m11n In (de u+m112nc u.) 

16.24.10 fDB u du= ln (ds u-cs u) 

16.24.11 fds u du= ln (ns u-os u.) 

16.24.12 fcs u du= ln (ils u - ds u ) 

In numerical uss of the above table certain re­
strictioDB must be put on u in order to keep the 
arguments of the logarithms positive a.nd to avoid 
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trouble with many-valued inverse circular func­
tions. 

16.25. Notation for the Integrals of the Sq11.1ares 
of the Twelve Jacobian Elliptie Functions 

16.25.1 Pq U= .[" pq2t dt when q ~s 

16.25.2 Psu= i• (pq2t-:2)dt-~ 
ElDimpletJ 

Cd u= i" cd2t dt , Ns u= i"( ns2t-:2)dt·-~ 
16.26. Integrals in Terms of the Elliptic Inte­

gral of the Second Kind {see 17.4) 

i6.26.1 

• 2 
16.27.3 ~3(z, q)=~3(z)=l+2 ::E q• cos 2nz 

n-1 

16.27.4 

~.(z, q)=~4(z)=1+2 :E (-1)"q"2 cos 2~z ,._1 

Theta functions are important because every 
one of the Ja.cobian elliptic functions can be ex­
pressed as the ra.tio of two theta functions. 
See 16.36. 

The notation shows these functions as depend­
ing on the variable z and the nome q, lqi<L 
In this case, here and elsewhere, the convergence 
is not dependent on the trigonometrica.l terms. 
In their rela.tion to the Ja.cobian elliptic functions, 
we note that the nome q is given by 

where K and iK' are the quarter periods. Since 

16.26.2 mCn u=E(u)-mtu 

16.26.3 Dn u=E(u) 

~ Polen q=q(m) is determined when the parameter m is 
given, we can also regard the theta functions as 
dependent upon m a.nd then we write 

16.26.4 mCd u=-E(u)+u+msn u cd u 

16.26.5 

mfn).Sd u=E(u) -m,u-msn u cd u 1'ole d 

16.26.6 mtNd u=E(u)-msn u cd u 

16.26.7 De U=-E{u)+u+sn u de u 

16.26.8 

m1Nc u=-E(u)+m1u+sn u de u Pole c 

16.26.9 m1Sc u=-E(u)+sn u de u 

16.26.10 Ns u=-E(u)+u-on u ds u 

16.26.U 

Ds u=-E(u)+m1u-cn u ds u 

16.26.12 Cs u=-E(u) - en u ds u 

Poles 

All the above may be expressed in tenns of 
Jacobi's zeta. function (see 17 .4.27). 

E Z(u)=E(u)-Ku) where E E(K) 

16.27. Theta Functions; Expansions in T'erms.. 
of the Nome q 

16.27.1 ... 
~~ (z, q) =!11 (z) = 2q11t ~ ( -l)"q•<•+ll sin (2n-H)z 

11-0 

16.27.2 ... 
tJ,(z, q)=~t(z)=2q1'4 ~ q"<"+J> cos (2n+l)z 

. .-o 

~ .. (z, q) =~ .. (zlm), a= 1, 2, 3, 4 

but when no ambiguity is to be feared, we write 
~.(z) simply. 

The above notations al'e those given in Modern 
Analysis [16.6]. 

There is a bewildering variety of notations, for 
example the function ~~(z) above is sometimes 
denoted by · ~0(z) or ~(z) ; see the table given in 
Modem AnalySis [16.6]. Further the argument 
u=2Kz/ff is frequently used so that in consulting 
books caution should be exercised. 

16.28. Relations Between the Squares of the 
The~ Functions 

16.28.1 ~Hz) ~!{O) =~l(z) ~~(0)-~~(z) ~HO) 

16.28.2 ~Hz)~~(O)=~~(z)~~(O)-~Hz)t)~(O) 

16.28.3 ~~(z)~!(O) =~!(z)t)=(O) -~i(z)~HO) 

16.28.4 ~!(z)~~(O) ="Uz)~:(O) -~:(z) ~~(O) 

16.28.5 

Note also the important relation 

16.28.6 t); (0) =tJ2(0)~3(0)tJ,(O) or ~~=~2tJ3~4 

16.29. Logarithmic Derivatives of ' the Theta 
Functions 

~~(u) .. lf" · 
16.29.1 tJ, {u) =cot u+4 .:; 1_ q2• sm 2nu 
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16.29.2 

t7~((u))=-tau u+ 4 ± (- 1)" 
1 

q
2

n 
2 11 

siu. 2nu 
t92 'U tl•l -q 

16.29.3 t7~ ((u))=4 ~ ( -1)11 

1 
(' ,.211 sin 2nu 

t1a 'U t~•l - !l 

16.29.4 
t1~(u) ... (' . 
t1,(u) = 4 ~ 1_ q2• sm 2nu 

16.30. Logarithms of Theta Functions of Sum 
and Dift'erence 

16.30.1 

In t11 (a+~) ln sin (a+~) 
t71 (a-~) sm (a-~) 

.. 1 rill 
+4 :E -

1 
,.211 sin 2nasin 2n~ 

••1 n - !l _ 

16.30.2 

ln t12Ca+~) In coe (a+~) 
t12(a-~) COS (a-~) 

16.30.3 

• (-1)" if• 
+4 :E - -

1 
,.211 sin 2na sin 2n/3 ,... n - ':t 

In t1a(a + /3) ~ (-1)" rf' · 2 · 2 
t1a(a-~) 4 f.;{ - n- l-q:'" 8lD na sm n~ 

16.30.4 

1n tJ,(a+~) 4 ~ !.
1 

f/'...2
11 

sin 2na sin 2n~ 
tJ,{a-~) ••1 n -!l 

The corresponding expressions when IJ=i-y a.re 
easily deduced by use of the formulae 4 .. 3.55 and 
4.3.56. 

16.31. Jacobi's Notation for Theta Functions 

1T"U 
16.31.1 8 (u jm) = 8 (u) = 11t(v), v=2K 

16.31.2 e. (u!m)=8. (u)= t73(v)= 8 (u+ K) 

16.31.3 

16.31.4 H1(u!m) =H1(u)=t12(v)=H{u+.K) 

16.32. Calculation of Jacobi's Theta Function 
8 (ulm) by Use of the Arithmetic-Geometric 
Mean 

Form the A.G.M . scale starting with 

16.32.1 

terminating with the Nth step when eN is neglig~'ble 
to the accuracy required. Find lfJN in degrees, 
where 

16.32.2 
1800 

I(JN= ?Ji az.tU -
11" 

and then compute successively lfJN-II lfJN-s, • • • , 

'PI, 'Po from the recurrence relation 

16.32.3 

Then 

16.32.4 

. ( ) c.. . 
SlD ~~~-1-fP• = - Sllli(J11 • a,. 

ln 8(ujm)=!.ln 2m~''K(m) +!.In cos ('P!-IfJo) 
2 7( 2 cos I(Jo 

1 1 
+4ln sec (~-lfJ1) + g ln sec (21(J1 -~PJ) + . . . 

16.33. Addition of Quarter'-Periods to Jacobi's Eta and Theta Functions 

u - u u+ K u -t-2K 

16.33.1 
H(u) - B (u) B1{u) - H (u) 

16.33.2 
H1(u) B1(u) - B (u) - HII{u) 

16.33.3 
8a(u) 8 a(u) 8 (u) 8 ,(u) 

16.33.-i 
8 (u) 8 (u) 8t(u) 8 (u) 

where 

M(u)=[ exp( -~;)]~z-l, 

N(u)=[ exp( -rj;)Jq-1 

u+iK' u.+2i-K' u+ K+ i K' u+ 2K-t- 2iK' 

i M (u)8 (u) - N (u)H(t4) M (u) 8 .(u) N(u) H (u) 

M(u)€).(u) N(-u)Bt(u) -iM (u) E>(u) - N (u)H1(u) 

M (u)H1 (u) N (u) 8 , (u) iM(u)B (u} N(u)8 .(u) 

iM(u)H(u) - N (u) 8 (u) M (u)B a(u) -N(u) €>(u) 

·H(u) and H1(1.t) have the period 4K. 8 (u) and 
8 1 (u) have the period 2K. 

2iK' is a quasi-period for all four functions, 
that is to say, increase of the argument by 2iK' 
multiplies the function by a. fe.ctor. 
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_ 16.34. Relation of Jacobi's Zeta Function to the 
Theta Functions 

16.34.1 

16.34.2 

16.34.3 

16.34.4 

0 
Z(u) =

00 
ln 8(u) 

{}' (ru) 
Z(u)=~ 

1 

2K 
2K 6 (rU) 

I 2K 

en u dn u 
sn u 

{}' (n) 
=__!__ ' 2K + dn u sn u 

2K {} (rU) en u 
2 2K 

'It' ~~ (;K) 
- 2K {} (TU) 

a 2K 

"~('II"'U) 
. 'It' 2K 

=2K 6 (ru. ) 
' 2K 

sn u en ·u 
m dnu 

16.35. Calculation of Jacobi's Zeta Functi.on 
Z(u!m) by Use of the Aritbm.etic-Geom.etric 
Mean 

Form the A.G.M. scale 17.6 starling with 

16.35.1 

termmating at the !Vth step when eN is negligible 
to the acclll'8.cy required. Find lPN in degrees 
where 

16.35.2 

and then compute successively IPN-It IPN- a, • 

IPl, q:o from the recurrence relation 

16.35.3 

Then 

16.35.4 

.. , 

Z(ujm)=c, sin ~P~+es sin ~Pa+ . .. +eN sin lPN· 

16.36. Neville's Notation for Theta Functions 

These functions are defined in terms of Jacobi's 
theta functions of 16.31 by 

16.36.1 
H(u) H(u+K) 

"•(u)=H'(O)' iJ,(u) H(K) 

16.36.2 
e(u+K) E>(u) 

iJ.,(u) e(KJ 'iJ,.(u)=eco>" 

H >., y. are any integers positive, negative, or 
zero the pointa Uo+2>J(+2~i.K' are sa.id to be 
ccmgruent to tto. 

iJ8(u) has zeros at the points congruent to 0 
6c(u) has zeros at the points congruent to K 
{},.(u) has zeros at the points congruent to iK' 
t111(u) has zeros a.t the points congruent to 

K+i.K' 

Thus the suffix secures that the function tJ,(u) 
ha.s zeros at the points marked p in the intro­
ductory diagram in 16.1.2, and the constant by 
which Jacobi's function is divided secures that the 
leading coefficient of iJp(u) at the origin is unity. 
Therefore the functions ha.ve the funda.menta.lly 
important property that if p, q are any two of the 
letters s, c, n, d, the Jacobian elliptic function 
pq u. is given by 

16 36 3 pq u.= iJp(U) · 
• • iJ,(u) 

These functions also have the property 

16.36.4 

16.36.5 

for complementary arguments u. and K-u. 
In terms of the theta. functions defined in 16.27, 

let v='lt"U/(2K), then 

2Kt'J1 (v) t'J2 (v) 
16.36.6 -IJ.(u.) t'J~(O) 1 t'Jc(u)= t'J,(O) 

16.36.7 

1.2 

I .. 
/ 

~------4.------~------~------~u r- IC\ 

-.!I 

·1.0 

• 1.2 

' ' ' 
' . 

'•. 
•. 

~c<u)··, ..... -·' 
~U) 

FIGURE 16.4. Neuille's theta fu:Mtwm 
iJ,(u), t'J.(u), t'J,(u), t'J,.(u) 

1 
m=-2 
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1,0 

.5 

-.5 

·1.0 

\ 

\ 
\ 
\ 

d
d ln~ft(u) \ 
u \ 

IC \ 
\ 
\ 
\fuln~(u) 
\ 

41( 

\ 
FIGURE 16.5. Logarithm¥ derivatit168 of tlu3ta 

fund ions 
d d 

du lntJ,(u), du ln tJ,.(u) 

1 
m=2 

16.37. Expl'e8sion 88 lnfinit~ Products 

q=q(m) , V=7rt~./(2K) 
16.37.1 

( 
16q ) 1

" • tJ,(u)= - sin f] n (1-2rf• cos 2v+q4") 
mm1 •-t 

16.37.2 

(
16qmt') l/t • tJc(u)= cos fJ II (1+ 2rf" cos 2v+q") 

m •-• 
16.37.3 

(
mm )1112 • 

""(u) = lBq1 .f!
1 

(1+2q2"-1 cos 2v+ qt•- 2) 

16.37.4 

( m )11u • 6,.(-u)= -
16 

, II (1- 2rf"-1 cos 2v+qt•-2) 
qm1 ta•l 

16.38. Expression 88 Infinite Series 

Let v='II1J./ (2K ) 

16.38.1 

16.38.3 64(u)=[2~]
111

{ 1+2 ~ lJ."2 
cos 2nv} 

16.38.4 

16.38.5 (2K/r ) 1' 2= 1+ 2q+2q'+2i+ . .. = 61(0, q) 

16.38.6 

(2K' /r )112= 1 + 2f1l +2(1+2if+ ... = 6a(O, flt ) 

16.38.7 

(2mtttK /r)•h= 2q"'(l +t +f +qlt+qto+ . . . ) 
= 62(0, q) 

16.38.8 

Numerical Methods 
16.39. Uee and Extension of the Tables 

Exa.mple 1. Calculate nc {1.996501.64) to 48. 
From Table 17.1, 1.99650= K+.001. From the 

table of principal terms 

nc u = -m111tf(u-K)+ .. . 
-( 3 6) -1/2 

DC (K+.001I.64) ·.001 t . .. 
10000 

=-- 6-+ .. . 

=-1667+ .. . 

and since the next term is of order .001 this value 
- 1667 is correct to at least 48. 

Example 2. Use the descending Landen trans­
formation to calculate dn (.201.19) to 60. 

Here m=.19, mf'2= .9 and so from 16.12~1 

Alao 

- ( 1 )' 1 + 1/2 20 ~~>- 19 , ~~> =wo=.l9. 

p.'=C1
9Y=Io-ex7 .67 

which is negligible. 
From 16.12.4 

dn
2 
[.19 1 (1~)]-(t-1~) 

dn{.20I.19) · 
(t+ 1~)-dn2[ .19 1 C~)J 

Now from 16.13.3 

dn [.19
1 
c~~)J=-.999951 

whence dn (.20j.I9)=.996253. 
Example 3. Use the ascending Landen tra.ns­

fonnation to calculate dn (.201.81) to 50. 
From 16.14.1 

4(.9) 360 ( 1 ) ' 
p.=(l.9)2=361 1 IAt= 19 

20 19 
I+~~>f''=19, "=20x.2o=.I9, 

lA~ is negligible to 40. Thus 
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Example 7. Use the q-eeries to compute 
C8 (.53601 621.09). 

Here we use the series 16.23.12, K= 1.60804 862, 

q=.00589 4-14, t1=;i-ijr&di&ns or 300. 

Since if is negligible to 8D, we h&ve to 7D 
C8 (.53601 621.09) 

=2~cotaoo-~{l!q'sin 600} 
=(.97683 3852)(1.73205 081) 

-3.90733 541[ (.00003 4740)(.86602 5404)] 

=1.69180 83. 

Example 8. Use theta functions to compute 
sn (.61802j.5) to 5D. 

Here K(t)=1.85407 

Thus 

eo .61802 X900=300 
1.85407 

sin' a=l/2, a=45°. 

from Table 16.1. 
Example 9. Use theta functions to compute 

sc (.61802j.5) to 5D. 
As in the preceding eX&ID.ple 

so that 
"·{30°\45°) 

SC (.618021.5) "c{aOo\ 4So) • 

We use Table 16.1 to give 

{}. {30~ 45 °) = .59128 

(sec 45°)t"c:(30°\ 45°)= 1.02796. 

Therefore 

sc (.61802[.5) i~~: (sec 45°)1 

=.68402. 

Example 10. Find sn (.753421.7) by inverse 
interpolation in Table 17 .5. 

This method is explained in cha.pter 17, Example 
7. 

Example 11. Find ~,given that cs (ul.5)=.75. 
From 16.9.4 we have 

' 1 sn u 1 +cs 'Ju. 

Thus 
sn1 (uj.5)=.64 

and 
an (uj.5)=.8. 

We have therefore repl&ced the problem by 
that of finding u given sn (ujm), where mis known. 
II fP=&m u 

sin fP=Bn u and so 

fP=.9272952 radians or 53.13010°. 

From Table 17 .5, 

U=F(53.13010°\ 45°)= .99391. 

Alternatively, starting with the above value of 
'I> we can use the A.G.M. se&le to e&lculate F(IP\a) 
as explained in 17 .6. This method is to be pre­
ferred if more figures a.re required, or if a diffei"B 
from a tabul&r value in Table 17.5. 
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17. Elliptic Integrals 
Mathematical Properties 

17.1. Definition of Elliptic Integrals 17.1.5 

If R(z, y) is a rational function of z and 1/, 
where y2 is equal to a cubic or quartic polynomial 
in z, the integral 

17.1.1 J R(x,y)dz 

is called an eUiptic inugral. 
The elliptic integral just defined can not, in 

general, be expressed in terms of elementary 
functions. 

Exceptions to this are 

(i) when R(z, y) contains no odd powers of y. 
(ii) when the polynomial !I bas a repeated factor. 

We therefore exclude these cases. . 
By substituting for 11 and denoting by p,(:z:) a 

polynomial in :z: we get 1 

R(:z: y)_.Pt(:z:)+yp,(:z:) 
1 Pa(:z:) +yp.(:z:) 

[Pt (:z:) +yp,(:z:) 1 [Pa(:z:) -yp.(x) )y 
{ (1J3(Z) )' -y'[p,(:z:) )2

} 'Y 

_pa(:z:) +YPe(:t) R (z) I R2(:~:) 
yp-,(x) • . Y 

wher~ R1(:t) and R2(z) are rational functions of 2:. 

Hence, by expressing R~(:t) as the sum of a poly­
nomial and partial fractions 

f R(:~:,y)dz= f R1(:~:)dz+1;,A,f ry- 1dz 

Let 

17.1.2 

+l;,B, J [ (z-c)'y]-1d:t 

Reduetion Fonnulae 

11=¥'+atr+a,zl+a.z+a. <lao I+ Ia. I ~O) 
=ho(:t-c)'+ hJ (:~:-c)8+h2(:~:-c)2+ha(z-c) +b. 

Clbol+lbt i ~O) 

17.1.3 1,= J z•y-1dz, J,= J[y(:z:-c)'}-1dz 

By integrating tbe derivatives of y:z:' and 
y(:z:-c)-• we get the reduction formulae 

17 .1.4. 

(s+2)aol,+a+!a1(2s+3)I,H+a,(s+l)l,+t 
+iaa(2s+l)I,+saJ,_t=:z:'y (s=O, 1, 2, ... ) 

•See (17.7]2%.72. 

(2-s)boJ,-a+l ht(3-2s)J,._2+6s(l-s)J,_, 

+! h8(l-2s)J,-shJ,+t=Y(z-c)-• 

(s= 1, 2, 3, ... ) 

By means of these reduction formulae and cer· 
tain transformations (see Examples 1 and 2) 
every elliptic integral can be brought to depend 
on the integral of a rational function and on three 
canonical forms for elliptic integrals. 

17.2. Canonical Forms 

Ddinitiona 
17.2.1 

m =sin' a; m is the parameter, 

17.2.2 

17.2.3 

17.2.4. 

a is the modular angle 

:z:=sin rp=sn u 

COS tp=CD U 

(1-m sin' rp)t=dn u=A(rp), the delta amplitude 

17.2.5 rp=arcsin (en u)=am u, the amplitude 

Elliptic lntesral ol the Firet Kind. 

17.2.7 

= .(" dw--u 

Elliptic lntqnl of the Second Kind 

17.2.9 

17.2.10 = J:"dn'w dw 

17.2.ll 
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17.2.12 E(tp\a.)=u-m i" sn2 w dw 

17.2.13 
1r t1~(ru/2K) E(m)u 

2K(m) t1.(7rU/2K) I K(m) 

(For theta functions, see chapter 16.) 

Elliptic Integral of the Third ~Wld 
17.2.14 

If 'Z .sn (ulm), 

17.2.15 

IT(n; ui m) = .f' (1-nt2) -•r (1-t!) (l-mt2
) J-1

'
2dt 

17.2.16 = l" (1-n sn2 (wlm))-1dw 

The Amplitude rp 
" 

17.2.17 .p=a.m u=arcsin (sn u)=arcsin x 

can be calculated from Tables 17.5 and 4.1 4. 

The Parameter m 

Dependence on the pararMter m is denoted by a 
vertical stroke preceding the parameter, e.g., 
F(.plm). 

Together with the parameter we define the 
complementary parameter m1 by 

17.2.18 

When the parameter is real, it can always be 
arranged, see 17.4, that O~m~l. 

The Modular Angle a 

Dependence on the modular angle a, defined in 
terms of the parameter by 17.2.1, is denoted by a 
backward stroke \ preceding the modular angle, 
thus E(V'\a). The complementa,ry modular angle 
is ?r/2-a or 90°-a according to the unit and 
thus m1=sin2 {90°-a)=cos1 a. 

The Modulue 1c 

In terms of Jacobian elliptic functions (chapter 
16), the modulus k and the complementary 
modulus are defined by 

17.2.19 k=ns (K+iK'), k'=dn K. 

They are related to the parameter by k2=m, 
k''=m1. 

Dependence on the modulus is denoted by a 
comma preceding it, thus IT(n; u, k) . 

In computation the modulus is of minimal im­
portance, since it is the parameter and its comp1e .. 
ment which arise naturally. The parameter and 
the modular angle will be employed in this chapter 
to the exclusion of the modulus. 

The Characteristic n 

The elliptic integral of the third kind depends 
on three variables namely (i) the parameter, 
(ii) the amplitud~, (iii) the characteristic n. 
When real, the characteristic may be any number 
in the interval (-m I m ). The propertjes of the 
integral depend upon the location of the charac­
teristic in this interval, see 17.7. 

17.3. Complete Elliptic Integrals of the Firat 
and Second Kinds 

Referred to the canonical forms of 17 .2, the ellip­
tic integrals are said to be complete when the 
amplitude is fn' and so z=1. These complete in­
tegrals are designated as follows 

17.3.2 

17.3.3' 

K-F(vlm)=F(iw'\a.) 

E[K(m)]=E= .f (1-t2
)-

112(1-mt2
)

112dt 

rr/3 
=Jo (1-msin~fJ) 112d9 

17.3.4 E=E[K(m)]=E(m)=E(!,.\a) 

We also define 

17.3.5 
rr/2 

K'=K(m1)=K(l-m)= Jo (l-m1 sin2 fJ)- 112d8 

17.3.6 

17.3.7 

E'=E(m1)=E(l-m)= l ... 12

(1-m1 sin2 6) 112d8 

17.3.8 E'=E[K(m1)]=E(m,)=E(~\}1r-a) 

K and iK' are the "real" and "imaginary" 
q:u.arter-periods of the corresponding Jacobian 
elliptic functions (see chapter 16). 
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Relation to the Hypel'(leometrie Functi~tn 

(11ee chapter 15) 

17.3.9 

17.3.10 

17.3.11 

K=}..-F(!, !; 1; m) 

E=!..-F(-l, !; 1; m) 

Infinite Seriee 

1 [ (1)2 +(1 . 3)2 
2 K(m)=r~~· 1+ "2 m .2 . 4 m 

( 1 · 3 · 5)
2 

3 ] + 2·4·6 m + · · · 
17.3.12 

E(m)=-1r 1- - -- - -1 [ (1)2 
m (1 . 3)' m2 

2 2 1 2·4 3 

(
1 . 3 . 5)2 

m
3 J 

- 2 · 4 · 6 5- ... 

Le1enche'e Relation 

17.3.13 EK' + E' K-KK' =i1r 

Auxiliary Function 

17.3.14 L(m)=K'(m) ln ~-K(m) 
.., m. 

(lml<t) 

17.3,15 m=1-16exp [- 1r(K(m)+L(m))/K'(m) ] 

17.3.16 m=l6 exp [-1r(K'(m)+L(mt))/11:(m)] 

The function L(m) is tabulated in Table 17 .4. 

q-Seriee 

The Nome fJ. and the Complementary Nome ~lt 

17.3.17 

17.3.18 

17.3.19 

17.3.20 

17.3.21 

q=q(m) =exp [ -1rK' /K] 

r.lJ = q(m1) =exp [ -..-K/K'] 

1 1 ln - ln --r 
.q• q. 

m (m)' (m)3 

q=exp [-1rK'/K] f6+8 16 +84 
16 

(lml<l) 

17.3.22 1 ... q' 
K -..-+2 .. ~--

2 •-11+~ 

.. 2rf sin 2sv 
17.3.24 am u=v+ f.;i s(l+~) where V=11"U/(2K) 

Limitin1 Valuee 

17.3.25 lim K ' (E-K) = 0 
fiH() 

17.3.26 lim [K-t ln (16/m1)]=0 
111-+1 

17.3.28 lim q/m=lim qtfmt=l/16 
nHO mo-+1 

Alternative EvaJuatioiUI of K and E (see also 17 .5) 

17.3.29 

K(m)=2[1+m~/:~]- 1K([(l- m~'2)/(l +m~'2)J')* 

17.3.30 

E(m)= (1 + ml12)E([ (l-m~'2)/(1 +ml'2) ]2) 

-2m~12(1 +mV2
) - •K([ (l-m:12)/(1 +m:11)]2) 

17.3.31 K(a)=2.f(a.rctan (sec112 a)\ a) 

17.3.32 E(a) =2E(a.rctan (sec1
' 2 a}\a)-l+cos a 

Polynomial Approdmatione a (0 ~ m< 1) 

17.3.33 

K(m) =[ao+a• m1 +aam~J+[bo+b1 m. 

+b2m~J In (1/mJ+E(m) 

17.3.34 

ao= 1.38629 44 
a1= .11197 23 
a2= .07252 96 

lt(m)I~3X10-6 

hu=.5 
6.= .12134 78 
62=.02887 29 

K(m)=[ao+almt+ ... +a,m:J+[bo+b.m.+ . . . 
+b•mtJ In (1/m1)+t(m) 

a0 = 1.38629 436112 
a.= .09666 344259 
~= .03590 092383 
a8= .03742 563713 
a,= .01451 196212 

IE(m)! ~2X10'"'8 

bo=.5 
bl = .12498 593597 
b2= .06880 248576 
68= .03328 355346 
b.= .00441 787012 

• The approximations 17.3.33-17.3.36 are from C. ~aa­
tings, Jr., Approximations for Digital Computers, Pnnc&­
ton Univ. Press, Princeton, N . J. (with permiaaion). 

•See paae n. 
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F 

4.0 

3.5 

FIGURE 17 .1. · Complete· eUiptic in-tegral, of tM first 
kind. 

E 

1.6 

1.5 

l.4 

1.3 

1.2 

1,1 

17.3.35 

E(m)=[1+axmx+~m~J+[b,m1+b2m~] In (1/m1) 

+E(m) 

17.3.36 

a1=.46301 51 
a2= .10778 12 

IE(m)I<4XlO-• 

bx = .24527 27 
b2=.04124 96 

E(m)=[l+Gtmx+ ... +a~mtl+lbtm•+ . . . 

+b,m:] In (I/m1)+E(m) 

le{m)I<2XlO-• 

a.= .44325 141463 
a,=.06260 601220 
aa=.04757 383546 
a4= .01736 506451 

b.=.24998 368310 
b,=.09200 180037 
ba=.04069 697526 
b,=.00526 449639 

17.4. Incomplete Ellip~c Integrals of the First 
and Second Kinds 

17.4.1 

17.4.2 

17.4.3 

17.4.4 

&tension of the Tables 

Nesative Amplitude 

F(-~plm)=-F(~pjm) 

E(-~pjm)=-E(~Im) 

Amplitude of Any M._mtude 

F(sr± ~plm) =2sK ±F(~pjm) 

E(u+2K) =E(u) +2E 

17.4.5 E(u+2iK')=E(u)+2i(K'-E') 

17.4.6 

E(u+2m.K + 2niK') =E(u) + 2mE+2ni(K;-E') 

17.4.7 E(K-u)=E-E(u)+msn u cd u 

If ta.n B=sinh 1p 

17.4.8 F(i~p\a)=iF(6\i,.-a) 

17.4.9 

E(iiP\a) = -iE(t1\l,.-a) +iF(8\i'lf'-a) 

+ i ta.n 11(1-oos2 a sin2 e)• 
Jac:obl'a Imaginary Tranaform.ation 

17.4.10 

':::f-L~:-'--:::'::-L--:-L:::-1-~~~..L.:-J~.....,~-,_~-....L...,--.::::w.~ a E( iulm) =i[ u+ dn ( ul mx) sc( ul m1) - E( u I m,) 1 ro• zo• :so• •o• so• rso• 1o• eo• go• 

FIGURE 17 .2. Comple-te eUiptic in-tegral of tM 
second kind. 

Compla Amplitude 

17 .4 .. 11 F(~p+i.lflm) =F(XIm) +iF(I'!m,) 
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where cot2 X is the positive root of the equation 
:e'-[cot' IP+m sinh~ csc21P-mtlz-mt cot21P=O 
81Dd m tan2 J.l=ta.n21P cot2).-1. 

17.4.12 

E(IP+V/1\a)=E(>.. \ a) -iE(~£\90°-a) 
+iF(J.l\90o-a)+ bt +ib2 

63 
where 

b1 =sin~ a sin }. cos }. sin' J.l(l-sin' a sin' >..)I 

b~= (1 ._sin2 a sin1 >..) (1-cos' a sin2 I') I sin I' cos I' 

Oa=cos2 l'+sin' a sin2 X sin' I' 

Amplitude Near to tr/2 (see also 17 .5) 

If cos a tan IP tan 1/1= 1 

17.4.13 F(lf>\a)+F('/1\a)=F(,../2\a)=K 

17.4.14 

E(IP\a)+E(!/I\a)=E(7r/2\a)+sin2a siniP sin!/! 

V a.lues when IP is near to 1r/2 and m is near to unity 
can be calculated by these formulae. 

1.2 

1.0 oo" 

.8L-----------"4{f 40 

.6 

~--------------------------~3~~ 
.4 
~---------------------------2~~ 

.21='---------------------------------. 
10° 

FIGURE 17.3. Incomplete eUiptic integral of the. 
first kind. 

F(.,\a.), ., constant 

Parameter Greater Than Unity 

17.4.1,5 FCIPim)=m-tF(Oim-•), sin 8=mt sin IP 

17.4.16 E(uim)=mtE(umtlm-1)-(m-l)u 

by which a parameter greater than unity can be 
replaced by a parameter less than unity. 

Negative Parameter 
17.4.17 

FCIPI-m) = (1 +m)-1K(m(l +m)-1) 

-(I+m)-lF (~-IPI m(t+m)-•) 

17.4.18 

E(u!-m) = (1 +m)t {E(u(l +m)l!m(m+ 1)-1) 

-m(l +m)-tsn(u(l +m)•lm(l +m)-1
) 

cd(u(l +m}'lm(l +mr'>} 

whereby computations can be made for negative 
parameters, and therefore for pure imaginary 
modulus. 

r!cp\al 

FIGURE 17.4. Incomplete elliptic integral of tM, 
first kind. 

F(tp\a.), cr coostaot 



594 ELLIPl'IC 

~6r-----

LO, 

.6 
r----------------40° 
F----------------5~ 

• 4 
t----------------1~0· 

.2F----------------uo• 

FIGURE 17.6. Incompltu elliptic integral o.f the 
Becond kind. 

17.4.19 

17.4.20 

E(rp\«), "'constant 

SpeciaJ c.-

F(IP\O)=rp 

F(irp\O)=irp 

INTEGRALS 

Elt.p\a) 

1.6 0•0 .. 

30' 
1.4 

43' 

1.2 60' 

75' 
1,0 

.a 

.6 

.4 

FIGURE 17.7. Incomplete elliptic integral of the 
Becond kind. 

E(~P\«), «constant 

o• 10' l!O' so• 40' so• eo• 70' eo• 90' 

FIGURE 17.8. 90° E(rp\a)_ a constant . E IP, 

17.4.21 

F(rp\90°) =ln (sec IP+ta.n .1p) =ln tan (i~) 
17.4.22 F(i~P\90°)=iarcta.n (sinh rp) 

17.4.23 

17.4.24 

17.4.25 

17.4.26 

E(~P\0) =I{) 

E(i~P\0) =irp 

E(rp\90°) =sin 1P 

E(irp\90°)=i sinh rp 



ELLIPTIC INTEGRALS 595 

Jacobi's Zeta Function 

17.4.27 Z(cp\a) =E(cp\a)-E(a)F('P\a)/K(a) 

17.4.28 Z(ujm)=Z(u) = E(u) -uE(m) /K(m) 

17.4.29 Z(-u)=-Z(u) 

17.4.30 Z(u+2K)=Z(u) 

17.4.31 Z(K-u)=-Z(K+u) 

17.4.32 Z(u) =Z(u-K) -msn(u-K)cd(u-K) 

17.4.33 

17.4.34 

17.4.35 

Special V aluea 

Z(ujO)=O 

Z(u.jl)=tanh u 

Add.itio.n Theorem 

Z(u+v)=Z(u)+Z(v)-msn usn v slll(u+v) 

Jacobi.'slmaiJinary T1'8.1111lormation 

17.4.36 

iZ(iulm)=Z(ulm1)+2~,-dn(ulm1)'sc(ulm1) 

Relation to Jacobi's Theta Functi<ID 

17.4.37 

KlaiZI<p\al 

d 
Z(u)=8'(u)/8(u)= duln 8(u) 

q-Series 

FIGURE 17 .9. Jacobian uta junction RJ(a)Z(cp\a). 

· See pqeJL 

Heuman's Lambda Function 
17.4.39 

Ao('P\a) F(cpi~~)a) +iK(a)Z(cp\900-a) 

17.4.40 
2 

=-{K(a)E{cp\90°-a) 
'll" 

-[K(a)-E(a)]F(cp\90°-a)} 

Aolcp\al 

.. 
~ • .. 

.1 

.. 
_, 

.4 

.3 

.2 1&" 

''F-------_L_ I , . 

FIGURE 17 .10. Heuman's lambda function Ao(cp\a). 

Numerical Evaluation of Incomplete lntegrale of the 
- Fll"'lt and Second Kind• 

For the numerical evaluation of an elliptic 
integral the quartic (or cubic') under the radical 
should first be expressed .in terms of f, see 
Examples 1 and 2. In the resulting quartic there 
are only six possible sign patterns or combinations 
of the factors namely 

(t2+a2)(f+b2), (a2- t2)(f-b2
), 

~-~w-~. if-~if-~, if+~if-~, 
(t2+a2)(b2-f). 

The list which follows is then exhaustive for 
integrals which reduce to F(cp\a) or E(cp\a). 

The value of the elliptic integ.ral of the first 
kind is also expressed as an inverse Jacobian 
elliptic function. Here, for example, the notation 
u = sn -~z means that z=sn u. 

The column headed ut substituliion" gives the 
Jacobian elliptic function substitution which is 
appropriate to reduce every elliptic integral which 
contains the given quartic. 

• For an alternate treatment of cubics see 17 ••• 61 and 
17 ••• 70. 



F('l'\a) 
Equivalent Inverse 

Jacobian Elliptic "' t Substitution E("'\a) 
Function 

17.4.41 l" dt 
a o {(P-I-a')(P-I-bJ)]t/2 ac-1 - --CXIa'-bJ) 

b a1 
tan tp=~ 

b t=b ac v bJ l" e+a') dt a o P-1-bJ [(P+a')(P+bJ))'' , 

cos a=b/a 17.4.42 I 

a>b f " dt ela2-bJ) tan"'=~ l=a cs 11 f"C'+bJ) dt m=(a•-bl)/a• a z [(P+a')(P-I-bt)]112 cs-1 --- a ,. ta+a' [(P+a2)(P-I-b2))1i2 a at X 

17.4.43 f' dt 
a b [(a•-P)(P--bJ)]i/2 

nd-t ---CXla'-bJ) b at 
. ' - a'(:o1-b2) 

em '1'-~(a'-bJ) t=b nd 11 abl -f" 1 dt 
b P [(a1 -t2)(tl-bJ))III 

17.4.44 i" dt CXIa'-61) . at-z1 1 s.· Pdt 
a "[(a'-P)(t'-b2)]tlf 

dn-1 - -- sm2 <p=-- •. t=a dn 11 a ,. [(a'-P)(P-bl)]''' a as at-bl 

17.4.45 
l~ dt 

a o ((aLP}(bJ-P)]111 sn-t Gl~) 
' 

X 
t=b en 11 1 J:" (a2-t2)dt 

sin "'=b a o [(a'-P)(b2-P)]"t 

17.4.46 ib dt cd-1GI~) • t _a'(bJ-x') t=b cd 11 J.b( 1 ) dt 
sin a=b/a a .. [(a1-f. (bJ-P)]"' BlD ip- bJ(al-;cl) a (a

1
-b2) • a'-t' ((a'-P) (bJ-P)]III 

a>b 17.4.47 m=blfa' i" dt dc-lGI:S) 
. x'-a' a

2 
- bl J."( P ) dt 

a 4 [(P-a2)(P-b2))1" 
Bln' "'=-- t=a de 11 -a- a P-bl [(t'-a•)(P-bJ)]llt x'-bl 

17.4.48 

f" dt ns-' Gl~) a 
a " [(tl-at)(P-bl))'" sin"'=; t=a ns 11 f"'C'-bJ) dt 

a ,. -p- [(P-a1)(P-b2)]1" 

17.4.49 

, ·+b') JI' .r dt. ne-t (ila'~b2) b t=b DO II b' i " t'+a2 dt 
b a 6 l(P+a•)(t'-b2))112 cos .p=x- (a'+bt)t/2 6 -t,- [(tt+a')(P-bJ))Lit cot a=-
a 17 .4..50 

m=a1/(a1 +b') 
( l-1- bJ) 1/IJ."' dt ds-1 Ca'+zbt)'''la•~bt) . a•+bJ t=(a'+bt) 11 1 dsll ( '+bt)'"f"' t' dt sm2 "'=--a ,. ((P-I-a1)(P-bt)Jll2 a•+x' 

4 
,. (P+a1) [(tt+a')(P-bt)]''' 

17.4.51 

(a'+ bt) atsfo~ l<tt+a2~bJ-tt)Jl'' -1 e(a'+b1)1121~ ') z1(a1+b2) ab 
1( ' -1- bl)l/llz 1 dt sin' "' t (a'+ b') 1/t ad II b sd ab a2+b2, b2(a2+x') 11' a. o (t'+a') [(P-I-a1)(bt-t*) ]111 

tan a=-
a 17.4.52 

m=bt/(a'+bt) 
( '-1-bJ)lllfb dt co-l Gla1~b~) z t=b en 11 1 J.b (ti+a')dt 
a ~ [{P-I-a2)(b2-P)]112 cos <p=b (a'-1-bJ)Iit ., ((t'-1-a')(bJ-t')]lll 
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Some: Important Special Cue. 

IF(rp\a) cos "' Cl! 

17.4.53 s.· dt 
z'-1 45° 

• (l +t•)t v+t 

17.4.54 f' dt 
1-:z:t 

45° 
0 (l+t•)t I+:t' 

17.4.55 
1 J:. dt 1 

450 "' 2i 1 (t4-l)t -:z: 

17.4.56 

.. 1 f dt 
2i • (l-t4)t 

:z: 45° 

Reduction of J dtf.JP where P=P(t) is a cubie 
polynomial with three real facton P= 
(t-P.) (t-~)(t-Pa) where ~1>P2>~~: W'rite 

17.4.62 

.r dl F(tp\a) 
. :z:-~! 

A - mn1 tp=--,,..;p {J,-~. 

17.4.63 

J.'• dt F(rp\a) , (tJ,- {J,) <z-s~> A - coe "= s{ii (IJJ- fJa) ({J,-:z:) 

17.4.64 

f "dl F(t'\a) 
. :z:-{J. A - s1n1 tp=--

' • ,fp :z:-(J. 

17.4.65 

f"dt F(~p\a) :z:-IJ. 
). - cos' tp=--• ..;p :Z:- fh 

1'7.4.66 

A --f. dl 
-•..J-P P( 'P\ (90° -a0

)) 
ein' _ll.-fJa tp---

fJa-:z: 

17.4.67 

J.'• dl A --• ..; p F(,.\(90°-a0
)) coe' tp=fJs-fJa 

{J,-:z: 

17.4.68 

~r dl F(rp\(90°-a0
}) ein1 'P 

({J,-fJa) (z- /la) A --,,..J·-P ({J,- 11-d (:z:- fJa) 

17.4.69 

J.'' dt F('P\(90°-a0
)) 

:t-(J, A - - coe1 tp=- -• -./- P IJJ- fj, 

•See P"'ac: u. 

1 
3tl4F(rp\a) cos fP Q 

- -
17.4.57 

:z:-1-~ f" dt 15° • (t'-l)t :z:-t+Y3 

17.4.58 
~+1-:z: J:. dt 15° 

1 (l'-l)t -Ya-t+:z: 

17.4.59 
~-l+:z: f.' dt 75° • (1-l')t v'a+l-:z: 

17.4.60 
1-~-:z: f. dt 75° 

--(1-l')i t+'V'3-:z: 

Reduction of J dt,J.JP when P=P(t)=t'+a1t2 
+~t+aa is a cubic polynomial with only one real 
root t={j. We form the first and second deriv·a­
tives P' (t), P" (t) with respect to t and then write 

17 ~ 70 "'-[P'IA\]1/S - . 2 _!_! P"(/J) 
.... 11.- \PI , m-sm a-2 8 [P'(/J)]I'• 

17.4.72 
r· dl 

),J~ ..jp 

}'(tp\a} cos tp 
>-'- (:z:- fj) 
A'+(:z:-fj} 

).1-(fJ-:z:) 
coe "=x•+<tJ-:z:) 

17.5. Landen's TranJonnation 

Dncendina Landen Tranalormad.on ' 

Let a,., a.,..1 be two modular angles such that 

and let rp,., 'P•+J be two corresponding amplitudes 
such that 

17.5.2 tan ('P•+J-'P•)=cos a,. tan rp,. (rp-+I>'P .. ) 

• The empha.llis here is on the modular angle since this 
is an argument of the Ta.blea. All formulae concerning 
Landen's transformation may alllo be expre&~~ed in terms 
or the modulus k=mt=ein a a nd ita complement A:'=mt 
=coe a. 
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Thus the step from n to n+ 1 decreases the modular 
angle but increases the amplitude. By iterating 
the process we ca.n descend from a. given modular 
angle to one whose magnitude is negligible, when 
17.4.19 becomes applicable. 

With ao=a we have 

17.5.3 

F(IP\a)=(l +cos a)-1F(IPJ\al) 

=Hl + sin at)F(IPt\aJ 

n . 
17.5.4 F(~P\a)=2-" n (I+sina$)F(~P,.\a,.) 

1=1 

... 
17.5.5 F(I{J\a)=t n (I +sin a,) 

•-I 

CD 

17.5.7 K=F(f,r\a)=t.- IT (l+sina,) 
~-1 

17.5.8 F(~p\a)=2rr-1Kt 

17.5.9 

E(rp\a)=F(tp\ a) [t-i sin2 a (1+~ sin a1 

+ : 2 sin a1 sin a.+ ... ) J +sin a [~ (sin a1) 111 sin 1p1 

+ 1 t:. . )1/ 3 . J 
23 ,sm a 1 sm a2 sm 1P2+ ... 

17.5.10 

E=K[l-4 sin2 a ( 1+~ sin a1+iz sin a 1 sin~ 

+is sin a1 sin a2 sin a3+ .. .) J 
Ascending Landen Translormation 

Let a,., a,.+J be two modular angles such that 

17.5.U (l+sin a,.) (l+cos ~1)=2 (a,.+1>a,.) 

and let 1p,., 1fJ,.+1 be two corresponding amplitudes 
such that 

Thus the step from n to n+ 1 increases the 
modular angle but decreases the amplitude. By 
iterating the process we can ascend from a. given 
modular angle to one whose difference from a. right 
angle is so small that 17.4.21 becomes applicable. 

With ao=a we have 

n-1 
17.5.14 F(~P\ct)=2" n (l+sin a,)-1F(~p,._\a,.) 

••0 
n 

17.5.15 F(~p\a)= ll (l+cosa6)F(~Pn\a..) 
1"'1 

17.5.16 F(~p\a)=[csc an sin a,Jt In tan (i1r+!t) 
f-1 

17.5.17 

Neishborhood of a Right Angle (see also 17.<i.13) 

When both I(J and a are near to a. right angle, 
interpolation in the table F(~p\a) is difficult. 
Either Landen's transformation can then be used 
with advantage to increase the modular angle and 
decrease the amplitude or vice-versa. 

17 .6. The Process of the Arithmetic-Geometric 
Mean 

Starting with a given number triple (ao, b0, c0) 

we proceed to d etermine number tripl es 
(a~, b" c~>) , (a,, b2, ~),. · .. , (a.v, bN, c.v) according to 
the following scheme of arithmetic and geometric 
means 

17.6.1 
~ 

at=!(ao+bo) 

a2=l(~+bt) 

. bo 
bt= (aobo)-l 

h2=(a1bt)t 

Co 

Ct=Hao-bo) 

c2=i (at-lit) 

CN=l(aN-1-bN-t). 

We stop a.t the Nth step when aN= bN, i.e., when 
cN= O to the degree of accuracy to which the num­
bers are required. 

To determine the complete elliptic integrals 
K(a), E(a) we start with 

17.6.2 

whence 

17.6.3 

ao= l, bo=COS a, Co=Sin a 

K(a)=...!!:._ 
2a.v 
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17.6.4 K(ataf(a) ! [~+24+224+ . .. -1-ZN~fN] 

To determine K'(a), E'(a) w~ start with 

17.6.5 

whence 

17 .6.6 

17.6.7 

I b' • I ao= 1 I o=sm a, Co=COS a 

1r K '(a)=-
2

, 
aN 

K ' (a)-E'(a)=! [c'2+ 2.,12+2tc12+ +2"'c't] 
K' (a) 2 o "'I 2 • • • N 

To calculate F(<p\ a), E (tp\a) start from 17.5.2 
which corresponds to the descending Linden 
transformation and determine cp., 1/'2, . . • , I{JN 

successively from the relation 

17.6.8 tan (<p"+l-tp,)=(b,./a,.) tan ~"~ tpo= tp 

Then to the prescribed accuracy 

17.6.9 

17.6.10 

Z(<p\ a) =E(<p\a)- (ElK) F (tp\ a) 

17.7.4 

.1 In t1.(v+ fl) 2 ~ ' ( ,2 ) ' • 2 . " t1,(v-f;J) f=t s- rt 1-~ • - sm sv sm 2s(:J 

17.7.5 

.1'{,3) ~ 
t1:(f;J) =cot f:J+ 4 ~ q2'(1-2t' cos 2f;J+qh)-1 sin 2f;J 

In the above we can also use Neville's theta 
functions 16.36. 

17.7.6 II(n\ a)=K(a)+61K (a)Z(t\a) 

Caee (ii) Hypel'bolic Case n> 1, 
The case n>l can be reduced to the case 

O< N <sin2 a by writing 

17.7.7 N=n- 1 sin2 a1 p1=[(n-1)(1 - n-1 sin2 a)]i 

17.7.3·· 

ll(n; tp\ a)=-ll(N; tp\ a)+F(<p\a) 

+
2
..l.1n [(A(tp)+p, tan tp)(A(tp)-Pi tan tp)- 1] 
p, 

where A(tp) is the delta amplitude, 1·7.2.4. 

* =c1 sin fPI+~ sin I{J-l+ • • • +eN sin I{JN 17.7.9 n(n\a)=K (a) -ll(N\a) 

17.7. Elliptic Integrals of the Third Kind 

17.7.1 

Il(n;tp\a)= i" (1-nsin2 8)- 1(1-sin2 asin1 19) - td8 

17.7.2 

17.7.3 

n (n; }1r\a)=ll (n\a) 

Cue (i) Hyperbolic Case O<n< sin1 a 

e=arcsin (n/sin2- a)t, 

P=l7r-F(e.\a)/K(a) 

q= q(a) 

V =i.,F(tp\a)/K(a) 1 

fl('li;tp\ a) = o• [-lin [t74(v+P)/t1,(v-f;J)] 

Cue (iii) Circular Cue sin1 a < n < 1 

t=arcsin [(1-n)/cos2 a]l 

f:J= lrF(e\ 90°-a)/K (a) 

fJ.=!l(a) 

17.7.10 

v=JrF(tp\ a)/K (a) 1 82=[n(l-n)- 1(n-sin1 a)-'}t 

17.7.ll ll(n~· ~\a)=oz(A-4#£V) 

17.7.12 

X=a.rcta.n (tanh (:J tan '0) 

+2 ~ (-l)'- 1s-1«f'(l -cf')-1 sin 2.svsinh 2s~ 
•-1 

17.7.13 

IJ.=[± s~ sinh 2sf;JJ [1 +2 ~ f/2 
cosh 2s~J-' 

1•1 ,_, 

17.7.14 ll(n\ a) =K(a)+lr~[l -Ao(t.\«)J 

where A0 is H euman's Lambda function, 17.4.39. 
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Q(n;.p\a) 

z.o 

1.5 

n• l,.,• 45• 

1.0~-----------~-.. ,.,. .-

·' .z 1:::==:::::::::::==::::==::;::=:=:::::::::::=="~"0:;:1:=•=1~• ~ 0 
o• 1 ~· :sO" 4'' so• 75' t o• 

FIGURE 17 .11 . EUiptic integral of the thir,d kind 
ll(n; tp\ a). 

Caae (iv) Circulu Ca.e n< O 

The case n<O can be reduced to. the case 
sin2 a<N< 1 by writing 

17.7.15 

17.7.16 

N = (sin1 a - n)(l-n)- 1 

.P2=[-n(1-n)- 1(sin1 a-n))t 

[(1-n)(1-n- 1 sin2 a) ]ITI(n; tp\ a) 

=[(1 - N)(1-N-1 sin2 a))tn(N,· tp\ a) 

+p; 1 sin2 aF(tp\ a)+arctan [!p2 sin 2tp/A(tp)] 

17.7.17 

TI (n \ a)= ( -n cos2 a) (1-n)-1(sin2 a-n)- 1 Ilf(N \ a) 

+ sin2 a (sin2 a - n ) - 1K(a) 

Special Ca.eet~ 

17.7.18 n = O 

ll(O; tp\ a)=F (tp\ a) 

17.7.19 ·n=O, a= O 

ll(O; tp\ O) =f/J 

17.7.20 a= O 

U(n; '1'\ 0) = (1- n)-t arctan [(1-n) i tan tp], * 
n<l 

= (n-1)-i arctanh [(n-l)t tan tp), 

=tan 'P n = l 

17.7.21 a = 7r/2 

n (n; tp\ 1r/2) =(1-n)- 10n (tan 'P+ sec tp) 

-tnt In (l+nt sin tp)(l-nl sin tp) - 1
) 

17.7.22 n=±sin a 

(1=Fsin a){2D(±sin a; '1'\ a) -F('P\ a)} 

=arctan [(1=Fsin a) tan. tp/!l.(tp)) 

17.7.23 n = 1±cos a 

2 cos al1(1± cos a; tp\ a)= ±! ln [(l + tan f/J 

· A(tp))(l - tan tp · !l.(tp))-'J+ t ln [(A(tp) 

+ cos a · tan tp){A(tp) -cos a tan tp) - 1
] 

=f (1 =fcos a)F (tp\ a) 

17.7.24 

ll(sin2 a; tp\ a)=sec2 aE('P\ a)- (tan2 a sin2~P)/(2A(IP)} 

17.7.25 n=l 

TI (1; 'P\ ot)=F(f{J\ a)-sec2 aE(tp\ a)+sec2 a tan tpA(IP) 

Nu.merical Methods 

17.8. Use and Extension of the Tables 

Example 1. :Reduce to canonical fonn f 1F'dz, 
wh~e · 

r= -3~+34z3-119z2+ 172z-90 

By inspection or by solving an equation of the 
fourth degree we .find that 

yt= Q,Q2where Qt= 3z2-10z+ 9, Q2=-r+ 8z-10 

Fint Method 

QI-XQ2=(3+X)z2- (10+8X)z+ 9+10X is a p~­
fect square if the discriminant 

•See p-een. 

(I0+ 8X)2-4(3+X)(9+ 10X)=O; ·i.e. , if X=-~ or~ 
and then 

Q,+~ Q,=~ (z-1)1
, Q,-~ Q2=~ (z- 2)2 

Solving for Q, and Q2 we get 

Q1= (z-1)2+ 2(z-2)2, Q2=2(z- 1)2-3(:z: - 2)2 

The substitution t=(:z:-1)/ (z- 2) then gives 

f y- 1dz=± J[(t2+ 2)(2t2-3))-tdt 



ELLIPTIC INTEGRALS 601 
If the quartic y2=0 has four real roots in z 

(or in the case of a cubic all three roots are real), 
we must so combine the factors that no root of 
Q1 =0 lies betWeen the roots of Q2=0 and no root 
of Q2=0 lies between the roots of Q1 =0. Provided 
this condition is observed the method just; de­
scribed will always lead to real values of >.. 'I'hese 
values may, however, be irrational 

Write 

Second Method 

Qt 3z'-10z+9 t2 
Q2 -z2+8z-10 

and let the discriminant of Q,t1-Q1 be 

Then 

4 T 2= (8t2+ 10)2- 4 (t 1+3) (10t1+9) 

=4{3t2+ 2) (2t1-1) 

J y-1dx=± J r-1dt=± Jt<3t214){2t2- 1)]·-idt 

This method will succeed if, as here, T 2 as a 
function of t2 has real factors. If the coeffic.ients 
of the given quartic are rational numbers,, the 
factors of T 2 will likewise be rational 

Third Method 
Write 

Qt 3z2-10z+9 
w Q2 -z2+8z-lO 

and let the discriminant of Q,w-Q1 be 

4 W =4(3w+2) (2w-1) =4(Aw+ Bw+ 0) 

Then if 

z"= Wfw and Z2=(B- z%)1-4A0=(z2-1)1-l-48 

f y- 1dx=± f z-ldz 

However, in this case the factors of Z are complex 
a.nd the method fails. · 

Of the second and thlrd methods one will always 
succeed where the other fails, a.nd if the coefficients 
of the given quartic are rational numbers,, the 
factors of T 1 or Z2, as the case may be, will be 
rational 

Example 2. Reduce to canonical form J i1J-1dx 
where y2= z(z-1)(x-2). 

We use the thlrd method of Example 1 ts~king 
Qt=(x-1), Q2= z(x-2) and writing 

Qt z-1 
W=-=--

Q2 zl-2z 

The discriminant of Q2w-Q1=z2w-(2w+1)z+1 

is 
4 W = (2w+ 1)2-4w=4w+ 1 

so that 

W=Aw+Bw+O where A=l, B= O, 0=~ 
and if we write z"= W/w and 

Z2=(B-z2)2-4AO=(z2)2-1=(z2-1) (z"+ 1), 

J y-1dx= ± J [(z2-l) (z2+ 1) ]-1
'
2 dz 

The first method of Example 1 fails with the 
above values of Q1 and Q2 since the root of Q1=0 
lies between the roots of Q2= 0, and we get 
imaginary values of >.. The method succeeds, 
however, if we take Q1=x, Q,=(z-1)(x-2), for 
then the roots of Q1 =0 do not lie between those 
of Q2=0. 

Example 3. Find K(80/81). 

Firat Method 

Use 17.3.29 with m=80/81, m1= 1/81, m~1:~=1/9. 
Since [ (1 - m~'2) (1 + m:12) - 1

]
2 = .64, K(SO I 81) = 

1.8 K(.64) =3.59154 500 to 8D, taking K(.64) from 
Tab1!'. 17.1. 

Second Method 

Table 17.4 giving L(m) is useful for computing 
K(m) when m is near unity or K '(m) when m is 
near zero. 

K (S0/81)=! K'(S0/81) In (16X 81)-L(80/81) . 
1r 

By interpolation in Tables I'Ll a.nd 17.4, since 
80/81 =.98765 43210, 

K' (80/81) = 1.57567 8423 

L(S0/81) = .00311 16543 

K(80/81) =r-1{1.57567 8423)(7.16703 7877) 

-.00311 16543 

=3.59154 5000 to 9D. 

Third Method 

The polynomial approximation 17.3.34 gives to 
8D 

K(80/81) = 3.59154 501 

Fourth Method, Arithinetic-.Geometrie Mean 

Here sin2 a =80/81 and we start with 

ao=1, b0=~, Co=.JS0/81=.99380 79900 

gtvmg 
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E=arcein [(1-~)/cos2 a]l=45° 

,9=hF(45°\ 60°)/K(30°)=.79317 74 

v=h·F{45°\30°)/K(30°) =.74951 51 

~=(40/9)l 

q=.01797 24 

and so from 17.7.11 

II (i; 45°\30°)=(40/9) 1'2(>.-4~o~v) 

=2.10818 51 { .55248 32-4(.03854 26) 

(.74951 51)} =.921129. 

Table 17.9 gives .92113 with 4 point Lagrangian 
in terpola.tion. 

Example 18. Evaluate the complete elliptic 
integral 

II (t\30°) to SD. 

From 17.7.14 we have 

where E=arcsin [(1-n)/oos2 a)112=45°. Thus using 
Table 17.8 

n (i\30°)=2.80099. -

Table 17.9 gives 2.80126 by 6 point Lagrangian 
interpolation. The discrepancy results from in­
terpolation with respect ton for rp=90° in Table 
17.9. -

Example 19. Evaluate 

II (t; 45°\ 30°) 
frH 

= Jo (1-l sin2 8)-1(1-i sin' 8)-us d8 

to5D. 

Here n =~, rp=45°, a=30° and since the character­

istic is greater than unity we use 17.7.7 

N=n-1 sin2 a=.2, p 1=(1/5)f 

n (l; 45°\30°)=-ll( 2;45°\30°)+F(45°\30°) 

+(l~J ln (7/8)1+(1/S)t 
(7 /8)l- (1/5)t 

=-.83612 + .80437 

+l~ ln ../35+-JS 
$5-.JS 

=1.13214. 

Numerical quadrature gives the same result. 
Example 20. Evaluate 

n C-t; 45°\30°) 

= J:"''' (1 +t sm2 8)-1(1-i sin2 o)-+d8 

to 5D. 

Here the characteristic is negative an'd we there­

fore use 17.7.15 with n=-!, sin2 a=~ 
4 4 

N= (l-n)-1(sin2 a-n)=A, P2=...fi 

and therefore 

(5/2)1 n (-i; •5°\30°) =(9/40)tn (t; 45°\30°) 

+~(5/2)lF(45°\30°)+a.rctan (35)-t 

Using Tables 4.14, 17.5y and 17.9 we get 

n (-t; 45°\30°)= .76987 
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18. Weierstrass Elliptic and Related Functions 

Mat]b.ematical Properties 

18.1. Definitions, Symbolism, Restricti.ons and 
Conventions 

An elliptic function is a single-valuedl doubly 
periodic function of a single complex variable 
which is analytic except at poles and whose only 
singularities in the finite plane are poles. If w and 
"'' are a pair of (primitive) half-periods of such a 
function j(z), then f(z+2Mw+2Nw')=j(z), M 
and N being integers. Thus the study of any 
such function can be reduced to consideJration of 
its behavior in a jundamentd period jMrallelo­
gram (FPP). An elliptic function has a finite 
number of poles (and the same number ,of zeros) 
in a FPP; the number of such poles (zElros) (an 
irreducible set) is the order of the function (poles 
and zeros are counted according to theiir multi­
plicity). All other poles (zeros) are cS.:Ued con­
gruent to the irreducible set. The simplost (non­
trivial) elliptic functions are of order two. One 
may choose as the standard function of order two 
either a function with two simple poles (Jacobi's 
choice) or one double pole (Weierstrass' choice) 
in a FPP. 

Weierstrass' [/) -F'!IInCtion. Let w, w' denote a 
pair of oomplex numbers with ./(w' /w)> O. Then 
[/) (z) = {j) (zl w, w') is a.n elliptic function of order 
two with periods 2w, 2w' and having a do111ble pole 
at z=O, whose principal part is z-2

; [/)(2:)-z- t is 
analytic in a neighborhood of the origin, 1a.nd van­
ishes at z=O. 

Weierstrass' r-Functi<m t(z)=r(zjw, w') satisfies 
the condition r'(z)=-[/J(z); further, r(z) has a 
simple pole a·t z=O whose principal pa.It is z-1; 

t (z)-z-1 vanishes at z=O and is o.nalytic in a 
neighborhood of the origin. r(z) is NOT an 
elliptic function, since it is not periodic. However, 
it is quasi-periodic (see "period" relations), so 
reduction to FPP is possible. 

Weierstrass' u-F'Unction u(~)=u(zlw, w') satisfies 
the condition u'(z) /u(z)=t(z); further, u{z) is an 
entire function which vanishes at thEI origin. 
Like t, it is NOT an elliptic function, since it is 
not periodic. Howev~, it is quasi-periodic (see 
"period" relations), so reduction to FPI> is pos­
sible. 

lnvarianta g, and Ul 

Let W=2Mw+ 2Nw', M and N being integers. 
Then 

18.1.1 g2=60l:'W-• and ua=140l:' W-a 

are the INVARIANTS, summation being over all 
pairs M, N except M = N = O. 

Al~rnate Symbolism Emphasizing Invariants 

18.1.2 
18.1.3 
18.1.4 
18.1.5 

[/) (z)= [j) (z ; U21 Ua) 
[j)'(z)= [/)'(z; g,, Ua) 

f(z)=t(z; g,, Ua) 
u(z)=u(z; g,, Us) 

Fundamental l)jfl'erential Equation, DiBCritninant and 
Related Quantitiea 

18.1.6 

18.1.7 

18.1.8 

A=!ft-27 0:= 16(e,-e3) 2(e3-e,)2(e,-62)' 

18.1.9 

gg= -4(e,e2+e,ea+e,ea) =2{~+~ +e:) 
18.1.10 us=4e.etta=t(e~+e:+e:) 

18.1.11 e1 +e,+ea=O 
18.1.12 

18.1.13 
et+4+e1=~/8 

4e~-gtt.-us=O(i= 1, 21 3) 

Agreement about Values of Invarianta (and Discrbn­
inant) 

We shS.:U consider, in this chapter, only real U2 
and g8 (this seems to cover most applications)­
hence ~ is real. We shall dichotomize most of 
what follows (either ~>O or A< O). Homoge­
neity relations 18.2.1-18.2.15 enable a flll'ther 
restriction to non-negative g3 (except. for one case 
when ~=0). 

Note on Symbolimn for Roots of Complex Nwnbers and 
for Conjugate Complelll Numbers 

In this chapter, z1
' " (n a positive integer) is used 

to denote the principal nth root of z, as in chapter 
3; z is used to denote the complex conjugate of z. 
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FPP'a, Sym)tM)la for Periods, ete. 

y 6 >0 y 
6 < 0 

wl 2w1 

2 I 

Wz 
Wt + T 

2w 1 2 w2 

~ L 

Rt I Ra w' ::&. 
t 

w' 
~ wt 0 2w2 

R : 
I R,. 

l..FPP 
4 

r r 
0 w 2W 

RECTANGLE 

"'REAL 
w' PURE !MAG. 

I"'' I ~ "'' since g, ~ 0 

.. X 

Fl<iiURE 18.1 

<olt =CAl 

<o~s=w+"'' 

"'*="'' 

Fund8.Diuental R ectangle• 

2W 

IUIOMBUS 

~=w'-w 

"" REAL 
~PURE IMAG. 

I"'~ I ~ W:, since u~ ~ 0 

X 

Study of eJl four functions ( {/J ,{/J ~t r, u) can be reduced to considention of their values in a Funda­
mental Rectangle including the origin (see 18 .• 2 on homogeneity relations, reduction formulas a.nd 
processes). 

, 
FundaJnental Rectangle is ~ FPP, which has VeJr­

tices 0, "'' "'~ a.nd w' 

Fundamental Rect~gle has vertices 0, w2, "'a+ ~a, 

y 

w' ...,_ _ _ _____ .,. w
2 

FUNDAMENTAL 
RECTANGLE 

( : ..l. FPP) 
4 

-o~---------~~._x 

. I 

"'-' 2 ' 
y 

1 w~ 
~ ..,_----:~----iW2 + -2-

2 

FIGURE 18.2 

There is a. point on the right boundary of Fundamental Rectangle where [p =0. Denote. it by Zil· 



WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 631 

18.2. Homogeneity Relations, Reduction 
Formulas and Processes 

Homogeneity Relations (Suppose t;o60) 

Note that Period Ratio is preserved. 

18.2.1 {j) '(tz!tCD, t<D') =t-8 fP '(zJw, CD') 

18.2.2 fJJ (tzJtw, tw')=t-2 {j) (zJw, CD') 

18.2.3 [(tzJtCA~, tCA~') =t-1[(ZJCII, Ct11
) 

18.2.4 CT(tz!tw, tw') =tCT(zJw, Col') 

18.2.5 g2(tCA~1 t<D') =t-•g2(Ct11 w') 

18.2.6 

18.2.7 e,(tw, t<..l')=t-'e,(CA~, Co~'), i=l, 2, 3 

18.2.8 li{t<D, tCA~') =t-12A(Ct1, Col') 

18.2.9 H 1(tCt1, tw')=r'B,(Ctl, w'), i=I, 2_, 3 
(See 18.3) 

18.2.10 q(!Ctl, !Col') =q(w, Co~') • (See 18.10) 

18.2.11 m(!Ctl, tw') =m(CA~, w') (See 18.9) 

18.2.12 !JP(tz; t-•g2, t-0gs)=t- 3 fJJ'(z; g,, ga) 

18.2.13 fJJ (tz; t-4g,, t-0ga) = t-2 [/J ( z i g,, Us) 

18.2.14 t(tz; t-'g2, t-8ga) =t-1[(z; g,., g9) 

18.2.15 e1(tz; t-4g2, t-0ga)=tCT(z; g,, Ua) 

The Caee B•< 0 

Put t=i and obtain, e.g., 

18.2.16 [/)(z; g2, ua)=-[/J(iz; g,, -us) 

Thus the case ua<O can be reduced to one where 
Ua>G. 

"Period" Relatiom and Reduction to the FPP (M,N 
integen) 

18.2.17 [}J'(z+2Mw+2NCA~')=[/)'(z) 

18.2,18 

18.2.19 

[JJ (z+2Mw+2Nw') = fP (z) 

t(z+2MCA1+ 2Nw') = t(z) +2M,.,+ 2N,.,' 

18.2.20 

cT(z+2MCA~+2Nw') 

=( -l)M+N+MNu(z) exp [(z+Mw+Nw')(2M., 

+2N,.,')l 

18.2.21 where '7=[(w), ,'=[(w') 

"Conjugate" Values 

j(Z) f(z), wherej is any one of the functions 
[/J 1 [/J', r, CT. 

Reduction to % FPP (See Flgw:e 18.1) 

(i denotes conjugate of s) 
Point s1 in Rt 

18.2.22 

18.2.23 

18.2.24 

18.2.26 

{jJ '(zJ =-{jJ '(2w- zJ 

[jJ (z4) = {j) (2w- z4) 

[(z~) =-[(2w-zJ + 2, 

18.2.27 {j) (z3) = {j) (2w,- za) 

18.2.28 r'za) =- t(2w,-Za) +2('7+'7') 

[J> '(;J = -U> '(2w,-zJ 

[/J (zJ = {j) (2w,- zJ 

rc z.) =-f(2:;;=z.) + 2 (" +.,') 
u(zJ =;(2w,-z4) exp [2('7+'1')(z,-w,)] 

Point sa in Ra 
[/J I (Za) =-{jJ f (2W2- Za) 

{jJ (za) = /]J (2W2- Za) 

r<za) = -[(2w,-Za) +2('7+'7') 

18.2.29 CT(Zs)=cT(~w,-Za) exp [2('1+'1') (z3- W2)] CT(Zs) = CT(2w,-za) exp [2('1+'7') (za-"'2}] 

18.2.30 

18.2.31 

18.2.32 

/]J'(Za) [JJ'(Za- 2w') 

fP (Za) =OJ (Za-2w') 

t(Za) t(Za-2w')+2'7' 

18.2.33 cr(Zs)=-;(Za-2w') exp [2,'(Za-w')] 

Point :.-3 in R, 

[j) I ( Za) = {j) ' (Zi) 

{j) (Za) = Ui (;;) 
rCZa) =Fe;;> 
a(Za) -;(z;) 
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y 

18.2.38 

18.2.39 

18.2.40 

18.2.41 

18.2.42 

18.2.43 

18.2.44 

18.2.45 

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 

FIGURE 18.3 

Reduction from 1,4 FPP to Fundamental Rec~ngle in 
Case A<O 

We need only be concerned with the case when 
z is in triangle /:).2 (therefore 2w'-z is in triangle 
al) · · 

18.2.34 

18,2.35 

18.2.36 

[/J (z) = [/J (2w' -z) 

{P'(z)=- [/J'{2w' -z) 

r (z) =271' - f(2w'- z) 

18.2.37 cr(z)=cr(2w'-z) exp [2,'(z-w')] 

Reduction to Caee where Real Half-Period ia Unity 

(preserving period ratio) 

[p '(zl w, w')=w-a [JJ ' ( zw-111, ::) 

[JJ (zlw, w')=w-2 [JJ ( zw- 111, :,') 

!(zjw, "'')=w-1f ( zw- 111, :') 

q(zlw, w' )=wO' ( zw-111, ::) 

g2(w, w')=w-•g2 (1, : ) 

(i=l, 2,3) 

(w2=w+w') 

flJ '(zl w, w') =w;s{/J '(zw;t~~~ w') w, W2 

r<zlw,w')=w21! (zw211:1 :) 

q(zlw, w')=waiT (zw;-1 '~' w') wa w2 

(i=l ,2,3) 

NOTE: New real half-period is 

w w' w+w' - +-=-- ==1 w, w2 '*'2 
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18.3. Special Values and Relations 

Values at Period& 

[j) , [j) ', and r are infinite, u is zero at z=2wl! i=l, 2, 3 a.nd at 2~(~<0) . 

18.3.1 

18.3.2 

18.3.3 

18.3.4 

18.3.5 

18.3.6 

18.3.7 

18.3.8 

18.3.9 

18.3.10 

18.3-.ll 

18.3.12 

18.3.13 

18.3.14 

18.3.15 

18.3.16 

18.3.17 

e, real 

(equa.lity when Ua=O) 

,>o 

'/'~ '£ , ~> 1 

l w'l/~1.91014 050 (approx.) 

Ht>O, Ha>O 

H2=i..J m 
(1(w)=e""'12/Hl12 

(f(w') =ie~'"11tfffl" 

u2(w2) =e~s"'t/{ -H2) 

,, w 1r 

arg[(f(wa))=T +2 

18.3.18 {/J(w/2)= et+H 1> e, 

18.3.19 {jJ ' (w/2)= -2H,..j2Ht+3tt 

18.3.20 f(w/2)= i['I+..J2H1+3e1] 

Half-Periods 

{jJ (w1)=e1(i= l , 2, 3) 

{/J ' (w,)=O(i= l , 2, 3) 

, ,=r(w,)(i=l,2,3) 

ta real and non-negative 

where a~O, P>O 

(equality when ua=O) 

,;;i~ if lw;!/w~3.81915 447 (approx.) 

H2>o 

..-/4<arg(H1) '5:1r/2 (equality if g,=O) i Ht= 'Ra 

crl(w')=e"' .. ' /(-Ha) 

Quarter Pertoda 

{}J (wJ2)=ta+H.>ea 

[p ' (Wt/2) =-2H2-./2H2+3e2 

f(w,/2)=i[11a+..J2H,+3eJ 

633 
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18.3.21 

18.3.22 

18.3.23 

18.3.24 

18.3.25 

18.3.26 

18.3.27 

18.3.28 

18.3.29 

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 

e~w/8 

rr(w/2) 2114m's(2Hl+3el)''a 

[/> (w' /2) =ea-Ha<ea<O 

[J> '(w' /2)= -2Hai.J2H3- 3e3 

t(w' /2) = ![,7' -i.J2H3-3ea) 

[/> (wJ2)=e2-H2 

[/> ' ( W<J/2) = - 2H2i(2H2 -3eJi 

t (w2/2) =lh2-i(2H 2-3e,) l] 

e"a•sl8efr /4 

u(w2/Z) [41P,(2H2-3ez)]l18 

e"' w1/8 

u( ~/2) 2''4fl~'a(2H ,+3e2)ll& 

[jJ (~/2)=~-H2={/> (w2+w~/2)<e11<0 

[/> ' (w;/2) = -2H2i.J2Hz-3e2= {P '(~+w~/2) 

r<~t2)=tl'li-i.JzH~~-a6JJ=-r<Wi+w;tz)+277' 

ie'''"'2'ts 
rr(~/2) 2114ffl1'{2H2-3e2)118 

=rr(w2+~/2) exp 1- 'l' w2 ) 

[/> (w'/2)=ea-H 5 

[/> '(w' /2) = -2iH8(2Ha-3B-J)t 

f(w' /2) =t[,.,' -i(2H,-3es)i] 

One-Third Period Relatione 

equivalently: 

18.3.30 

18.3.31 

18.3.32 

18.3.33 

18.3.34 

18.3.35 

18.3.36 

18.3.37 

18.3.38 

18.3.39 

48/J>4-24gn/J>2-48g3[/>-t,=O 

A>O 

s (2w/3) = 2; +[ [fJ (~w/3)J 

r (2w' /3)= 2;' -[ [/>(2;' /3)T 

t (Zwz/3)= 2;z+[ [/>(~w2/3)1 
rr(2wf3) -exp [27Jw/9] 

I.J [fJ 1 (2w/3) 

-exp [2'7' w'/9] 
u(2w'/3) [ [fJ '(2wl /3) ]ltaez..cta 

-exp [2'72~/9] 
u(2w2/3) [ [/J '(ZwJa) ]113etr' /a 

(also valid for A<O) 

A< O 

t(2w2/3)=2;2+[ o><;w~/3)J 

r(2w~3)=2;;-[ [/J(~w~/3)T 

s(2wl/3)=2f I [ [/J(23w'/3)J 

u(ZWi/a) -exp [2112w2/9J 
!j [fJ 1 (2w2/3) 

-exp [2T]~w~/9] 
u(2w~/3) [[/>I (2w~/3) Jll3e2rt/! 

1 _ -exp [2"11 w'/9] 
u(2w /3)-[[/J I (2w' /3) ]113esri/3 

Relatione Among the H, 

Ht+ E1l+ Hi=3g2/4 

Htm+lPtffl+Hiffl=O 



18.3.40 

18.3.41 

18.4.1 

18.4.2 

18.4.3 

18.4.4 

WEIERSTRASS ELLIPTIC AND RElATED FUNCTIONS 

mmm=-1}./16 

16H~-12g2Ht+J}.=0(i=l, 2, 3) 

18.4. Addition and Multiplication Formulas 

Addition Formulae' (•t~•,) 

1 [rP 1 
(zt) - {j) 1 (z2)J 

{j) (zt +z,) =4 {]J (z
1
) _ {j) (z

2
) - {j) (z1) - {j) (22) 

{j) 1 (z
1 

+ 
22

) fJJ Czt + z~)[ lP 1 
(Zt)- [p '(z2) 1+ {j) (z1) {/J 1 (z2)- {j) 1 (z1) {j) (z2) 

{j) (22) - {j) (zt) 

( ) ( ) ( ) + 1 {j) 1 (z1) - {/J '(z2) 
f Zt+Z2 =t Zt +f' Z~ 2 [p (zJ- {]J (z

2
) 

cr(zt+z,)u(z.-z2)=-~(Zt)q2(zJ[ {j) (zt)- {j) (22) 1 

Duplication and Triplication Formulae 

[Note that{j)" =6{j) 1(z)-~, {j) 12(z)=4{j)8(z)-g2 {j) (z)-g8 and {j)'"(z)= 12[p(z) {j) '(z) J 
18.4.5 

18.4.6 

18.4.7 

18.4.8 

18.4.9 

18.4.10 

18.5.1 

18.5.2 

and 

18.5.3 

18.5.4 

18.5.5 

18.5.6 

where 

• [{/J 'I(z)J 
{j)(2z)=-2[p(z)+ 2 {/J'(z) 

-4{/J ''(z)+ 12 {/J (z) {/J ' 2{z) {/J "(z)- {j) " 8(z) 
{/J'(2z) 4{/J'a(z) 

t(2z) =2r(z) + {/J" (z)/2 [p '(z) 

u(2z) =- {/J '(z)u4 (z) 

4{/J IS(z) 
t (3z)=3.t(z)+ {/J 1 (z)_[JY"(z)- {/J"2(z) 

u{3z)=- [p '2(z)ue(z) [[}> (2z) - {/J (z)1 

18.5. Series Expansions 

Laurent Series 

... 
{/J(z)=z-2+ ~ c~:~-2 

~=g2/ZO, ca=ua/28 

1 Formulaa for ! aDd tr are not true algebraic addition formulaa. 

635 
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18.5.7 vvhere a0, 0= 1 and 

18.5.8 

it being understood that a,.,,.=O if either mbscript is negative. 
(The radius of convergence of the above series for {/J-z-2

1 .9>'+2z-a and [-z-• is equal to the 
smallest of \2wl, \2w'l and \2w±2w'l; series for u converges for all z.) 

18.5.9 

18.5.10 

18.5.11 

18.5.12 

18.5.13 

18.5.14 

18.5.15 

18.5.16 

18.5.17 

18.5.18 

18.5.19 

18.5.20 

18.5.21 

18.5.22 

Values of Coei!liciente 1 cl in Terme of c2 and ca 

c4=~/3 

Ca=3~ca/11 

ca= [2c:+a~]/39 

cr=24ca/33 

Ca==5c2 (11C:+36cg) /7293 

Ca"=c~(29c~+ 11ci)/2717 

c10= (242c; + 1455c~~) /240669 

en= 14c,ts(389c~+369c:)/3187041 

c12= (114950c~+ 1080000~:+ 166617c:)/891678645 

c13=10c~c3{297c~+530c~)/11685817 

2c2(528770c8+ 7164675c~~+ 2989602c:) 
Cu (306735) (215441) 

4ca(6292181.5c;+ 179865450c~+ 14051367 c~) 
C16 (179685) (38920531) 

~( 58957855·c; + 1 086511320clc~+87 5341836c:) 
CJo (5909761)(5132565) 

c,a3(30171965cg+ 126138075c~c:+28151739c~) 
CIT (920205)(6678671) 

1541470 · 949003c;+30458088737 ·1155c;c~+ 122378650673 · 378cM+2348703·887777c~ 18.5.23 c11 (1342211013)( 4695105713) 

18.5.24 2c':rt3(336554421tic;+429852433 · 45cM+8527743477c~) 
c10 (91100295){113537407) 

~NOTES: 

1. c4- C1e were computed and checked independently 
by D . H. Lehmer; these were double-checlked by 
substituting (/t=20 Ct, (la=28 Cs in values gjiven in 
[18.10]. 

2. CtrCts were derived from values in [18 . .10) by 
the same substitution. These were checked (num~ 
icaUy) for particul.a.r values of g2, g,, 

3. c., is given incorrectly in [18.12] (factor 13 is 
missing in denominator of third term of bracket) ; 
this value was computed independently. 

4, No factors of any of the above integers with more 
than ten digits are known to the author . Tills is not 
necessa.rily true of smaller integers, which have, in 
many instances, been arranged for convenient u.se 
with a desk caJcula.tor. 



Value • of Coefficients a.,..,. 
fll 

-2·3· 6·69 
8 

·107896773 

f •• 
-2·3· 6·23 

t II 
-2·8· 6·69 

7 
I ·267·1B<Hil · 107896773 

•• ' . Ill 110 
-2·3·6 -2-3-6·23 -2·3· 8·7 -2·3· 6·7 

6 
• 221l·l!tl83 ·267 ·181-1699 . .(J.6()47 

·l81K9 ·2803 ·~922497 . 
II I I ••• f ' t •• 

2·3·6 -2·3-5·229 -2·8· 6 -2·3· 6-7 -2·3· 6 ·7 
6 

·9103 ·2683 -~~ ·59-179 ·1821 

·1422;11 ·14U636768 
" i 

Ill 
2-3·6 . ' 2·3·6·9108 

I I 
--.2·3·6·7 

4 

I I 
-2·3·6·691 

f I 
-2·3·6·11·81 

j It , 
-2·8· 6·7·23 

6 • 
-2·3·6-7·19 

·31 ·13·3'M1 .834l()9 ·313· Ul0387 ·263·~848968 ·17626861~977 

•• • j . II ... •• t I ,, •• 2·3·23 2·3·6-31 2·3·6·17 -2·8·6·83 -2·3-6-603 -2·3-91 -2·3·5·7·11·29 - 2· :u. 7-613 
3 

·lOll ·3911 ·IM217 -3161189669 ·83·ll211·11Ml ·176()622ro81 

I •• •• •• I '' . ' • f I • ·N61 -2.·8 2·3·23 2·3·6·68 2·3·6·37 -2·3·6-17 -2-3·61·161 -2-3 -2·8·6·17-63 -2·3-6·7·17 
2 

·UI7 ·3037 .(1$3 ·2387260103 ·29SHU81l ·67·106651059 ·31i866647631901 

1 • I I a I • I I ' 6 I I 
-3 -2·3 3-lP 2·3·311 3·6·20807 -2·3·H -3·17 -2·3·7·13 -3 -2·3·6·7·193 3-7 

l 
•2609 ·1678267 ·2742687 ·24888293MW · lall'/11·274973 ·89~64.10711 

J • I I • • • • , . , 
.1 -I -3 3·23 3-107 3·7·23·37 3·313·603 -:H 3·11·37 -3·7·23·14387 - So71 -3·7·11·23 8-7·24'133 

0 
·681i073 ·267981 -40763 ·1763011760030 ·383·739·lll639 ·1 D8922'1BM11 

0 1 2 3 4 6 6 7 8 9 10 11 12 

'V'lllues or •··. In unrootored form ror ~m+lln+l < as tVe given In [18.26], p. 7; oc (e~ ••• ):t-• ln footored form ln [18.16), VoL 4, p. 89 for 4m+6n+l$26. Addltlonal values-were eomputed and checked on 
desk IIRlGul&~ors; prllnallty of large !actors ws.s BStabll.slied wtUJ the aJd of SWAO (NatioDJ).\ Bureau of Standards Western AutOJIU\tie Computer). 
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Rever.sed Seriee1 !o1: La~e I [j) I 
18.5.25 

+{
3 

(3cd+5anuP+*au18+ ~~ (1~+7c4)u17 

+~~a (cd+7aDu1~+ 1 (~+IOai)u" 
+35arzaa (9 a+~)u~ 

92 
a2 a 

+ 2~0 (33a!+ 180aW+ 10ai)U26 

+:a~:~ (143a~+220aW+6cri}u31 

+ ~~ (6fic4+728a~i+280Cd)u88 

+2;·~7 (ll05a:+t6380$1+t09~~ 

+I68al)uP+ aa;aa (8&:4+280~+5~)u8' 

I ~;:; (32~+612~+6300~+336crg)uu 

18.5.27 

18.5.28 

aa=u-.1~ 

u.=( {j)-1 )t 

5 In this a.nd other series a. choice of the value of the 
root ha.s been made so that ;r will be in the Fundamental 
Rect&Jl,gle (Figure 18:2), whenever the value of the given 
function ia appropriate. 

Reveraed Seriee for Large I {/J 'I 

18.5.29 z=A1u+A6u6+A1'u1+A,u'+ ... 

18.5.30 wherE) u=( {j) ' 1' 3)-1e•,.f3 

18.5.31 

18.5.32 

18.5.33 

18.5.34 

18.5.35 

18.5.36 

18.5.37 

18.5.38 

A6=-~ A~ 5 

-4aaAt 
A, 7 

A 8=0 

Au =8a:!aaA~jl l 

Ata= !OAt (14+ea:) 
39 

Au=-9~aa/175 

A = 14lt2A~ ( a+l2a~) 
17 51 £Zi a 

18.5.39 where aa=ga/6, aa=ua/6 

Revereed Seriee for Large If I 

18.5.40 z=u+A.su6+A1u?+Aou8+ . . . 
18.5.41 where 'U= r-l 
18.5.42 

18.5.43 

18.5.44 

18.5.45 

18.5.46 

18.5.47 

18.5.48 

As=-82/5 

Ar=-oa/7 

A,=8Vl 

A11=382lia/ll 

A13=1~~l (-88~+76~) 
Au= -4u:oa/91 

An=9:~3 (13496~-41166~) 

18.5.49 .A1p=32~~23 (11543u:-22568o~) 
18.5.50 where 62=g,j12 

18.5.51 6a=ga/20 
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Other Series lnvolvinB fJJ 
Series near z0 [{JJ(zo)=O] 

18.5.52. 

[ 
10c2 114cse, 

{/J={/J~u l-3c2u4-4c8u8+Tu8+llu10 

I 7(12ci-5C:) uu-488c',cauu]+u' [-5cz-14cau• 
13 33 

8 84c~-10c: 8 1363c2seatt10 

+5c~'+33cz<~att + 3 'U- 33 

+5c2(55c~-2316cl)u1:1+ 
143 -J ... 

18.5.53 

where u=(z-z0),{/J~ = {/J'(zo)=i~ 
18.5.54 

u= {/J~[v+av2+2aY+(U•~~~ +5w) ~+% (3[/J~' 
+ 15g3[JJ~1+70a3)~+2a1(2 {/J~'+7 gsf1>~'+21a3)vl 

+( gs[f~e + { ifa+20aa} {/J~'+ 15aaga [p~•+ 132ae) v7 

+15a cusf~e+ { 3f+6tt} .(}>~·+ 3a;g· [JJ~· 

+ 143a'\ VS+ 5a
2 

c~ [JJ~'+ 15g,[JJ~O 
5) 2 3 

+ {154as+33t,} [/J~'+ 2002ala[/J~'+572a') ,e 

~ (3{28a3+ifa} [JJ~8+llga{98W+g:} [JJ~' 

+2002a' {156 aa+~} [/J~' 

+ 16016 aeg1[JJ ~~+ 19448 a 0
) v'OJ+ . . . 

18.5.55 where v= [JJ /([JJ ~)2 and a=ga/4 

Series near w, 

18.5.56 

([JJ -e()= (3~-5c2)u+ (10c,e1+21c8)u'+(7c~ 

+21cae,+5~)u1+(18c~+304ec 

+33c.ca)'u'+( 22cM+92c,cae,+ 105C: 

1 oc:) (728 • 220 - 3 u'+ 11~c8e,+3c:e,+84C:e( 

+ 1214 ..a ) 8+(635 ..a 2+855 ~ s 11 ~~:~Ca u 13 ~~:~ec 13 ...,e( 

+ 3405 ..:J. +45750 • ..:J +25 ·) 7+ 
11 """"t f 143 "'2'ia 13 Ci 'U • • • , 

18.5.57 where u= (z- w()2 

Other Series Involving {/J 1 

Series near Zo 

18.5.58 

({j) '- [JJ ~) = [ -1 Oc,u-56c3u3 + 30cyu6 + 264c~a'U 7 

+ (840C:-lOOC:) uo 54524ea uu 
3 11 

+ 70c,(55c:-231SC:) uta] 
143 

+ [JJ { -15c2u4-28c8u'+30c~u8+ 114cJC1u10 

+7(12C:-5C:)u12 2~~Caua]+ ... 

18.5.59 where -u=(z-Zo) 

18.5.60 

(z-z0 )=A-bA1
-

3f ~ A'+3(ea+b')A6 

+ 10b[j) ~8-3[36c3-3[JJ ~+4b8]A7 

-3{/J ~c~ c,+21b2)A·+1~ c 285b'c, 

+100~-2790> ~'b+132b*)A0+ . .. 

18.5.61 where A= ([JJ '- [JJ ~)/(-tOea) 

18.5.62 

Series near w1 

18.5.63 

g> '=2(3e~-5c2)a+4(10c,e,+21ca)a5+6(7c,e~ 

+21cat1+5c~)a6+24(6cae~+ lO~e, 

+ llCJCa)a7 + 10 ( 224t,+92eaeaec+ 1054 

_lOC:) 8 + 24(364 ~+110 ..ae 
3 a 1l CaCaec 3 "2 I 

+4~e,+ ~ c:ea) ~1+70 e;; C:e~ 
171 2 681 .2 9150 C:+ 5 ·) ~~ + 13 ~e,+u ~eaec+ 143 Ca a 13 Ci 

+ .. . , 

where a=(z-w,). 
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OtheT Series Involving t 

Series near Zo [ fP (zo)=O] 

18.5.65 

[ 

,2 c .,e " ,s ~uto 19C.JOa•'12 
r-ro= !P~ -i+"T+T C2 3 ;2.., 

18.5.66 

18.5.67 

18.5.68 

+ (5c~-12ci) a+61c~o5u
18]+[5cgu3 

26 u 66 3 

+7c?,U6 5c~u1 1lc2c3uv+(l0c~-84cD 11 

2 7 3 33 u 

+1363c~a . 13+c2(2316cj-55c~) 16]+ . 
429 'U 429 u .. . 1 

where u= (z-Zo), 

ro=t(zo) 

(s-'7•)=-eta (3d;5c,) cl- (10c2et;2lca)~ 

18.5.69 

18.5.70 

{7 c2e~+2Ic8e1+5c~)aT 
7 

(6cae7+ IOc~et+ llc,ca)aG 
3 

( 22cM+92c,caec+ 105c~-¥ cg) a 11 

11 

2 (364 .11+110 a +42 2 ~ - 13 ll Ca()s~t 3 Czet Catt 

+ 607 cl ) IS 1 (127 3 11+171 <f. t 11 2Cs a - 3 13 02e, 13 aet 

+681 cl +9150 cl~ ·) 16 ll 2Cse, 143 Cz a113 Ci a - ... , 

Revened Series foT Small lui 

"= +'Y2 ~_1._1! 7+3')1~ 9 
~ IT 5 rr,...,- q 14 q 

18.5.71 

18.5.72 

I 19'Y2'Y3 ..J.I+3842-y~+861-Ya ..J.3+ 
55 u- 6006 u . . . , 

'Ya={/a/120 

For reversion of Maclaurin series, see 3.6.25 and 
[18.18]. 

18.6. Derivatives and D:Uferential Equations 

Ordinary (c2=U2/20, c8=g3/28) 

18.6.1 t' (z) =- [j) (z) 

18.6.2 u' (z)/rr(z) = t(z) 

18.6.3 

[/J'2(z)=4[)J3(z)-g2[j)(z)-ga=4([/J8-5c2{/J-7ca) 

18.6.4 [fJ "(z)=6 {]J 2(z) -!g2=6.f]J 2-10c2 

18.6.5 f]J'''(z)=12 [/J[/J ' 

18.6.6 

[/) (4)( z)=l2.( [/J[/J II+ [/J I [/J 1) 

18.6.7 

[JJ<&>(z)=12.({/J[/J"'+2[/J' {P"+ [p" [/J') 

18.6.8 

[p<e> (z)= 12{ {/J{/J <•> +3 [/J' [/J "' +3 [)J" [/J" 

+ [/J"' [fJ ') 

18.6.9 = 71[ [/J'-4c2 [/J2-4c3[/J +5c~/7] 

18.6.10 {/J <n (z)=4·71 fJJ '[{JJ 3-2cdfJ -cal 

- 18.6.11 

[/) <&>(z)=91[[/J 6- 5c2{/J 8-5ca[/J 2 

+ (1 04 flJ + 1lc,c3) /3] 
18.6.12 

[/J <G> (z) = 5·91 fJJ '[ [/) 4-3c2[/J 2-2c3[/J +2~/3] 

18.6.13 

[jJ <to>(z)= 111[[/J 6-6c2 [/) '-6ca[/) 3+7~ [/) 2 

18.6.14 
+ (34.2c,c3f]J +84~-lOc~)/33] 

[j)m> (z)=6·111[/J '[[P 6-4c2[.fJ8 -3ca[/J 2 

+(77~{jJ +57D20a)/33] 
18.6.15 

[/J u2'(z)=13![ [jJ 7 -702 [jJ 6-7ca[/J '+35~ [/J 8/3 
+ 210c,c3 [p 2/11+(84~-35c;) [/J /13-13630:Ca/429] 

18.6.16 

[/> us>(z)=7 · 131[/J '[ [j) 6-503 fP '-4ca{fJ 3 

18.6.17 
+5~ [/J 2+60c2c8 flJ /1 1 + (12~-sc;)/13] 

{P (l(J (z) = 151 ([/J 8-8c2 [/) 
6- 8ca{P 6 +52~[/J ' /3 

+328c2c8{/J 3/11 + (444c~-328c~) {/J i;39 
-488~ca {]J /33+02(55~-2316C:)/429] 

18.6.18 

{P U&> (z)=8·151[J>'[ [/J7-6c2{P6-5caffJ•+26~[/J ' /3 

+ 12.3c2ca 0> 2/11 + (111C:-82~) fP /39-6l~c./33] 
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Partial Derivatives ~th Re8J)eCt to Invariant& 

18.6.19 

a~~ =n>' (3u2r-iuaz )+6ualP'-9oan>-~ 

18.6.20 

a~! =f/J'( -i uar+9!2)-9uaf/J'+~ !P+~ U2Ua 

18.6.21 

6 ::a=-3t(g2fP+~ua) 

+~ z (9uaf/J +~u~)-~ uaf/J' 
18.6.22 

A :%
2 
-~ r ( 9gafP +~ u=) 

-~ U2Z (~ U2 fJJ ~ ua)~ Ua [/J' 

6 bu 3 ''+9 _Ll ,.2.-2 9 , 18. .23 6 oga =2 g2u 2 uau-rg 11,z-u-2 g,zu 

18.6.24 

bu 9 1 , 1 2 3 z' +1 2 , 
6 og2 = - 4 Uau -4 g,u-16 UaUa u 4 g,zu 

18.6.25 

Equation 

y'a=?f(y-a)2 

18.6.26 

(here' denotes :z) 
Dilf'erential EquatioDJI 

y'8= (y3-3111f+3y)2 

18.6.27 

4-3a' 
ua=--27 

y' '= 128 (y+a )'(y+ b )a 
3 

y=6{P'(z; g,, 0)-b, 

2 
g.=-- (a-b) 

3 

y"=[a[J> (z)+b]y (La.m~'s equation)-see [18.8), 
2.26 

For other (more specialized) equations (of 
orders 1-3) involving []> (z), see [18.8], nos. 
1.49, 2.28, 2.72-3, 2.439-440, 3.9-12. 

For the use of [/J (z) in solving differential equa­
tions of the form y'"'+ A(z,y) =0, where A(z,y) is 
a. polynomial in y of degree 2m, with coefficients 
which are analytic functions of z, see [18. 7], 
p. 312ff. 

18.7. Integrals 
Indefinite 

18.7.1 J [/J'(z)dz=i[/J '(z)+1
1
2 U2Z 

18.7.2 J B>3(z)dz=1~0 [JJ '"(z)-:0 g,t(z)+1
1
0 uaz 

(formulas for higher powers may be derived by 
integra~ion of formulas for g> <2.t> (z)) 

For f {PYl(z)dz, n any positive integer, see 
[18.15] vol. 4, pp. 108-9. 

If [/J '(a) FO 

18.7.3 

o> '(a) J !P (z)~2[/> (a) 

=2zt(a)+ln u(z-a)-ln u(z+a) 

For fdzf( [/J (z)- tp (a)]•, ([p ' (a)FO) nany posi­
tive integer, see [18.15], vol. 4, pp. 109-110. 

Definite 

18.1.4 

18.7.5 

18. 7.6 

18.7.7 

·f•s dt 
w'=t - ... ~js(t)l 

where t is real and 
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18.8 Conformal Mapping 
w=u+iv 

w= [JJ (z) maps the Fundamental Rectangle 
onto the half-plane v~O; if lw'l=w{ga=O), the 
isosceles triangle Oww, is mapped onto 'II- 2:0, v ~0. 

w=[JJ'(z) maps the Fundamental Rectangle 
onto thew-plane less quadrant ill; if lw'l=w, the 
triangle Oww,is mapped onto v~O, v;:::u. 

~<o 

w= [fJ (z) maps the Fundamental Rectangle 
onto the half-plane v50; if lw~I =W2(ga=O), the 
isosceles triangle Ow,w' is mapped onto u ~ 0, 
v50. 

w=[JJ '(z) maps the Fundamental Rectangle 
onto most of the w-plane less quadrant ill; if 
lw;I=Wll, the triangle Oc..12w' is mapped onto v2:0, 
V~'U. 

(a=period ratio) 

w=r(z) maps the Fundamental Rectangle onto 
the half-plane u;:::O. If a ~1.9 {approx.), v~O; 
otherwise the image extends into quadrant I. 
For very large a, the image has a large area in 
quadrant I. 

w=q(z) maps the Fundamental Rectangle onto 
quadrant I if a. <t.9 (approx.), onto qua.dra.nts 
I a.nd IT if 1.9 ~a< 3.8 (a.pprox.). For large 

~a. 1 h · · ds a, arg[ 11( Call!)] :::::: l2, consequent y t e IDl&ge wm 

around the origin for large a. 

Other maps are described in [18.23] arts. 13.7 
(square on circle)1 13.11 (ring on plane with 2 
slits in line) and in [18.24], p. 35 (double half 
equilateral triangle on half-plane). 

w=r(z) maps the Fundamental Recta.ngle onto 
the half-plane u~ 0. The image is mostly in 
quadrant IV for small a, entirely so for (approx.) 
1.3 ~a ~3.8. For very large a1 the image has a 
large area in qua.dra.nt I. 

W=O'(Z) maps the Fundamental Rectangle onto 
quadrant I if a<3.8 (a.pprox.), onto quadrants I 
and II if 3.8 ~a< 7.6 {a.pprox.). For large 

a, a.rg [a ( w2+ ~~) J:::::: ~:; consequently the image 

winds around the origin for large a. 

Other maps are described in [18.23"] arts. 13.8 
(equilatera,l triangle on half-plane) and 13.9 
(isosceles triangle on half-plane). 

Obtaining [JJ' from [fJ f l 

Fundamental Rectangle 

6 >O 
FUNDAMENTAL RECTANGLE 

y 

w' = 
io A 

(.~ , .4) 

. 4~--

8 

--~o----~.4~--~w~=-.l~•x 

In region A 

FundanJ.ental Rectangle 

6 < 0 

FUNDAMENTAL RECTANGLE 

y 

w~/2 = 
io/2 A 

.4t---, ( .4, .4) 

8 

0 .4 

FIGURE 18.4 

In region A 

- X 

8l({JJ')~Oify2.4a.ndz5.5;.1'([/J')~Oelsewhere (I) If a~l.051 use criterion for region A for 
~>o. 

{2) If l~a<I.05: f!A({JJ')2:0 if y2:.4 and 
z~.4, -r/4<a.rg ({JJ')<3r/4 if A<y~.5 and 
.4<z~.5. J(/]J ');::: 0 elsewhere 
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In region B In region B 

The sign (indeed, perhaps one or more signifitcant 
digits) of [jJ' is obtainable from the first t.erm, 
-2/t, of the Laurent series for [jJ '. 

Use the criterion for region B for a >O. 

(Precisely similar criteria apply when th1e real half-period F- 1) 

A>O 

Map: [jJ (z) =u+iv 

w=l 

w'=i -

w'=1.4i 

w'=2.0i 

-2 

-5 

-6 

0 
... 
I 

' I 
I 

-1 I 
\ 

-2 

-3 

-4 

-5 

-6 

· 4 
0 

- 2 

-3 

-6 

•3 -z •I 

0 

" 
lv 

0 

L 

FIGURE 18.5 
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IE2 1 S .003 
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IE2 1S.oz 

.4 
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I 

,'.31 
I 

lt", l!-2 

IE21s .02 

-

.5 

0 

" 

y 

••• 

1.0 

.5 

0 .5 

u 

- - - -
1.5 

1,0 

.5 ... ,_ 

0 .5 
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, . 
~=~ 

w~=1.5i 

w~=2.0i 
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- 4 
0 

-I 

-2 

-3 

-· 
-o 

... 

-3 

-4 

-5 

-6 

0 

-I 

-2 

- 3 

-4 

-5 

- 6 

41<0 

Map : {P(z)=u+iv 

1 
Nea.r zero : {P(z)=z~+~, 

I 
I 

\ 
\ 
\ 

\ 

- 4 -3 -2 - I 
.------,..-1-f" 
I 0 \ I 

.. s1\ .61, 
I 

' ' 

FIGURE 18.6 

w.=l 

... 

·bll_ 
0 .D 1.0 • 

IE,! S ,1 

IEzl S .05 

0 

1£,1 s.z 
lEzl S.06 

y 

u 

.s i 
0 

IE, I :5 .07 

1~1:5 , 03 

;5 

-5 

1.0 

1,0 • 



w'=i 

w1 =1 .4i 

w1 =2.0i 
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.... ---...,..,.. ...... "' 

.­_ ........ 

w=l 

Map: r(z)=u+iv 

1 Near zero: t(z)=-+Et 
z 

FIGURE 18.7 

• 
1.0 

·' -
0 .~ 1.0 l. 

I<, I' .01 

1<.1' l-!O"" 

y 
lA 

1.0 

.5 

0 

,. ,,, .001 

l<zi>.0002 

.~ 

0 

·' 

.5 

160 I s.oor 
l<tl • .0002 

1.0 T 

t.ci-"i 
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w~=1.5i 

w~=2.0i 
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1.0 

.~ 

0 

-.~ 

· 1.0 

-1.5 

Map: t(z)=u+iv 

1 Near zero: t(z)=-+El z 

j ,5 2.0 l . 5 3.0 !.~ 

/ I 

~:·.: ·~~\(:- / . ...... } 
0 .I / 

/ 
·3.0 

_ .. ~-""' .... 
.;.• 

u 

FJGURE 18.8 

y 

L., .. m'E 
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0 .5 1.1) • · 

~,l s.o• 

IE~ Is .oooz 

l€,1 !.007 

'l~l1!.0009 

,, ,0 

.s 

lt11 s .oo• 
1 .. 21!.0004 

-l 
: ~~ 

0 .5 t.O 
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w'=2.0i 
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v 

1.5 

1.0 

.5 

·o - .5 

~>o w=l 

Map : a(z)=u+iv 

I.Oi 

.Si 

--.1.0 u 

u 

FIGURE 18.9 

y 

0 

y 

1.4 

1.0 

0.5 

y 

2.0- -

. 5 

647 

1.0 X . 



648 

w~=I.5i 

w~=2.0i 
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.6 

.4 

,2 

v 

_ _ _.:.1 ...:2 .3 .4 -- -

0 .2 .4 

0 .2 .4 

~<o c.12=I 

M&p: cr(z) =u+iv 

.5i 

1.0 

.6i 

-- .5i 

-- .4i 

-- .3i 

.2i 

- .li 

.6 .e 1.0 

v 9 , 1.01 

7 .a/:.\----
_..:1_.2 __ .:3 _;4 _..:.5 .:.6 _..: -- ---- .9i 

1.0 -------
- --- - -- - -- -- __ --- .8i 

.8 --- -- --
.7i 

.6 .6i 

.5i 

.2 

0 .2 .4 .6 .8 1.0 

FIGURE 18.10 
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18.9. Relations with Complete Elliptic Integrals K and K' and Their Parameter m 

and with Jacobi's Elliptic Functions (see chapter 16) 

649 

(Here K(m) a.nd K'(m)=K(l-m) are complete elliptic integrals of the 1st kind; see chapter 17.) 

18.9.1 

18.9.2 

18.9.3 

18.9.4 

18.9.5 

18.9.6 

18.9.7 

18.9.8 

18.9.9 

A>O 

(2-m)/P(m) 
tt 3w2 

(2m-l).K1(m) 
e2 3w~ 

4( m-2)(2m-1 )( m + 1 ).1(8( m) 
g;,= G Zlw 

A 16m2(m-1)21{12(m) 
wta 

iK'(m)w 
w' 

K(m) 

w=K(m)/(es-ea)112 

A<O 

(2m-1)+6iv'ffl=mi T.n( ) e1 3~ ·.n.- m 

2(1-2m).K1(m) 
e2 3~ 

(2m-l)-6i.Jm-m' 
ea 3~ · J(2(m} 

4( 16m 1-16m+ 1 )K'( m) 
92 3W: 

8(2m-1)(32m2-32m-l).l(8(m) 
ua= 27~ 

A -256(m-m2)[(12(m) 
wl2 

, iK'(m)w2 

w,= K(m) 

w,=K(m)/H.J'2 

1 3es m=---
2 4H2 

18.9.10 

18.9.11 

18.9.12 

[O<m~;, since Ua~O] 

flJ '(z)= -2( et-ea)812 
• cn(z•lm )dn(z*lm )/sn3(z*lm) 

where 

18.9.13 fl=f(w)=K~=) [3E(m)+(m-2)K(m)] 

18.9.14 ,'=.r(w') ,w'-w 
w 

[/J(z)=e +H l+cn(z' lm) 
2 2 1-cn(z'lm) 

where 

[p, (z) -4H':1asn(z' jm )dn(z'lm) 
[l-cn (z'lm)]2 

z'=2zln12 

K (m) 
'12=t(w2)=-

3
- [6E(m)+(4m-5)K(m)] 
w2 

[E(m) is a complete elliptic integral of the 2d kind (see chapter 17).] 
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18.10. Relations with Theta Functions (chapter 16) 

The fonnal definitions of the four fJ functions are given by the series 16.27.1-16.27.4 which converge 
for all complex z and all q defined below. (Some authors use 1r2, instead of z, as the independent variable.) 

These functions depend on z a.nd on a. parameter q, which is usually suppressed. Note tha.t 

tJ;(O)=fJ2(0)fJa(O)fJ,(O), where fJt (O) =tJt (O, q). 

18.10.1 

18.10.2 

18.10.3 

1"=w'/w 

q is real and since Ua~O(Iw'l ~ w) I o<q~e-.r 

18.10.4 

18.10.5 

18.10.7 

18.10.8 

(V=1rZ/2w) 

[/J ( ) _ + ~ ["~ (O)tJ1+1 (v) J 
Z -ei 4w1 fJJ+t(O)fJt(V~ 

j=1,2, 3 

2w ('72"\ tJ,(v) 
O'(Z)- 1r exp 2-;) fJ~(O) 

18.10.9 12w2e1=n3[fJ:(O) +tJ:(o)] 

18.10.10 12w1e,=r[fJ;(o)-tJ!{O)] 

18.10.ll l2w'e3=-r[fJ:(o) +tJ~(O) 1 

18.10.12 (e,-e8)l=-i(e8-e2)t=.!.tJ~(O) 2w 

18.10.15 u2=~(2:Y[";(O)+tJ;(o)+tJ:(o)J 
18.10.16 ua= 4e,e2e3 

18.10.17 .6,1= 4:3"~2(0) 

18.10.18 '7=f(w)= 
1r'";" (0) 
12wfJ~(O) 

18.10.19 Tl'=f(w') 
'7W'-t-i 

w 

q is pure imaginary a.nd since Ua~ 0 (I w~l ~ CU2), 
0<121 ~e-•'' 

(fJ=TrZ/2W2) 

f7'l ~ ["~(O)fJ2(v)J 
.:r(z)=e2+ 4w~ tMO)fJt(v) 

[/J '(z)-~ tJ,(tJ)fJs(v)tJ.(v)fJ;a(o) 
- 4w~ fJ2(0)tJ3(0)fJ.(O)fJt3(v) 

f(z)='ltZ + 'll't)}(v) 
w2 2w~tJ1(t>) 

-t )= 2w, (1122~ fJ,(v) 
u\z "" exp 2w~) fJ~(O) 

12w~e,=r[ tJ;(O) -tJ!(O)] 

12w~e,=r[ tJHO) +":(o)] 

12w~ea= -~[ tJ;(O) +tJt(O)] 

(e2- ea)'=i(es- e,)' = ~~(0) 
2w2 

ua=4e,ttea 

( -.6.)l= :w~fJ?(O)e-t•t• 

_ rtJ;"(O) 
'7t=f(w2)= l2CU2fJl (O) 



18.10.20 

18.10.21 

18.10.22 

18.10.23 

~>o 
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Series 

~1(0)=0 

17,(0) =2qi[l +~z1·'+t·3+t·'+ . .. +q"<"+lJ + ... ] 

~a(0)=1+2fq+q'+q8+ ... + qns+ ... ] 

~.(0)=1+2[-q-t-t-t+ ... +(-l)"q•'+ ... ] 

Attainable Accuracy 

Note: ~1(0) >o, j=2, 3, 4 Note: ~2(0)=Ae'"18, A>o; 

&l~a(O)>O ; 11.(0)=11a(O) 

" 1(0): 2 terms give a.t least 58 

j=2, 3, 4 3 terms give at least 118 

4 terms give at least 218 

2 terms give at least 38 

3 terms give at least 58 

4 terms give a.t least lOS 

18.11 Expressing any Elliptic Function in Tenns of [/J and [/J' . 
If j(z) is any elliptic function and [/J c~:) baa same periods, write 

18.ll.1 j(z) = ! rfCz) +f( -~1) I+![ {f(z) -j( -z)} { .()> '(z)J - 1]{/J '(z). 

651 

Since both brackets represent even elliptic functions, we ask how to express a.n even elliptic func­
tion g(z) (of order 2k) in terms of [/J (z). :Because of the evenness, an irreducible set of zeros ca.n be 
denoted by a, (i=l, 2, -:- .. , k) and the set of points congruent to -a, (i=l, 2, ... , k); correspond­
ingly in connection with the poles we consider the points ±b,, i=l, 2, ... , k. Then 

18.U.2 
1 { .[/J(z) - [/J(a1)} • 

g(z)=A 1~1 ~[/J(z)- {/J(b,) , where A 1B 

a constant. If any a, or b, is congruent to the origin, the corresponding factor is omitted from the 
product. Factors corresponding to multiple poles (zeros) are repeated according to the multiplicity. 

18.12. Case A= O(c> O) 18.12.9 q= l , m=l 

Subcase I .18.12.10 u(w)=O 

18.12.1 U2>0, Us<O : (et =e2= c, ea= -2c) 2w'er'tu 
18.12.U u(w') 

18.12.2 H, = H2=0, Ha=3c 1r 

18.12.3 18.12.12 u(~}=O 

[/J (z; 12c2,-8o3)=c+3c{sinb [(3c) lz]} -1i 18.12.13 [/J (w/2)=c 

18.12.4 18.12.U [/J '(w/2)= 0 

t(Zj I2c2,-&B) = -cz+ (3c)l coth [(3c)•~~l 18.12.15 t(w/2) = - co 
18.12.5 18.12.16 u(w/2)=0 

u(z; 12c',-8c3)=(3c)-• sinh [(3c)lz]e-uJI't 
18.12.17 [/J (w' /2)= - 5c 

18.1.2.6 w=a>, w' = (12c)-lri 
- r 

18.12.7 'l= t(w) = -co 18.12.18 [/J'(w'/2)=2w'a 

18.12.8 '11
1 = t(w') = -cw' 18.12.19 t(w' /2)=!( -cw' +1r/w') 
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18.12.20 

18.12.21 

18.12.22 

18.12.23 

18.12.24 

Subcase II 

18.12.25 

18.12.26 

{/J (w.J2)=c 

{/J 1 (w2/2)=0 

tr(w1J2)=0 

18.12.27 [JJ (z; 12c2 , 8~)=-c+3c{sin [(3c)lz] } - ·2 

18.12.28 

t(z; 12c2, 8Cl) =cz+(3c)t cot [(3c)lz) 

18.12.29 

tr(z; 12c2, 8Cl)=(3c)-i sin [(3c)tz]tet2Jt 

18.12.30 w=(12c)-*7r, w'=ia:> 

18.12.31 '17=s(w)=cw 

18.12.32 '1' =f(w') =ia:> 

18.12.33 q='O, - m=O 

18.12.34 tr(w) 2we~2'24 
7r 

18.12.35 tr(w')=O 

18.12.36 .tr(wt)=O 

18.12.37 [/J (w/2) =5c 

18.12.38 -r 
{]J'(w/2)= 2wa 

18.12.39 r< w/2.)=}(cw+7r/w) 

18.12.40 tr(w/2) 
e"'21&ew,f2 

7T' 

18.12.41 [JJ(w'/2)=- c 

18.12.42 fJJ 1 (w' /2)=0 

18.12.43 t(w' /2) = +itx~ 

18.12.44 tr(w' /2)=0 

18.12:.45 [/J(w,/2)=-c 

18.12.46 [/J I (W'J/2) =0 

18.12.47 

18.12.48 

Subcase III 

18.12.49 gz=O, gs=O(et=e2=ea=O) 

18.12.50 

18.12.51 

18.12.52 

18.12.53 

[/J(z; 0, O)=z-2 

t(z ; 0, O)=z-1 

tr(z; 0, O)=z 

w=-iw'=a:> 

18.13. Equianhan:nonic Case (g2=0, ga=l) 

If g2=0 and g3>0, homogeneity relations allow 
us to reduce our considerations of [/J to [/J (z; 0, 1) 
([/J', t and tr are handled similarly). Thus 
{)> (z; 0, g3) =gA13 [/J (zg~1"; 0, 1). The case Ua=01 

g3=1 is called the EQUIANHARMONIC case. 

i FPP; Red'uction to Fu'TUiarnental Triangle 

A1 = AOw2Zo is the Fundamental Triangle-­

Let t denote f-,!3 throughout 18.13. 

"'2 ::;:;: 1.5299 54037 05719 287 4 9 13194 17231 6 

y 

2W1 

FIGURE 18.11 

e This value was computed and checked by multiple 
precision on a desk oa.lculator and is believed correct to 
308. 



18.13.1 

18.13.2 

18.13.3 

18.13.4 

18.13.5 

18.13.6 
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fJJ (z,)=E-2 fJJ (zt) 

fJJ '(z2) =- fJJ '(zt) 

t(~)=C1t(q) 

u(z,)=~(zJ 

fJJ (za)=E-2 {]J(zt) 

fJJ '(za)= fJJ '(zt) 

18.13.9 

~=-27, 

18.13.10 

18.13.11 

18.13.12 

18.13.13 

18.13.14 

Special Values and Formulae 

H I =.J3( 4 -1/i)'f, 

H2=.J3(4-tta), 

m=sin2 15°=2-.,[3, 
4 

t12(0) =Ae1 .. 18 

~3(0)-A.et .. /2( 

~,(0) Ae-t.-!u 

• - .. Va/t 
q=te 

18.13.7 t(:::a)=-E-•r(zJ+2,', , '=t(w') 
where A=(w2/,...) 1'~1133118 :::::::1.0086 67 

K(m)2118 r 3(1/3) 
18.13.8 <r(z3) = Ecr(ZJ) exp [(Za-w') (277')] 

18.13.15 wa 31/t 411'" 

Values at Half-periods 

fP .fJJ• t (I' 

18.13.16 

w & "'• 
81=4-1/ IEI 0 11= e-r/2fA<J..f3 r 1tT(wJ) 

18.13.17 

"" 
e,=4-1/J 0 17t='7+!7' = -r/ 2w,..f3 

e"" Vi(at'•) 

- 31 
18.13.18 

w'•w, ea=4-lfle-t 0 '11c:e-1-r/2w,,/3 e11( wa) 

18.13.19 

wa' 82=4-113 0 "t'fa'=-ri/2W~='I'-'I 
1ea"'' ~~(21'') 

31 

Values 7 along (0, w2) 

fJJ {/>' r (I' 

18.13.20 

'l.w,/9 
.:/cos 80° - .y'~[ V' cos 20° + ..:; cos 40°] 

..:; cos 20°- ..:; cos 40° ..:; cos 20°- ..:; cos 40° 
U .13.21 

Wt/3 1/ (2111- 1) - .y'3 (211J+ 1)/(2111- 1) '12 ~(2'11+2+2'") e"aeo/1 ~2111-1 
-a+ s :Jllll 2111+ 1 

18.13.22 

4w:/9 
Y'cos 40° - -v'3lV' cos 20°+ ..:; cos goo] 

..:t cos 20°- ..:; cos 80° ..:/COS 20°- ..:/COS goo 
18.13.23 

wa/2 ea+H, -3316,/2+ .y'!J (-r/4w2 .y'3) + (311•·¥'2+ .y'~/2'13) 
e"/le v~('}) /It) 

18.13.24 
31/l !./ 2 + {3 

2w:/3 1 - .y''J !('12)+3-1/t e" wo/ "if31/& 

18.13.25 

Sw:/9 
.:/cos 20° - .y'!J(V' COB 40°- ..:/COS 80°] 

..:; cos 40° + ..:; cos 80° -V'COS 40° + ..:/COB goo 

7 Value!! at 2w2/9, 4w2/9 and 8t.Jt/9 from [18.14]. 

653 
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18.13.26 
Zo/2 

18.13.27 
3Zo/4 

18.13.28 
zo 

18.13.29 

18.13.30 

18.13.31 

18.13.32 

18.13.33 

18.13.34 

{j) {j)' 

-2111~ Si 

~(e,-H,) i(31/4) ·./2-..;a 

0 i 

Duplication Formulas 

rr.cz ) {j)(z)[{j)s(z)+2J 
if z 4g>a(z)-1 

r7'1' (2 ) 2{j) 6(z)-10{P 3(z)-l 
if z [[p '(z)]a 

3{P2(z) 
f(2z)=2f(z)+ [p'(z) 

cr(2z)=- {/J '(z)~(z) 

Trisection Formulaa (s real) 

~ cP-?r cos--
3 

Values along (0, •o) 

r fT 

[ ~+ 2-111 J rM• 
~Ill rte'"/e 

3114 

[ 1r 3"'"2-..f3] ~·In Vi(21/lt )e'"'' -+ r'"" 4w, 2411 3114~2-...{3 
2'12 ,,,,. 
..[3 

e•ta.Ji.e(r/6 
I 

where tan rP={}J'(z), O<z<2w, &IJ.d we must 
choose t/J in intervals 

[jJ (~} {j) (~+ 2t} {j) (~+ 4;
2
} respectively. 

18.13.35 

18.13.36 

18.13.37 

18.13.38 

Complex Multiplication 

{P(tz)=e- 2 {P(z) 

[}J '(EZ)=- [p '(z) 

t (ez) = C 1f(z) 

a(ez) = tcr(z) 

In the above, E denotes (as it does throughout 
section 18.13), e•,ra. The above equations are useful 
as follows, e.g. : 

If z is real, EZ is on Ow' (Figure 18.11), if tZ 

were purely imaginary, z would be on O.eo (Figure 
18.11). 

Conformal Maps 

Equianharmonic Case 

Map: j (z)=u+iv · 

{j) (z) 

1 Near zero: [j) (z)=z,+t1 

-:8 

-1.0 

-1.2 

y 

.9 

l£tl s .04 

J£21 S .POOl 

Zo 

It 
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{j) '(z) 

-2 
Near ze:ro: {j) '(z)-zf+tt 

1 Near zero: !(z)=.:_-h.t 
z 

!(z) 

cr(z) 

.5 

y 

le,l~ .2 
lezl:s .OOI 

-.8 

v 

. v 

.6 

0 

1.0 

Zo 

1.5 

o· _J_~--L 
u -2.5 -2.0 

I 
I 
I 
I 

I 

.a 

IE". I ::; . 007 

l€2 1 :S I )(t0'5 

1.4 - --

-~s- -- -: -,.o----,.r - -~..r-
- Zo 

1.6 
X 

FIGURE 18.12 
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Coefficients for Laurent Series for [J>, [jJ' and f 
(c...= O for m~3k) 

k EXACTc1~o APPROXIMATEcu 

1 1/28 3. 5714 28571 42857 ... X1~ 
2 1/(13·281) = l / 10192 9. 8116 16954 47409 73312 40188X to-• 
3 1/(13-19-281) = 1/5422144 1. 8442 88901 21693 55885 78983X lO-T 
4 3/(5·131-19-28') =234375/(7709611 X 101) 3.0400 36650 35758 61350 20301 X Io-to 
5 4/(5-131.19-31-281) =78125/(16729 85587X lOS) 4. 6697 95161 83961 00384 33643X10-U 
6 ~7-43)/(131· 19'-31·37-28') 6.8662 18676 79393 36788 98X 10-11 

7 6-431)/ (5·13'-191-31·37 ·43-281) 9. 7990 31742 57961 41839 66X 10-u 
8 t7·313w5'-13'·19'-31-37-43-288

) 1.3685 06574 79360 13026 87X 10-11 
9 4-1201) (5'-13'-191-31-37·43-281

) 1. 8800 72610 01329 79236 40XIO-u 
10 2•-3-41-1823) /(5·13•·1 91-311-37-43-61·2810) 2. 5497 66946. 68202 63683XlO-tT 
11 (3· 79· 733) 1 ~5-13'-191-31'-37 -43·61· 67 -2811) 3. 4222 48599 51463 05316X 10-ao 

12 
3-1153-13963-29059 

4. 5541 38864 99184 30391 X to-» frl-131-19'-311-371-43·61·67. 73-2811 

13 
21-31-7-11-2647111 6. 0171 15776 98241 99591 X 10-11 
SJ-131·19'-31 1-37'-61-67-73-79-2811 

First 5 approximate. values determined from exact values of en; subsequent values determined by using exact ratios 
ea~r/cu-3, using at lea.st double precision arithmetic with a desk calculator. All approximate c's were checked with the 
use of the recursion relation; ca-~7 are believed correct to at le&l!t 218; c10-c., are believed correct to 208. 

ca 4 C31o < J31f-l , 2&-l' k= 2, 31 1 , , • 

18.13.39 

Other Series Involving [J> 

Revened Series for Large I [/> I 

z=({JJ-l)l/2[1+r+ ~~2 +~~B +!i1i+ ~~6 
+ 2:!;e+ 4!:' +O(us)} 

10.13.40 whereu=[]>-9/8 a.nd z is in the Fund~V 
mental Triangle (Figure 18.11) if[]> has an appro­
priate value. 

18.13.41 

18.13.43 where u=(z-z0) 

Series near ..,, 
18.13.44 

([j) -e2)=3e:u [ 1 +:z:+r+~ r 

+ 5 •+4 5+285 e+O( 7) ] 7 :z: 7 :Z: 637 :Z: X 1 

18.13.46 

u=ei1 [w-w'+w-~ w'+~ w6 

7 7 

+~ s_ll43 7+0( s)J 7 W 637 W W I 

18.13.47 where w =( [J> - e,)/3e, 

171' - Other Series Involving if 

Revened Series fo.r Large I []> 1 I 
18.13.48 

e=21f8([jJilf8)-'e"''a [1-~ ([]>')-2 

+~ ({JJ')-•+O([JJ'-e)J, 
117 

z being in the Fundamental Triangle (Figure 18.11) 
if [j)' has an appropriate value. 

Series near s o 

18.13.49 

([]>'-i)=z [ -2-i:z:+1~ z2+;; ~+O(z')] 

18.13.50 where :z:=(z-z0)a 

18.13.51 z=2cx [ 1-ia-~ ~+ 13
;dl +O(a')} 

18.13.52 where a= ( []> 1 -i)/( -4) 
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Series near"'' 
18.13.53 

1P '=6eHz-w2) [t+2v+3v2+ Z: 11' 

+ 25 ·+24 5+~85 B+O( 7>] 1v 1v Hlv v' 

18.13.54 where v=ez(z-~)~ 

18.13.55 

[ 
360 

(z-w2)=( {]J'f6en 1- 2w+9uf-7 wa 

+330w'l-2268w6+ 21205:~ w8+ O(w7)J, 
13 

18.13.56 where w= {]J ' 2/9 

Other Series ln'Volving r 
Reversed Series for Large ll~l 

18.13.57 

- -1 [ _!+17-y
2

_ 49&y3 '"~( ')] z-t 1 7 143 3553 +u "Y 1 

18.13.58 

Series near llo 
18.13.59 

. [ u2 us 3ua] [u& 1!.tP J 
<r-ro)=~ - 2+56-5096 + 8-~108 +O(u

17
), 

18.13.60 where u= (z- Zo) 

Series near ·w2 

18.13.62 

18.13.63 
(z-wll) (r-112) [I- w+ IZW 267w'~+ 139w' 

-e2 · 5 35 5 

30192~ 1 1634201~ w+OC 7) ] 

Z75 3575 w 1 

18.13.64 w= (!-TJ2)2/e2 

Series Involving u 

18.13.65 

2·3 23·33 26-3'·23 
cr=z-71 z7- 131 zl3+ 191 zlw 

+ 27-35·52-31 26+28·38 ·5·9103 z'1 

251 z 311 

212·3g·5·229-2683 
371 z3T 

2a·310·5·23·257·18049 ' 
431 ~ 

213·312·5·5:~~07895773 z'G+O(z5&) 

18.13.66 

rl 410'13 13·337 al8 

z=o+ 28·3·5·7+ 27·32·5z·11·13 + 210·34·53•11•17 ·19 

31-10la26 1 

+215·35·5·112·17·23+0(tfl) 

Economized Polynomiala (OSsS1.53) 

6 
18.13.67 xg {]J(x)=~ a,.x8"+E(z) 

0 

jE(x)I<2X l0-7 

ao=(-1)9.99999 96 

at=(-2)3.57143 20 

a2= ( -5)9.80689 93 

a3= ( -7)2.00835 02 

6 

a4=- ( -9)2.20892 47 

a5=(-10)1.74915 35 

a8=-(-12)4.46863 93 

18.13.68 z3 {]J'(x)=~ a,.r'"+E(;t) 

IE(x)I<4X10-7 

ao=-2.ooooo oo 
a1=(-1)1.42857 22 

a2= ( -4)9.81018 03 

a8=( -6)3.00511 93 

II 

a,=-(-9)2.12719 66 

a 5=(-10)6.53654 67 

a0= - (-ll)l.70510 78 

18.13.69 xt(x)= :E a,.:z:&tl+E(X) 
0 

IE(x)!<3X l0-8 

~=(-1)9.99999 98 a.= ( -10)6.12486 14 

a1=-(- 3)7.14285 86 a 6=(-11)4.66919 85 

a:t=-(-6)8.91165 65 aa= (-12)1.25014 65 

a.=-{-8)1.44381 84 
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18.14. Lemniscatic Case 

(g2=l , ua=O) 

If u~>o and ua=O, homogeneity relations IB.llow 
us to reduce our consideration of [j) to [j) (z; 1, 0) 
({]>', rand u are handled similarly). Thus lP (z; 
g2, O) =g2t[j)(zg2t ; 1, 0). The case g~=l, :g3=0 
is ca.lled the LEMNISCATIC case. 

FIGURE 18.13 

lFPP; Reducti<m to Fwndamental Triangle 
.1t = .10ww2 is the Funda.men tal Triangle 

w~l.8540 74677 30137 192 8 

Reductim for ~in .12: Zt =iZ2 is in .11 

18.14.1 

18.14:.2 

18.14.3 

18.14.4 

18.14.5 

[j) (22) =-[j) (zt) 

{]> ' (-q)=i [j)'(zi) 

s(~) = -if(zt) 

u(z2) =iiT(Zt) 

Special Values and Formulas 

.1=1, Ht=Ha=2- t, H,=i/2, 
m=sin2 45°=!, q=e-• 

18.14.6 tMO)=t1,(0)=(w.J2/1r)l; t18(0)=(2w/1r)l 

18.14.7 w= K(sin2 45°)=r•(t)= w where 
4# -12 

w::::: 2.62205 75542 92119 81046 48395 89891 11941 
36827 54951 43162 is the Lemniscate constant 
[18.9) 

1 This value was computed and checked by double 
precision methods oo a desk calculator and is believed 
correct to 188. 

Valu.es at Half-periods 

{j) [j)' r ,. 

-
18.14.8 

wc::ul e,=t 0 f1=ff/4w e•ll(211') 

18.14.9 

q=Zo e,= O 0 "+"' 6 rtc( .fi.)ei•/4 

18.14.10 

w'=wa e.=-t 0 TJ'=-ri/4w ie•"(211t) 

Values along (0, w) 

[j) {j)' .r rr 

18.14.11 

w/4 ~<-Va+21/4){1+2114) 
2 

18.14.1.2 

w/2 cr/2 -a ..!.+~ e•IU(21/16) 

8"' 2.../2 at 
18.14.13 

·~1+sec 30° 
- V'273+3 2TJ + -J. {j) (2w/3) 

,~118(3111) 
2w/3 -13- 3 3 (2+V3)1/It 

18.14.14 

3w/4 i<-v'a-21)(1+21) 
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Value!~ along (0, zo) 

I 
[p {/J' 

18.14.15 

to/4 
i .;---(a+ 2a) 
2 

a( ,fa+ .,f2)e••l• 

18.14.16 

to/2 -i/2 e' .. '' 
18.14.17 

-i.; e••t• -\f2~3"-3 
2to/3 - sec 30°-1 

~3" 2 

18.14.18 

3to/4 _j_ (a-...fi;) 
2 

a( {a.- ,fZ)e>•l• 

a=l + v'"2 

Duplication Formulas 

18.14.19 [p (2z) 

=[ fJJ 2(,z) +i]2
/ { [/J (z)[4 {P2(z)-IJI) 

18.14.20 

[p 1 (21'!)=(~+1)(~2-6~+ l)/[32[p '3(z)], ~=4{/J 2( J~) 

18.14.21 

J8.14.22 

18.14.23 

6[/J2(z)-i 
f(2z)=2s(z)+ 2[p'(z) 

a(2z )=- fJJ 1 (z)u•(z) 

Bisection Founulas (O<z<2w) 

fJJ (~) -

=[(Pi(x)+ { g>(x)+i}t] [[pt(x)± { [/J (x)-!} I] 

[Use+ on o<x~w,- on w~x<2w] 

r (/' 

eY/IH(21/12) ir/t 

all'(.fc.i+ .fi)114 e 

[ :~+~}-•r/4 e""IU(2l~)e'•'' 

2;, + [ [p (2
3
to/3) r· e•/Vel•/•(3116) . 

'!.j2..fJ-3 

e8•/U(2''") e••l• al/t( {a- ,f'J:)l/t 

18.14.24 

!U>' (~)=[J;l '(x)=t=[2{P(x)+UJ f]J(x)-! 

- [2f]J(x)-UJ f]J(x)+! 

-2fJJ3' 2(x) (See [18.13].) 

[Use- on o<x~w, +on w~x<2w] 

18.14.25 

18.14.26 

18.14.27 

18.14.28 

Com.plez Multiplication 

f]J(iz)=- {jJ(i) 

fJJ 1 
( iz)=i{]J '(z) 

s(iz)= - it(z) 

<T(iz)=ia(z) 

The above equations could be used as follows, 
e.g. : If z were real, iz would be purely imaginary. 

Conformal Maps 

Leu10iscatic Case. 

Map: j(z)=u+iv 

g>(z) 

1 
Near zero: @(z)=2+E1 

z 

1 z2 

[/J (z)=;z+ 20+E,, lzl<t 

N -(z- Zo)2 

ear z0 : {]J(z) 
4 

+Es1 

iz-zoi<.J2 
171( )= - (z-zo)2+(z-z0)

4+ 
if z 4 80 E, 

l.'l 
u 

Zo 

1.0 

.5 

IEII S ,05 

IE21~.0009 

IE31! . I 
IE.IS.OI 

X' 
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/ 
[JY(z) 2 

-.2 
Near zero: [j)'(z)=-8 +Et z 

' ' ' 

- -2 z 
[j)' (z)=za=+10+E, 

1 
Near zero: t(z)=.::+Et z 

1 z3 

~(z)=;-60 +E,, lzl<1 
(z-zo)a 

Near zo: t(z)=ro+ 12 +Ea, 

t(z) 

lz-zoi<.J2 
r(z)=ro+ (z-;;o)8 (z~~o)7 +E4 

u(z) 

c.o 

1.5 

1.0 

.5 

0 . 5 

FIGURE 18.14 

-.(z-zo) 
Nea.r z0: {/J'(z) 

2 
+E3 

IE"rl ~ .I 

IE"zl ~ .ooo~ 

lt:3l~ ·" 
JE 41~ .1 

1'1'1'( ·)= -(z-zo)+3(z-zo)
6+ 

~ z 2 40 E4 

u 

I E, I ~ .02 

IE21 ~ .0001 

IE31~.02 

IE.IS..002 
., 
- · 

y 

2.0 

1.9i 1.5 

1.0 

.5 

0 w 

I 

• 
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Coefficlenta for Laurent Series for {/J, {/J ', and t 

{c .. =O form odd) 

k EXACToa APPROXIMATE 4• 

1 1/20 
2 1/(3-2()1) = 1/ 1200 
3 2/(3-13-20') = 1/ 156000 
4 5/(3-13-17-20')=1/21216000 
5 2/(3'·13·17-2()6) = 1/(31824X 1()6) 

.05 

.8333 . . . X IQ-3 

.641025 641025 . . . X I0-4 

6 10/(3~ - 131-17-20•) = 1/(4964544X 1Q6) 
7 4/(3-13'-17-29-201)= 1/(7998432X 107) 
8 2453/ (34.1 1-13'·171· 29· 20S) = 958203125/ (126~!002599 X 1 ()1•) 
9 2-5-7-61/(31·13a·17'-29-37-20') = 833984375/{18394643943X 10'7) 

.• 7134 23831 07088 98944X 10-1 

.31422 82554 04725 99296 X 10-t 

.20142 83688 49183 32882X 10-u 

.12502 45048 02941 37651 X 10-IS 

.75927 19109 76468 59917X 10-" 

.45338 43533 93461 06092X 10-11 

18.14.29 

~ 
4~~311-J' k=l, 2, .. . 

Other Series Involving {/J 

Reveraed Series for Large I fJJ I 

z=({/J-1)1~ [1+~+~ + 5
: +;~ , 

+ 3ul + 231w0 + 429w7 + 195uJ 
8 400 464 128 

+12155wv+46189w'0+0 ( u)J 
4736 10496 I W 1 

18.14.30 w= [JJ - 2/8, and z is in the Fundamental 
Triangle (Figure 18.13) i£ {/J has an appropriate 
value. 

Seriee near JJo 

18.14.32 z=(e-Zo)2/2 

[ 1lf 7w
6 

11w
7 J 18.14.33 z=- w+5 +"'75'+!95+ O(w0

) 

'l.f.t=2fJJ 

Series near w 

18.14.34 

( [j) -e )=v+tr I 4!! t 3v~ + 32v5 + 22v
0
+64v7 _j_ O(v*) 

I 5 5 7 5 7 5 325 ° 1 

18.14.35 

18.14.36 

v=y [l-y+ 6y~_ 81/ +172y• 
5 5 75 

-~+1 064y0+0( 1)] 
15 195 y I 

18.14.37 y=([/J-e,) 

18.14.38 

Other Series Involving [/J 1 

Reveraed Series for Large I {j) 1 I 

z=Au [1-~+~~ -~~~+O(v5)], u=({/J't'a)-lelrfJ1 

18.14.39 A=21' 8, v=Au,'f6, and z is in the 
Fundamental Triangle (Figure 18.13) if {/J' has 
an appropriate value. 

18.14.41 

18.14.42 

Seriee near JJo 

w= { z-zo}'/20 

(z-z0)=2[/J' [1+ 3; + 5;
1 

+ s~;a -fO(u')]. 

18.14.43 u=4 {jJ"' 

18.14.44 

18.14.45 

Series ne~"' 

z=(z-w) 

Other Series Involving r 
Reverlled Seriee for Large I!"\ 

_ 1 [ v tJ 136f! 1349v' 6 J 
18.14.47 z=r 15-+f-1001 + 9163 +O<v) , 

18.14.48 v=r'/12 
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Series near -¥o 
18.14.49 

1 [ 1 v 2tf if • J cr- ro)=-(z- zo)3 - - -+-- -+O(v) I 
4 3 7 33 39 

18.14.50 

Series near w 

18.14.51 
x :r! z5 z7 zv 

(5-'1)=------,- - -
2 6 20 70 240 

18.14.52 

18.14.53 

z ll llzta :z:u 
825-31200-9750+0(zl7), 

z=(z-w) 

'Iff 7'111 13w7 929w' 194W1 942883w'-3 
x=w-3 + 30 -63 + 4536 ----s91+ 3891888 

- +O(wl5) 

18.14.54 W=-2(5-'1) 

Series lnvoh•ing rr 

18.14.55 
z5 32z11 3·23z18 3·107z17 33·7·23·37z11 

u=z-2·5!-22·91+ 23·131 + 24·17! + 26·21! 

32·313·503z26 34·7 ·685973z29 

+ 20·251 27·291 +O(z33) 

18.14.56 
a-6· 0'11 17·113~3 

z=u+2'·3·5+211·3·7+213·3'·7·l1·13 

122051~7 5·13cr21 

+ 2u·36·72·11·17 + 223·32·11·19 +O(u26) 

18.15. Pseudo-Lemniscatic Case 

(82=-1, 8a=0) 

If u~<o and g3 =0, homogeneity relations allow 
us to rei:iuce our consideration of fJJ to fJJ (z; - 1, 
0). Thus 

18.15.1 fJJ (z; U21 O) = lu2P'2 fJJ (zlu2l 114 ;-1, 0) 

[f]J ' , rand CT are handled similarly]. Because of 
its similarity to the lemniscatic case, we refer to 
the case U2=-l , us=O as the pseudo-lemniscatic 
case. It plays the same role (period ratio unity) 
for .6< 0 as does the lemniscatic case for .6> 0. 

WJ=..fiX (real half-period for lemniscatic case) 
=c:i (the Lemniscate Constant--see 18.14.7) 

Economized Polynomials (0 ~" ~ 1.86) 

18.14.57 

ao= ( - 1)9.99999 98 

Gt=(-2)4.99999 62 

~=(-4)8.33352 77 

aa=(-6)6.40412 86 

a 4={ -8)4.81438 20 

a6= ( -10)2.29729 21 

aa= (-12)4.94511 45 

6 
18.14.58 :r! fJJ '(z) = ~anzi" + e(x) 

0 

je(x) I< 4 X 10-7 

ao= - 2.00000 00 

U·t=(-1)1.00000 02 

~= ( - 3)4.99995 38 

Ga=(-5)6.41145 59 

6 

a4=( -7)6.58947 52 

a6=(-9)5.59262 49 

a4= (-11)5.54177 69 

18.14.59 z5(z)= ~a,.:t"+ e:(z) 
0 

a0= ( -1)9.99999 99 a4= -( - 9)2.57492 62 

a~=-(-2)1.66666 74 a6=-(- 11)5.67008 00 

~=-(-4)1.19036 70 a8=(-13)9.70015 80 

aa=-(-7)5.86451 63 

y 

w'= 2 

lw2 

2w1 

2W 

FIGURE 18.15 
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18.15.2 

18.15.3 

Ha=-i/../2, H2=!. Ha=i/..[2, 

18.15.6 w=wt 
18.15.7 W2 
18.15.8 w'=ws 
18.15.9 wl 

Special Values and Relationa 

18.15.4 

18.15.5 

Values at Half-Periods 

[p fP' r rr 

i/2 0 H'la-'la') e- ir Iter 18(21/t) 

0 0 '12= r/2w, er!t..fi 
-i/2 0 !<11~+112') e••t•e•/8(2114) 

0 0 I • irr(w2) ~~~ =-11!2 

Relations with LeUlolt!catlc Values 

18.15.10 [p (z; -1, O) =i[/J (zet1114; 1, 0) 

18.15.11 [j)' (z; - 1, O)=elr11'-[j)'(ze-t'rt'-; 1, 0) 1
18.15.12 f(z; -1, O)=e1"' 't(zet.-t• ; 11 O) 

18.15.13 u(z; -1, 0) =e-t""''u(zet.l'; 1, 0) 

Numerical Methods 

18.16. Use and Extension of the Tables 

Example 1. Lemniscatic Case 

663 

(a) Given z=x+iy in the Funda.me1ntal Triangle, find {jJ ([p',t,u) more accurately than can be 
done with the maps. 

<r-Use Maclaurin series throughout. the Fundamental Triangle. Five terms give at least six 
significant figures, six terms at least ten. [p, r-Use LaW'ent's series directly ''near'' 0, (if \zi< 1, four 
terms give at leR.S~ eight significant figures for[/> ' nine for r; five terms at least ten significant .figures for 
[/> , eleven for .i) . Use Taylor's series directly "near" z0• Elsewhere (unless approximately seven or 
eight significant figures are insufficient) use economized polynomials to obtain [p (x), [j) '(x) and/or .i(x) 
as appropriate. To get [j)(iy), [p '(iy) and/or f(iy), use LaurenVs series for "small" y, otherwise use 
economized polynomials to compute [p(y), [j)'(y) and/or .i(y), then use complex multiplication to 
obtain [j)(iy), [j)'(iy) and/or f(iy). Fina.11y, use appropriate addition formula to gf>lt[/>(z) and/or f(z). 

[j) '-Use Laurent's series directly uDE,ar" 0 (if \zi< 1, four terms give at least six significant figures, 
five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition 
formula as for [j) and .i, or get [j)'2=4[j)s- [p and extract appropriate square root (g[j) '~ 0) . 

(b) Given [j) ({JJ ', t, u) corresponding to a point in the Fundamental Triangle, compute z more 
accurately than can be done with the maps. Only a few significant figures are obtainable from the use 
of any of the given_ (truncated) reversed series, except in a small neighborhood of the center of the series· 
For greater accuracy, use inverse interpolntion procedures. 

Example 2. Equianharmonic Case 
(a) Given z=x+iy in the Fundamental Triangle, find [j)([j)', r, u) more accurately than can be 

done with the maps. 
<r-Use Maclaurin series throughout ·the Fundamental Triangle. Four terms give at least eleven 

significant figures, five terms at least twenty one. 
[}) ,r-Use La.W'ent's series directly ''near" 0 (ii \z!< l, four terms give at least lOS for {P , 118 fort ; 

five terms at least 138 for [p, 148 for t). Elsewhere (unless approximately seven or eight significant 
figures are insufficient) use economized pollynomials to obtain [j) (x), [j) '(x) and/or ,i(:z:) , as appropriate. 
To get[j)(iy), {j>'(iy) and/or r(iy), use La111I·ent's series. Then US3 appropriate addition formula to get 
[}) (z) andjor f(z). 
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g> '-Use Laurent's series directly 11near'1 0 (if \zi< 1, four terms give at least 881 five terms at least 
118) . Elsewhere1 either proceed as for {JJ and t, or get g> '2= 4 @ 8-1 and extract appropriate square 
root (!J[JJ' ~0) . 

(b) Given {JJ({JJ',t,u) corresponding to a point in the Fundamental Triangle1 compute z more 
accurately than can be done with the maps. Only a few significant figures are obtainable from the use 
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the ·series. 
For greater accuracy, use inverse interpolation procedures. 

Example 3. Given period ratio a, ·find parameters m (of elliptic integrals and Jacobi's functions 
of chapter 16) and g_ (of rJ functions). 

m-In both the cases .6.>0 and .6.<0, the period ratio is equal to K'(m)/K(m) (see 18.9). Knowing 
K'/K, if 1<K'/K~ 3, use Table 17.3 to find m; if K'IK>3, use the method of Example 6 in chapter 17. 
An alternative method is to use Table 18.3 to obtain the necessary entries, thence use 

m=(e~-ea)/(eJ-ea) in case .6.> 0, 

m=!-3e~f4ll3 in case .6.<0. 

q-In both the cases .6.>0 and .6.<0, the period ratio determines the exponent for q[q=e-'1¢ if .6.>0, 
q=ie-.ral~ if .6.<01. Hence enter Table 4.16 [e.,.,, x=0(.01)1] and multiply the results as appropriate 
[e.g., e-4 .?b·= (e---)•(e- ·7:w) ]. 

Determination of V aloes at Half-Periods, Invariants and Related Quantities from Given Period8 (Table 18.3) 

Given w and w' 1 form w' /iw and enter Table 18.3. 
Multiply the results obtained by the appropriate 
power of w (see footnotes of Table 18.3) to obtain 
value desired. 

Example 4. 

Here w' /iw= 1.1, so that direct reading of Table 
18.3 gives 

et(l)=L6843 041 

e2(1)=-.2166 258 (=-et-ea) 

ea(1) = -1.4676 783 

g%(1)=10.0757 7364 

Ua(1)=2.1420 1000. 

Multiplying by appropriate powers of w= 10 we 
obtain 

whence 

et=.01684 3041 

e2=- .00216 6258 

ea=-.01467 6783 

U2=1.0075 77364 X l0- 3 

Ua=2.1420 1000 X 1Q- 6 

6.=8.9902 3191 X lQ-111 

Given w2 and w2
1, form Wz' /iWz and enter Table 

18.3. Multiply the results obtained by the appro­
priate po.wer of w2 (see footnotes of Table 18.3) 
to obtain value desired. 

Example 4. 

Given Wz=lO, Wz'=lli, find ef, g1, and .6.. 

Here ~/iWz = 1.1, so that direct reading of Table 
18.3 gives 

et{l)=-.2166 2576+3.0842 589i 

~(1)=.4332 5152=-2g/(et) 

ea(l) =e1 (1) 

g2(1)=-37.4874 912 

Ua(1)=16.5668 099. 

Multiplying by appropriate powers of w2= 10 
we obtain 

whence 

e1 =- .00216 62576+ .03084 2589i 

e2=.00433 25152 

ea=el 
U2=-3.7487 4912 X 10- 3 

Ua=l.6566 8099 X 10- 6 

.6.=- 6.0092 019 X 10-8 
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Computation of f1 for Given • and Arbitrary 82 and Ka 

(or periods from which gz and Ua can be computed-in any case, periods must be known, at least 
approximately) 

First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle 
(see 18.2). After final reduction let z denote the· point obtained. 

~>o a<o 
If f'lz>w/2 or, 

Jz>w'/2, use. duplication formula 

rr(z) =- [j) '(zf2)rr4(z/2), 

obtaining a(z/2) by use of Maclaurin series for a 
and [j) '(z/2) by method explained above. Other-
wise, aim ply use Maclaurin series for 11 directly. 

If f'lz>W<J/2 or 
J z>w;./4, use duplication formula as in case 

.6>0. Otherwise, use Maclaurin series for rr 
directly. 

An alternate method is to use theta functions 18.10 first computing q and -'~(0), i =:l, a, 4 . 

~>0 ~<0 

Example 13. Compute rr(.4+L3t) fQr g2=8, 
ga=4. From Example 7, w=l.009453 and w' 

=1.484413i. Since Jz>w'/2, the Maclaurin se­
ries 18.5.6 is used to obtain a(z/2) =a(.2 + .65i) 
=.19543 86+.64947 28i, the Laurent series 18.5.41 
to obtain .(])'(.2+.65i)=5.02253 80-3.56066 93i. 
The duplication formula 18.4.8 gives 11(.4+ 1.3t) 
= .278080+ 1.272785i. 

Example 13. Compute 11(.8+.4i) for g2=7, 
ga=6. From Example 7, ~JJa=.99579 976, w~ 
=2.33241 83i. Since 9lz>w2/2, the Maclaurin 
series 18.5.6 is used to obtain a(z/2) = a(.4 + .2i) 
=.40038 019+.19962 017i, the Laurent series 
18.5.4 to obtain [j)'(.4+'.2i)=-3.70986 70 
+22.218544i. The duplication formula 18.4.8 
gives a(.8+.4i)=.81465 765+.38819 473i. 

Given a({]J, !)J ', t) corresponding to a point in the Fundamental Rectangle, as well as g2 and ga or 
the equivalent, find z. 

Only a few significant figures are obtainable from the use o.f any of- the given (truncated) reversed 
series, except in a small neighborhood of the center of the series. For greater accuracy, use inverse 
interpolation procedures. 

If the given function does not correspond to a value of z in the Fundamental Rectangle (see Con­
formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for­
mulas in 18.2. This process is relatively simple for {/J(z), more difficult for the other functions {e.g. if 
.6>0 and fP=a+ih, where b> O, simply consider.(]) a-ib and find z1 in R 1 [Figure 18.1); then com­
pute ~=z1+2w', the point in R2 corresponding to the given.(])). 

~>O 

Example 14. Given fP=1-i, g2=10, ga=2, 
find z. Using the first three terms of the reversed 
series 18.5.25 z, ~ . 727 + .423i. The Laurent series 
18.5.1 gives 

[/> (z1) = {]J (.727 +.423i)=.825-.895i 
and 

{]J (Zt) = .(]) (.697 + .393~)=.938-1.038i. 

Inverse interpolation gives 
zlu = .107 + .380i. Repeated applications· of the 
above procedure yield 2=.706231 +.379893i. 

.a<o 
Example 14. Given [j) =l+i, g2=-lO, ga=2, 

find z. From Example 6, ~JJa=l.40239 48 and 
~;=1.52561 02i. Since b>O, z exists in R2 and z 
is computed with {]J. Using 18.5.25 with a~=-
1.25, a 3=.25, u=[({]J)-1

)
1'* and the coefficients c, 

from Example 8 

2u= 1.55377 3973 + .64359 42493i 

~u5= .08044 9281-.19422 17466i 

o8u7=-.01961 9359+.00812 66047i 

~t=- .10115 7160-.04190 06673i 
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Example 15. Given r=10-15i, U2=8, ua=4, 
find z. Using the reversed series 18.5.40 with 

A6=-.13333 333, 

A7= - .02857 14286, 

U= .03076 923076t.04615 384615i 

A4u6=-.00000 001402+.00000 006860i 

A 7u1= -.00000 000004-.00000 000003i 

Z= .03076 921670+ .04615 ~391472i. 

Methods of ComputaUOJl of [J> ( [J> I ' r or cr) for Given 
• and Given 82• fla (or the equivalent), with the Use 
of Automatic Di!Jital Computing Machinery 

(a) Integration of Differential Equation 
[J> and [J> 1 may be generated for any z close 

enough to a "known point'' z*([J>(z*)and.(P'(z*) 
being given) by integrating /))"=6 [/> 2-g2/2. 
A program to do this on SW AC, via a modifica­
tion of the Hammer-Hollingsworth method 
(MTAC, July 1955, pp. 92-96) due to Dr. P. 
Henrici, exists e.t Numerical Analysis Research, 
UOLA (code number 00600, written by W. L. 
Wilson, Jr.). The program has been tested 
numerically in the equianhannonic case, using 
integration steps of various sizes. For example, 
if one starts with z*=c.12, using an 11int.egration 
step" (h,k), where h and k are respectively the 
horizontal and vertical components of a step, 
with (h,k) having one of the six values (±2h0,0), 
(±ho,±ko), ho=c.12/2000, ko= lw;l/2000, one can 
expect almost 88 in flJ and 78 in [J> 1 after 1000 
steps, unless z is too near a pole. 

(b) Use of Series 
The process of reducing the computation prob­

lem to one in which z is in the Fundaments,} 
Rectangle can obviously be mechanized. Inside 
the Funda.mental Rectangle the direct use of 
Laurent's series is appropriate when the period 

Stopping with the term in u7, z. <:::: .81 + .23i. 
Assuming Az=-.03-.0li, using 18.5.1, [J>(.81+ 
.23~')=.91410 95-.86824 37i, @(.78+.22~')= 

1.03191 60-.91795 22i; with inverse interpolation 
zin =. 7725 + .2404i. Repeated applications of 
inverse interpolation yield z=. 772247-.239258i. 

Example 15. Given cr=.4+.1i, U2=7, ua=6, 
find z. Using the reversed series 18.5. 70 with 
"Y2=.14583, -y3=.05 

cr=+.40000 000+.10000 OOOi 

6 

'Y~ '-+.00011 783+.00032 696i 

7 

'Y~ =-.00000 208+.00001 432i 

3~t =-.ooooo o9at.ooooo 126i 

19-r2'Y3~1 

55 
.00000 013+.00000 006i 

z:::;::.40011 469+.10034 260i 

ratio a is not too large. However, if a~-v'SCA>O) 
or a~2,J3(6<0), the series will diverge at the 
far corner of the Fundamental Rectangle, so that 
use may be made of an appropriate duplication 
formula. _.Alternatively, one may compute the 
functions on Ox and Oy, therr use an addition 
formula. Even so, the series will diverge at 
z=ia if a~2(A>O) and at z=ia/2 if a~4(~<0) . 

For great accuracy, multiple precision operations 
might be necessary. Double precision floating 
point mode has been used in a program, written 
for SWAO, to compute flJ I [J> I and r. 

For computation of 11, use of the Maclaurin 
series throughout the Fundamental Rectangle is 
probably simplest (series converges for all z). 

Mention should be made of the possible use of 
the series defining the ~ functions. These series 
converge for all complex v, and the computation 
of [J>, [J> ', r and ~r by 18.10.~18.10.8 could easily 
be mechanized. The series involved have the 
advantage of converging very fa.st, even in case 
A<O, where I !II;:;; e-r12(q;:;; e_,. if A>O). 

Use of Maps 
If the problem (Of COffipUting [/J 1 [J> I 1 S Or 11 for 

given z) is reduced to the case where the real half­
period is unity and imaginary half-period is one 
of those used in the maps in 18.8 inspection of the 
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appropriate figure will give the value of [p (z) 
[f(z) or u(z)] to 2-38. If [p ' is wanted instead, 
get !}J, use 18.6.3 to obtain [p '2 and select sign (a) 
of [p ' appropriately. (See Conformal Mapping 
(18.8) for choice of sign of square root of [j) ' 2

). 

Computation of Zo 
Given U21 Ua (or equivalent) 

Since -;fo[p (Zo) =0, the Laurent's series gives 

0= 1 +~u2+cau3+ctu4+ ... 

where u=~. We may solve this equation [by 
Gro.effe's (root-squaring) process or otherwise] 
for its absolutely sma.llest root [having found an 

approximation to IZol by Graeffe's process, we 
may use the fact that Zo=w+iy0(A>O), Zo=~ 
+iYo(A< O) to obtain &n approximation to Zo]. 

It is noted that y0/w is a monotonic decreasing 
function of (period ratio) a~ 1 for A>O and 

[1 E;,y0/w>#:_ arccosh .f{,( ~.7297)). 
11' 

Yo/w2 is a. monotonic incre&aing function of a for 
A< Oand 

Further data is available from Table 18.2 or from 
Conformal Maps defined by {j)(z). 
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19. Parabolic Cylinder Functions 

Mathematical Properties 

19.1. The Parabolic Cylinder Functions 

Introductory 

These are solutions of the differential equation 

19.1.1 

with two real and distinct standard forms 

19.1.2 

19.1.3 

~~-(tz2+a)y=O 

d2y + (1.z2-a)y=O 
dx2 • 

The functions 

19.1 .4 

y(a, x) y(a, -x) y(-a, ix) y(-a., -ix) 

are all solutions either of 19.1.2 or of 19.1.3 if any 
one is such a solution. 

Replacement of a by -ia lilld :z; by :z:el'r converts 
19.1.2 into 19.1.3. If y(a, x) is a solution of 19.1.2, 
then 19.1.3 has solutions: 

19.1.5 
y( - ia, zeit..") y( -ia, -xei1

") 

y(ia, -xrter) 

Both variable x and the parameter a may take 
on general complex values in this section and in 
many subsequent sections. Practical applirations 
appear to be confined to real solutions of real equa­
tions j therefore attention is confined to such solu­
tions, a.nd, in general, formulas are given for the 
two equations 19.1.2 and 19.1.3 independently. 
The principal computational consequence of the 
remarks above is that reflection in the y-a.xis 
produces a.n independent solution in e.lmost all 
cases (Hermite functions provide an exception), 
so that tables may be confined either to positive 
x or to a single solution of 19.1.2 or 19.1.3. 

The Equation ~-(~ z2+a) y=O 

19.2. Power Series in x 

Even and odd solutions of 19.1.2 are given by 

686 

19.2.1 

y,=rt,!M(ta+t' t' tx2) 

=e- tr
2{ 1+(a+i) ~~+ (a+t) (a+t) :;+ · · ·} 

=e-4
%
2
1F1 (ia+t: i i tx3

) 

19.2.3 

y2=:z:e- l~MC!a+t, t, txt) 

=e-lr2{ z+(a+i) ;.+(a+!)(a+t) :;+ · ·} 
19.2.4 

= zel"2M ( -"ia+t, J, -tx') 

{ 
z3 :z;6 } =ei"2 x+(a-i) 3l+(a-J)(a-t) 51 + ... 

these series being conv:ergent for all values of x 
(see chapter 13 for M (a, c, z)). -

Alternatively, 

19.2.5 

19.2.6 

in which non-zero coefficients a,. of x"Jnl are 
connected by 

19.2.7 
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19.3. Standard Solutions 

These have been chosen to ha-ve the asymptotic 
behavior exhibited in 19.8. The first is Whit­
taker's function (19.8, 19.9] in a more symmetrical 
notation. 

19.3.1 

U(a, z)=D-a-t(:z:)=cos'lr(t+!a)·Y~ 

-sin 'lr(t+ta) · Y 2 

19.3.2 

V(a,:z:) r(!l_a) (sin7r(t+ta)·Yl 

+cos 'lr(t+ta)·Ya} 

in which 

1 r(t-ia) sec 'lr(l+!a) 
19.3.3 Y1= .,fi 2l4+t Y1=..fi 2l4+tr(f+ia) Y1 

1 r (l-ta) cse 'lr(t+ia) 
19.3.4 Y2= ..fi 2ta t Y2=..fi 2ia-tr(t+!a) Y2 

19.3.5 

U'(a, 0) 

19.3.6 

V(a, O) 2i4+1 sin 'lr(i-!a) 
r(i-!a) 

2l4-tr(t+ta) 

2to+t . . (l .l ) V'( O) BlD'lr • - 2a 
a, r(t-la) 

In terms of the more familiar D,.(z) of Whit­
taker, 

19.3. 7 U (a, :z:) =D -a-t (:z:) 

19.3.8 

V(a, :z:)=! r(t+a) (sin 'lra·D-a-t(:z:)+D-a-t( -:z:) } 
'lT 

19.4. Wronskian and Other Relations 

19.4.1 

19.4.2 

W {U, V}=-m; 

'lT V (a, :t)= r(t+a) {sin 'lra-U(a, x)+U(a, -x)} 

19.4.3 

r(t+a)U(a, :z:)='lr secJ 'lra {V(a, -z) 

- sin 1ra·V (a, :z:)} 

19.4.4 

r (i-ia) cos 1r(i+!a) _ 2 . {.ll.+ l ) y 
.,fi2to t Y1- sm 'lT T Ta . 1 

=U(a, x)+U(a, -x) 

19.4.5 

r (t-!a) sin 'lr(t+1a) -2 (.ll.+1n) y 
.,fif2t" t Y2- cos 'lT T ~ . 2 

=U(a, x)-U(a, -x) 

19.4.6 

.fi;U( -a, ±ix)= 
r (t+a) { e-h·<l<l-tlU(a, ±z) +et .. <ta-l'U(a, =Fx)} 

19.4.7 

p;;.u(a, ± z)= 

r(t-a) { e-h-<la+llU( -a, ±ix)+et,..cit'+i'U(-a, =Fi:z:)} 

19.5. Integral R epresentations 

A full treatment is given in [19.11] section 4 . 
Representations are given here for U(a, z) only; 
others ma.y be derived by use of the rela.tions given in 
19.4. 

19.5.1 U(a, z) 

19.5.2 r<t-:a) et•• r e-l12(z+t)"-idt 
27r~ J/J 

where a and {3 a.re the contout'S shown in Figures 
19.1 a.nd 19.2. 

When a+! is a. positive integer these integrals 
become indeterminate; in this ca.se 

S PLANE 

a 

FIGURE 19.1 

t PLANE 

FIGURE 19.2 

-r<arg (z+t)~ 
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19.5.5 

19.5.6 --- e~~ e"+i'ls-a-lds e-<a-i) .. 1 f 
-{iiri '4 

where ~, E:3 and ~4 are shown in Figures 19.3 and 
19.4. 

19.5.8 

FtGU~l) 19.3 
-~arg•<h 

S PLANE S PLANE 

FlGUl~E 19.4 
On.. lr<arg•<;,.. 
On .. -! .. <arg •< - l .. 

19.5.9 

U(a, z) 

ir(l-!a) r be-it'l(l+t)-§a-t(l-t)ta-idt 
2l<'H7r J <~t> 

19.5.10 

ir~:;-~a,) r e-P(tz2+v)-i<'-t(i-z2-v)ia-tdV 
J ~~ 

The contour t't is such that (lz2+v) goes from 
ooe-1" to ooe1

T while v=tzz is not encircledi 
(iz2-v)-ia-t has its principal value except pos­
sibly in the immediate neighborhood of the 
branch-point when encirclement is being avoided, 
Likewise 771 is such that (i-z2- v) goes from ooe1

" 

to cbe-1" while encirclement of v=-iz2 is simi­
larly avoided. The contours (r1) and (1Jt) may be 
obtained from r;1 and 771 by use of the substitution 
v=iz2t. 

The expressions 19.5.7 and 19.5.8 become incie­
terminate when a=t, t, ¥-, ... i for these values 

19.5.11 

U(a, z) 1 ze-lzZ r CD e-•s1o-t (z2+ 2s) -;a--ids 
r(l+!a) Jo 

Again 19.5;9 and 19.5.10 become indeterminate 
when a=!, t, !, ... ; for these values 

19.5.1.2 

- U(a, z) 1 rlt2 f "' e-•sta-l (z2+2s)-la-lds 
r(t+!a) Jo 

Barnes-Type Integrals 

19 51!) U( )=e-tz2 -o-if+a>' r(s)r(!+a-2s) ( f1'i )2•d 
•• >) a, z 27ri z _..,t r<!+a) -v~z s 

where the contour separates the zeros of r (s) from those of r {a+!-2s). Similarly 

~2 e1Z2 f+"' 1 r (s) r (!-a-2s) 19.5.14 V(a, z) = -
2
---; zo-A (_~. ) ( .,f2z)u cos 81r ds 

1f" 'lr~ -ad r "2"-a 

19.6. Recurrence Relations 

19.6.1 U'(a, x)+txU(a, x)+(a+!)U(a+l, x)=O 

19.6.2 U'(a, x)-txU(a,x)+U(a- 1, x)=O 

19.6.3 2U1(a,x)+U(a- 1, x)+(a+t)U(a+l, x)=O 

19.6.4 xU(a, x)-U(a-1, x)+(a+i)U(a+1, :z:)=O 

These are also satisfied by r(t- a)V(c.t, z). 

19.6.5 V'(a, x)-!xV(a, x)-(a-!)V(a-11 x)=O 

19.6.6 V '(a, x)+!xV(a, x)- V(a+ l, x)=O 

19.6.7 

2V'(a, x)-V(a+1, x)-(a-!)V(a- 1, x)=O 

19.6.8 

xV(a, x)-V(a+l, x)+(a-i)V(a-1, x)=O 

These are also satisfied by U(a, x)/T(1-a) 

19.6.9 y; (a, ~)+!X'IJ1 (~, x)= (a+! )y2(a+ l , :z:) 

19.6.10 y;(a, x)-!X1/t(a, x)=(a-))y2(a-1, x) 
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19.6.ll y~(a, x)+t.uy2(a, x)=Yt(a+l, x) 

19.6.12 y;(a, x)~t.cy2(a, x)=Yt(a-1, x) 

Asymptotic Expansions 

19.7. Expressions in Terms of Airy Functions 

When a is large and negative, write, for 
O~x< (X) 

19.7.1 

.,.=-(t~a) 1 

t= (4lal)f.,. 

f l . r:;--;2 
f1.s=tJe ..J1 s

2ds=t arccos ·~-thl-~ (~~1) 

sense of Watson (19.6], although valid for a wider 
range of la.rg xi in Poincare's sense; the second 
series is completely valid only for x real and posi­
tive. 

19.9. Expansions for a Large With x Moderate 

(i) a positive 

When a> >x2, with p={a, then 

.,;'Tr 

19.9.1 U(a, x) zta+tr(j+!a) exp (-px+vt) 

.,j'Tr 
19.9.2 U(a,-x) z•a+tr(:l+ta) exp (px+v.2) 

where 

19.7.2 19.9.3 lC!x)3 Ctx)2 ix-l(t.tr· 
v" V2""=F2J}- (Zp) 2 =f (2p)a 

r=+{if1.2)1 

t?.2=t}:~..Js2 1ds=H..Je 1-tarc.cosh~ (~~1) 

Then for x;::: 0, a-4- (X) 

.19.7.3 

U(a, x) "'2-t-~ar (i-ta) (~2 t 1
2t Ai(t) 

19.7.4 

r (-j--a) V (a, x) "'z-t-~r (t-t.a) (~2 t 1
)lBi(t) 

Table 19.3 gives.,. as a function of~­
See [19.5] for further developments. 

19.8. Expansions for x Large and a Modlerate 

When x>>lal 
19.8.1 

U (a, x),.... e-t•2x-a-i { 1 (a+!) (a+J) 
2x2 

+ (a+t) (a +f) (a+t) (a+t) ... } 
2 · 4x• 

19.8.2 

V(a x)....., ~eiz2r_a-t { 1 +(a-t) (a-f) 
' 'V~ 2x2 

+(a-t) (a-f) (a-t)(a-~) -t . .. } 
2·4z4 

(:z:·~+ CD) 

These expansions .form the basis for the choice of 
standard solutioi).S in 19.3. The former is valid 
for complex :c, with !arg xl<h-, in the cc.mplete 

2(!x)4 C¥!x)3-f(ixr + (2p)4 ± (2p)6 + ... 
(a~+ CD) 

The upper sign gives the first function, and the 
lower sign the second function . 

(ii) a negative 

When -a> >z2, with p=..J a, then 

19.9.4 
U(a,z)+ir (t-a) ·V(a,:z:) 

ei.-<i+ialr(i-la) j r ( +. ) 
2ta+t..J7r e " exp v, 'LVI 

where 

19.9.5 

"'+ (!z) 2 + 2(!x)4 9(!xP-¥(!:z:)6 

v, (2p)2 (2p)t (2p)~ 

"'_l(ix)3 + !:z:+f(!x)6 + -Y(!x?-+(!x)1_ . .. 
v( 2p (2p)a (2p)6 

(a-4- en) 

Further expansions of a similar type will be 
found in [19.11]. 

19.10. Darwin's Expansions 

(i) a positive, x2+4a large. Write 

19.10.1 X=..Jx2+4a 
f'' x+X 8=4af1.1(:z:/2{a)=-i Jo Xd:z:=ixX+a ln 2...;a, 

XC9!A: ' h X = 4 -vx2+4a+a arcsm 2..[ri, 
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(see Table 19.3 for t11), then 

U( ) (Z1r) 
114 

exp { - o+v(a, z)} 
19.10.2 a, x ~r(i+a) 

U( ) <211') 
1
tt exp {e+v(a, -z) } 

19.10.3 a, -x "r(!+a) 
where 

19.10.4 

v(a, :z:) ..._ -t In X+~ (-l)'d3,/XJ' 
r•l 

and d31 is given by 19.10.13. 
(ii) a negative, z2+4a large and positive. Write 

19.10.5 

l"' z+X 
8=4laltMx/2v'jai)=t Xdx=t:z:X+a ln 2 'FI 

2..,tiiii , -v1a1 

=tx"z2-4ja[ +a arccosh 2~1 
(see Tabl e 19.3 for "z), then 

"r(!- a) 19.10.6 U(a, x) (211) 114 exp { -B+v(al x)} 

19.10.7 
2 

V(al z) (Z1r) 114~r(t-a) e~ {B+v(a1 -zH 

where again 

19.10.8 

v(al z)-- t ln X+~ (-l)'d31/X3r 
•-1 

and d31 is given by 19.10.13. 
(iii) a large and negative and x moderate. Write 

19.10.9 Y=~4la!-z2 

8=41al ",(z/2~faj) 

i : X 
=i Y dx=txY + Ia I arcsin - · 

0 2~1 

(see Table 19.3 for "•=i'll'-1?8), then 

19.10.10 

19.10.ll 

V(a, ~)= 

where 

In Y de+du 19.10.12 v,- - t -y8 y 12- ••• 

In each case the coefficients ds, are given by 

19.10.13 

See [19.11] for d15, ••• , d2,, and [19.5] for an 
alternative form. 

19.ll. Modulus and Phase 

When a is negative and l:z:I<2M the func­
tions U and V are oscillatory and it is sometimes 
convenient to write 

19.11.1 U(a, z)+ir(i-a)V(a, x)=F(a1 x)e'x<"·"'1 

19.11.2 U'(a, x)+iT(i-a)V'(a, x)=-G(a, x)e'~<a,:rl 

Then, when a<o and !al> >r, 
19.11.3 

F r (t -ta) 'r 
2ta+t..[ir e 1 

where v,, v, are given by 19.9.5 and p=..J -a. 
Alternatively 1 with p = ~jaf, and again -a> >z2

, 
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19.11.5 

···} 
19.11.6 

19.11.7 

Again, when a:2+4a is large and negative, with 
Y-~4lal-x2, then 

19.11.8 

F' 2""r(t-a) eor x=tn-+i'~~"et+U+vt 
(27r)t 

where 11, v, and v1 are given by 19.10.9 and 
19.10.12 .. 

.Another form is 

19.U.9 

F""' z.Jr\1-a) (t +_l_+ 5a + 621 + ) 
(27r)l{Y 4Y4 Y 6 32Y8 •• ' 

(x2+4a~- oo) 

19.11.10 

.JY ""r(!-a) ( 5 7a 835 ) 
G"' (2'11-) l 1-4Yt- y6-32YB- ... 

(x2+4a~- oo) 

while Y, and X are connected by 

19.ll.ll 
x ( 47 214a 14483 ) 

Y,- X--'i7r- Y3 1:t 6Y4+ 3Y6 I 40Y8 + · · ' 
(:z:2+4a~- a>) 

Connections With Other Functions 

19.12. Connection With Confluent Hypergeo­
metrie Functions (see chapter 13) 

19.12.2 

19.12.3 

U(a, ±x) 

19.12.4 

U(a, a:)=2-l-tartt2U(ta+l,!, !x2) 

=z-t-!axe-tx2U(!a+!, J, tx2) 

Expressions for V (a, x) may be obtained from 
these by use of 19.4.2. 

19.13. Connection With Hermite Polynomials 
and Functions 

When n is a non-negative integer 

19.13.1 

U{ -n-!, x )=e-tz2He.,.(x)=Z- l"e-l1;2H,. (x/..fi) 

19.13.2 

V(n+!, x)=.../2/7ret-.2Re!(x)=2-l"etz2H!(x/-/2) 

in which H,. (x) and Hen.(x) are Hermite poly­
nomials (see ~hapter 22) while 

19.13.3 H e!(x) =e- i"'2 
;{;,. el"'2 = ( -i)" H e·n.(ix) 

This gives one elementary solution to 19.1.2 when­
ever 2a is an odd integer, positive or negative. 

19.14. Connection With Probability Integrals 
and Dawson's Integral (see chapter 7) 

If, as in [19.10] 

19.14.1 

19.14.2 

Hh,.(x)=i "' Hhn_ 1(t)dt= (l /n!} i "' (t-x)"e-;''dt 

(n~O) 
then 

19.14.3 (n~-1) 
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Correspondingly 

19.14.4 

and 

19.14.5 

V(-n-i, x)=e-lx2 {i"e-112V(--n+i, t)dt 

sin tn'/1" } , 
2i"r(1n+l) (n~:O) 

Here V( -!, x) is closely related to Dawson's 
integral 

These relations give a. second solution of 19.il.'2 
whenever 2a is an odd integer, and a second solu­
tion is nnobtaina.ble from U(a, x) by reflec!tion in 
the y-ax:is. 

19.15. Explicit Fol'lllula in Terms of B es1!el 
Functions When 2a Is an Integer 

Write 

19.15.1 

19.15.2 

I _,.-1,.=(2/tr) sinnnr · Kn 

J_,.+J,.=cos 11nr • ./11 

where the argument of all modified Bessel fwlc­
tions is t:lf. Then 

19.15.3 U(l, x)=211"-1(!x)'(-Kr+Kt) 

19.15.4 U(2, z)=2 · j?r- !(!z)t(2Kl-3KJ+Kt> 

19.15.5 

U(3, x)=2 · t · j1r- t(t.r;)•( -5Kl+9Kt-5Ki+lr~) 

19.15.6 V(l , x)=i(!x);(~-Jl) 

19.15.7 V(2, x)= H!x)'(2Jl-3Jt+..Pi) 

19.15.8 V(3, x)=i(!x)i(5Jl- 9Jf+5.Jf- .Jt) 

19.15.9 U(O, z) = ?r-i(iz)tKl 

19.15.10 U( - 1, x)=11"-l(!z)~(K1+Ki) 

19.15.11 
. 
U(-2, x)=11"-1(t.z;)!(2Kt+3Kt-~) 

19.15.12 

U(-3, x)=?r-1(iz)'(5Kt+9Kt-5K1-Ki) 

19.15.13 V(O, z)=!(!x) t.Ji 

19.15.14 

19.15.15 V (-2, x)=i(iz)1(2.Ji+3.Ji-./f) 

19.15.16 

V{ - 3, x)=i · j(lz)l(5.Ji+9J1-5./t-..flf) 

19.15.17 U( -}, x) =.J2i;(!x)Kt 

19.15.18 U(-!, x)=~(jx)22Kt 

19.15.19 U(-t, x)=.../2hr(ix)8 (5K4-K~) 

19.15.20 V(i, x)=(!x) (It+I-~) 

19.15.21 

The Equation ~+(~x2-a) y=O 

19.16. Power Series in x 

Even and odd solutions are given by 19.2.1 to 
19.2.4 with -ia written for a and u+1 .. for Xi 
the series involves complex quantities in which the 
imaginary part of the sum -vanishes identically. 

Alternatively, 

19.16.1 
z2 . z4 :z:e 

Yl=l+a 2l+(a2-t) 41+ (aa-i-G) 6! 

8 w 
+ (a4-lla2+¥) ~·1 +(a6-25a3+~) ~01+ . .. 

19.16.2 

g 11 

+(a4-17a2+¥) ~1+(a6-35a3+~) : l l I .. · 

in which non-zero coefficients a,.. of z'~~/nl a.re 
connected by 

19.16.3 ~nH=a · a.,.-tn(n- l )an-2 

19.17. Standard Solutions (see [19.41) 

. (cosh 'Ira) l r;; 
19.17.1 W(a,±.x) 2-{ir (GtYt i=-v2GaY2) 

19.17.2 =2- 9
14 

( ~ y1 +-If; Y2) 

where 

Ga=Jr(!+lia)[ 
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At x=O, 

llrct+iia)IJ 1 ro;. 
19.17.4 W(a, 0)=2i I'(i+!ia) =21 ...J Ga 

19.17.5 

, llr<!+!ia)lt 1 fGa 
W (a,0)=-21 r(i+iia) =-2t'VG; 

CoDlplex Solutiou11 

19.17.6 E(a,x)=k-I:W(a,x)+iklW(a, -x) 

19.17.7 E*(a, x)=k-•W(~, a:)-ikiW(a, -x) 

where 

19.17.8 k=../l+e2ra-efta l/k_=~t-e2ra+e..., 

In tenns of U(a, x) of 19.3, 

19.17.9 E(a, x) =.J2"elrafth+tt~, U(~, :z:e-1'"') 

with 

19.17.10 

where the branch is defined by 4>2=0 when a=O 
and by continuity elsewhere. 

Also 

19.17.ll 

...j211U(ia, xe-~t.:) =I'(j-ia) { e+'l'(l-l1rU(--ia, xei11f) 

+e-lraHt,.U( - ia,-xett,.)} 

19.18. Wronskian and Other Relations 

19.18.1 

19.18.2 

W { W(a, x), W(a,- x)} = 1 

W{E(a, x),E*(a, x) } =-2i: 

19.18.3 ...j1 +e2
1f

4 E(a, x) = eraE*(a, x) +iE*(a,-x) 

19.18.4 E*(a, x)=e-lc;,+trlE( -a, ix)l 

19.18.5 

yfr(!+ia)E"'(a, x)=e- tt .. ....jr(i-ia)E(- a, ix) 

19.19. Integral Representations 
I 

These are covered for 19.1.3 as well as for 
19.1.2 in 19.5 (general complex argum.ent). 

Asymptotic Expansion.s 

19.20. Expressions in TerJ;Ds of Airy Functions 

When a is large and positive, write., for 0 $z< a) 

x=2~ t=(4a)lr 

19.20.l 

<r=-(!~a)f 

'113=~ ~
1

-v'l s2 d.s=t arccos ~-H-v'l ~2 (~$1) 

19.20.2 

r=+(i"2)J 

l12=t i~ ...js2 lds=H-v'e 1-i arccosh ~ (~~1) 

Then for x>O, a~+ a) 

19.20.3 

W(a, x)-#(4a)-le-tr« Ce t ly Bi(-t) 

19.20.4 

W(a, -z)-2#(4a)-ietra(~2 t 1
y Ai(-t) 

Table 19.3 gives r as a function of ~- See 
[19.5) for further developments. 

19.21. Expansions for x Large and a Moderate 

When x>>lal, 

19.21.1 

E(a, x) = v'2fX exp { i(iz2-a ln x+i¢l+t1r) }s(a, x) 

19.21.2 

W(a, x)=yf2kfx [s1(a, :z:) cos (~x2-a In x+i1r+i'4>2) 

-s.2(a, x) sin (iz2-a In x+t1r+!¢z) } 

19.21.3 

W(a,-x) = ...j2jkx f s1 (a, x) sin (ir-a ln x+t'n+!<t>2) 
+s2(a, z.) cos (ix2-a ln x+tn-+i¢2)} 

where~ is defi.i:led by 19.17.10 and 

19.21.4 

19.21.5 

( ) 
v2 u, Va Us + 

St a, x "'1+1!2r-2!22x•-3J2axs+ 4t2•xs ... 

19.21.6 

with 
(x~+Q)) 
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19.21.7 u,+iv,=r(r+ l+ia)/r(i+ia) 
or 

... • r r (2r+!+ia) 1 
19.21.8 s(a, z) ...... ~ ( -~) r (! + ia) 2,r!z2' 

19.22. Expansions for a Large With z Moderate 

(i) a positive 

When a> > -r?, with p=...[a, then 

19.22.1 W(a, x)= W(a, 0) exp (-p:z:+ th) 

19.22.2 W (a,-x)= W(a, 0) exp (px+v2) 

where W(a, 0) is given by 19.17.4, and 

19.22.3 

...... ± i (!x)8 + (i z)2 ± tx+t (tx)
6 

v1, v2 2p (2p)2 (2p)s 

+2 (j x)4±¥ (t x)3 + + (i:z:F+ 
(2p)4 (2p)6 ... 

(see Table 19.3 for 112), then 

19.23.2 W(a, x)= j2ke•r cos (}?r+ B+v1) 

19.23.3 W (a, -x)=~e•r sin (V"+ B+vt) 

where 

and d8, is given by 19.23.12. 

(ii) a positive, 4a-x2> >o 
Write 

19.23.5 

Y=.J4a x2 

J:s X 
=t Y dx=txY +a arcsin r: 

o 2-va 

The upper sign gives the first function, and the (see Table 19.3 for tJ4- p-:-t1a), then 
lower sign the second function. 

(it) a n egative 

WhP.n - a> > -r?, with p=-/-a, then 

19.22.4 
W (a, x) + iW (a, -x) 

= -/2W(a, 0) exp {v,+i(px+~?r-tv,) } 

where W (a, 0) is given by 19..17.4, and 

19.22.5 

,..., _ (iz)2+2(lz)4 9(tz)2+ V (tx) 8+ 
Vr (~)2 (~)· (2p)& ... 

! (tx)8 tx+ t (tx)6+Y(ix)'++Ctz)7 

v,-~- (~)s (2p)6 -

(a-+- oo ) 

Further expansions of a similar type will be found 
in [19.3]. 

19.23. Darwin's Expansions 

(i) a positive, z2-4a> >o 
Write 

19.23.1 

X = .Jx2 4a 

= txX-aln x+X 
2-{0, 

=tx..Jx2 4a.-a arccosh ___.!._ 
2-{0, 

19.23.6 W (a, x) = exp { -B+v(a, x)} 

19.23.7 W (a, - x) =exp [ B+v(a, - x)} 

where 

19.23.8 

v(a, x) ...... -t ln Y +~33+~6+:911+ .. . 
(:z:2-4a-+- (X) ) 

and dar is again given by 19.23.12. 

Write 

19.23.9 

(iii) a negative, z2- 4a> >O 

B= 41alt11 (:z:/2.JfCii) = t i'" Xdx 

x+X = t:z:X -a 1n 2-v'jaj 

-iz.Jz'+4lal- a arcsioh 2~ 
(see Table 19.3 for t11) then 

19.23.10 W(a, :t) =..J2ke•• cos (i':r+ B+ vj) 

19.23.11 W(a, - z) = .J2fke'• sin (iw+B+vj) 

where 11, a.nd v1 are again given by 19.23.4. In 
each ca.se the coefficients dar are given by 
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19.23.12 

1 cx8 
) da=-- -t<tx 

a 48 

d _1 ( 7 9 7 7+ 49 2 6+31 3 8+ 4 ) 
9-a3 5760z -320ax 320az 12az · 19ax 

153 
d12=3 :z:«+ 186ax2+80a2 

See [19.11] for d16, ••• , d24, and (19.5) for an al­
ternative form. 

19.24. Modulus and Phase 

When a is positive, the function W(a, z) is 
oscillatory when x< -2...(ri and when x>2..fG; 
when a is negative, the function is oscillatory for 
all x. In such cases it is sometimes convenient 
to write • · 

19.24.1 

Jc-iW(a, x)+iktW(a,-x)=E(a, x)=Fen (z>O) 

19.24.2 

7c-t dW(a, z)+ 'kl dW(a,-:z;) -E'( )- G-,J. dx '!! dx - a, z .-- e ,.. 

Then, when z2> >Ia/, 
(x>O) 

19.24.4 

x"' 1_:z:2-a ln z+l~+.l.-+4a2-3+4a8-19a+ 
T ~2 T" 8z2 8z' . • • 

19.24.5 

a 6a2-5 14a3-63a 
:z;2 4z4 4z6 .. .) 

19.24.6 

~-tx2-a In z+.u. _l?r I 4a2+5+4as+29a+ 
ft'2 T 8:z;2 8:z:4 . . • 

where t/>2 is defined by 19.17.10. 

When a<O, Ia!> >z2 
19.24 .• 7 F-..,fiW(a, O)e'r 

where Vr is given by 19 • .22.5 with p=...;-a. Also 

19.24.8 

1 ( z2 !z4+8 ¥x8+ 152x
2+ ) 

F"' -/p 1-.(4p)z+ (4p)4 (4p)e .. • 

19.24.9 

. .. ) 

Again, when a<O, x2-4a~O, with X=.Jz2+4lal, 
then 

where 8, v, and Vt are given by 19.23.4 a.nd 19.23.9. 
Another form also when a>O, z2-4a~ co is 

19.24.13 

F- {2 ( 1 _ _!__ 5a+ 621 +1371a_ ) -y X. 4X' xs 3ZXS 4Xlo · · · 

19.24.14 

{X ( 5 7a 835 1729a ) 
G--y2 I+ 4X4+xe-32Xs- 4.Xlo + ... 

while~ and x are connected by 

19.24.15 

19.25. Connections With Other Functions 

Connection With Confluent Bypergeo:metric and Bessel 
FunctioPe 

19.25.1 

W(a, ±x)=2-l { ~ H( - t, ~~ tx2
) 

±~2~3 :z:H(-t,ta.iz2)} 
where 

19.25.2 
H(m, n, x)=ruiF1(m+1-in; 2tn+2,; 2ix) 

19.25.3 

19.25.4 
W(O, ±x)=2-t{'irX{J -tClx2

) ±Jl(ta!2)} (z2::0) 



696 PARABOLIC CYLINDER roNCTIONS 

19.25.5 

d
d W(01 ±x)=-2-•x.J;X{ Jt(tx2

) ±J - t(fx2
) } 

X . 
(x~O) 

19.26. Zeros 

Zeros of solutions U (a, x), V (a, x) of 19.1.2 occur 
only for lxl<2-v' -a when a is nega-tive. A single 
exceptional zero is. possible, for any a, in the gen­
eral solution; neither U(a, x) nor V(a, x) has s.uch 
a zero for x>o. 

Approximations may be obtained by reverting 
the series for 1/1 (or X for zeros of derivatives) in 
19.ll, giving 1/1 (or X) values that are multiples of 
h, odd multiples for U(a, x), even multiples for 
V(a, x). Writing 

a= (!r-!a-t)1r 

as an approximation to a zero of the function, or 

~=(ir-!a+l)?r .. 
as an approximation to a. zero of the derivative, 
we obtain for the corresponding zero c or c', with 
-a=p2 t.he expressions 

19.26.1 ~a L 2£r3-3a+52a6-24@aa+315a+ 
c~P' 48p6 _ 7680p9 • • • 

19.26.2 I ~f!.+2;ss+3P+52~6+280~-285~+ 
c - p 48p6 7680p' ... 

These exp~nsions, however, are of little value 
in the neighborhood of the turning point :t=2../ a. 
Here first approximations may be obtained by 
use of the formulas of 19.7. If a,. (negative) is a 
zero of Ai(t), the corresponding zero c of U(a, x) 
is obtained approximately by solving 

19.26.3 

~a=t{ arccos ~-~} 
(-a,.)l 

6)ai 

c=2~~ 

This may be done by inverse use of Table 19.3. 
For a zero of V(a, x), a,. must be replaced by b,., 
a zero of Bi(t). For iurther developments see 
(19.5]. 

Zeros of solutions W(a, x) 1 W(a,-x) of 19.1.3 
occur for !x )>2-Va when a is positive; the general 
solution may, however, have a single zero between 
-2.Ya and +2-Va. If a is negative, zeros are 
unrestricted in range. 

Approximations may be obtained by reverting 
the series for 1/1 (or x) in 19.24. With -a=;J, 
a=(!r-t)?r1 ~=(ir+t) 11', r>O being an odd 

integer for W(a, :t) or its· derivative, or an even 
int~er for W(a,-:~;) or its derivative, the zeros 
± c, ± c' have expansions 

-~ 2ct-3a+52a6-24Dct+ 315a+ 
19.26.4 c-p 48ps 7680p9 ••• 

1 ~ {J 2_83+ 3{J+52p5+ 280~-285~+ 
19.26.5 c 48 6 7680pg ... p p . 

When x is large and a moderate, we may solve 
inversely the series 19.24.4 or 19.24.6 with 
a=i (r,.-i11'-¢2), ~=! (r.,r+~-¢2) , r odd or Men 
as above; the presence of the logarithm makes it 
inconvenient to revert fonnally. 

The expansions 19.26.4 and 19.26.5 fail when z 
is in the neighborhood of 2-Jl(ii. When a is 
positive, a zero c of W(a,-x) is obtained approxi­
mately by solving 

19.26.6 

(-a,)• 
~2=H~.Ve 1-arccosh ~}=~ 

c=2..fa~ 

with the aid of Table 19.3. For a zero of W(a, x) 
we replace a,. by b,.. When a is negative we solve, 
again with the aid of Table 19.3, 

19.26.7 

~~=H~.Ve+I+arcsinh ~ } 
(n-i)1r 

4ja! 

c=2-JiCilc (-a>>O) 

where n=l, 2, 3, ... for an approximate zero 
of W(a, -x)1 and n=t, J, i, ... for an approxi­
mate zero of W(a, x). Further developments are 
given in [19.5]. 

Any of the approxima·tions to zeros obtained 
above may readily be imp.roved as follows: 

Let c be a zero of y, and c' a zero of y', where y 
is a solution of 

19.26.8 y"-ly=O 

Herel=a±iz2, l'=±tz, ] ''=±!;the method is 
general and the following formulae may be used 
whenever 1'"=0. Then if -y, -r' are approxima­
tions to the zeros c, c' and 

19.26.9 'U=y(-y) /y ' (-y) 

with I =l('y) or h=l(-y') respectively, then 
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19.26.10 

c- 'Y- u- !lu3+nl'u• 

19.26.11 
- (-hi" + t J 2)u& +Hll'us+ . .. 

y'(c)"'Y' h ) {1--flu2+tl'u3 

- (h i " +tl' )u•+nii'u5+ ... } 
19.26.12 

c' "''Y1
- l v-tll'v2+ (il2 1' '-!11'1-tl•)tr 

+ (-f,zJ 2J' 1" -J;ll'3--&I•I' )v•+ ... 
19.26.13 

y(c')--y(-y') {l -tJ3v2-iJ3 l 'U3 

- (tJ31' 1-if]'] " +il 8)v•+ ... } 

The process can be repeated, if necessary, using 
as many terms at any stage as seems convenient. 

Note the relations, holding at zeros, 

19.26.14 

19.26.15 

19.26.16 

19.26.17 

U' (a, c)=--fifi-fV(a, e) 

V' (a, c' )=..../2hr/U(a, c') 

W '(a,c)=-1/W (a, - c) 

W (a, c' )= 1/ {! W(a, -x) } %-- • • =-1/W'(a, -c') 

19.27. Bessel Functions of Order ± i, ± t as 
Parabolic Cylinder Functions 

Most applications of these functions r efer to 
cases where parabolic cylinder functions would be 
more appropriate. We have 

2i 
19.27.1 J ±t(tr)= ~ (W (O, -x) ::r=W(O, x)} 

- 2i 
19.27.2 J ±t(tz')= . r.=;; {W (O,x)±W(O, -x)J 

X-y11'X 

Functions of other orders may be obtained by 
use of the recurrence relation 10.1.22, which here 
becomes 

19.27.3 tx2J,+t(iz2) -2vJ,(-f:z:2)+tx2J,_I(tx2)=0 

Again 

19.27.4 

19.27.5 

..fl. Kt(tx2
) l-t(i:t:2)-lt(tx2)= ,

2 
U (O, :z:) 

7r -y'lrX 

19.27.7 

..fl. Kt(ix') =I -tCtx')- It(tx2
) 

7r 

4 d =- - - uco x) x...firx dx ' 

AB before, Be$Sel functions of other orders may be 
obtained by use of the recurrence relation 10.2.23, 
which here becomes 

19.27.8 t:z:2J,+I (i:z:2) +2vJ,(i2f)-t:z;2 f, _ l (tz2) = 0 

19.27.9 tz2K,+1 (t:t2)-2vK,(i:z:2) -tx'K•-1 (tx2
) = 0 

Numerical Methods 

19.28. Use and Extension of the Tables 

For U(a, x) , V(a, x) and W (a, x), interpolation 
x-w:ise may be carried out to 5-figure accuracy 
almost everywhere by using 5-point ·or 6-point 
Lagrangian interpolation. For Ia I~ 1, compa­
rable accuracy a-wise may be obtained with 5- or 
6-point interpolation. 

For la l> 1, U(a, x) and V(a, x) may be obtained 
by use of. recunence relations from two values, 
possibly obtained by interpolation, with Ia I ~I ; 
such a procedure is not available for W(a,. ±x), 
lai> L 

In cases where straightforward use of the a.-wise 
recurrence relation results in loss of accuracy by 
cancellation of leading digits, it may be worth 
while to remark that greater accuracy is usually 
attainable by use of the recurrence relation in the 

rev.erse direction, from arbitrary starting values 
(often 1 and 0) for two values of a somewhat 
beyond the last value desired. This is because the 
recurrence relation is a second order homogeneous 
linear difference equation, and bas two inde­
pendent solutions. Loss of accuracy by cancella­
tion occurs when the solution desired is diminishing 
as a v·a.ries, while the companion solution is in­
creasing. By reversing the direction of progress 
in a, the roles of the two solutions are inter­
changed, and the contribution of the desired solu­
tion now increases, while the unwanted solution 
diminishes to the point of negligibility. By start­
ing sufficiently beyond the last value of a for which 
the function is desired, we can ensure that the 
unwanted solution is negligible but, because the 
starting values were arbitrary, we have an un-
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known multiple of the solution desired. The com­
putation is then carried back until a value of a 
with Ia I::; 1 is .reached, when the precise multiple 
that we have of the desired solution may be deter­
mined and hence removed throughout. Compare 
also 9.12, Example l. 

Example I. Evaluate U(a, 5) for a=5, 6, 7, 
. , using 19.6.4. 

(a+i) U(a+ 1, x)+xU(a, x)- U(a-1, x)=O 

a Forward Backward Final Values 
Recurrence Recurrence 

3 ( -6) 5. 2847* ( 12) 1. 59035 (-6l 5. 2847** 
4 ( -7~ 9. 172* ( 11) 2. 76028 (-7 9. 1724 
5 (-7 1. 5527 (10) 4. 67131 (-7 1. 55227 
6 ( -8) 2. q609 (9~ 7. 72041 (-8 2. 5655 
7 ( -9) 4. 1885 (9 1. 24785 ( -9) 4. 1466 
8 ( -10) 6. 2220 (8~ 1. 97488 ( -10) 6. 5625 
9 ( -10~+ 1. 2676 (7 3.06369 ( - 10) 1. 01806 

10 ( -=--11 -0. 1221 (6) 4. 66352 ( -11) 1. 5497 
11 ( - 11 ) + 1. 2654 (O) 697082 ( -12) 2. 3164 
12 ( -12) -5. 6079 102444 (-13) 3. 404 
13 (- 12)+3. 2555 14789 ( -14) 4. 91 
14 2111 ( -15) 7. 01 
15 292 (- 16) 9. 7 
16 42 
17 5 
18 }+ 

19 o+ 

*From tables. +Starting values. 
**This value was used to obtain the constant multiplier 

d (-6>5·2847 ( 18)3 32?98 f . h k * (12) 1.59035 - . ~ or convert10g t e pre-

vious column into this one. 

The second column shows forward recurrence 
starting with values at a =3, 4 from Table 19.1. 
Backward recurrence starts with values 0 and 1 
at a=19 and 18, containing a multiple kU(a, 5) 
and a subsequently negligible multiple of the other 
solution r (t-a) V(a, 5). Rounding errors con­
vert kU(a, x) into k*U(a, x) without affecting the 
values in the last column. The value of 1/k* is 
identified from the known value of U(3, 5), and 
used to obtain the final column by multiplying 
throughout by 1/k*. The improvement in U(5, 5) 
is evident by comparison with Table 19.1. 

Derivatives. These are not tabulated here. 
Since the functions U(a, x), V(a, x) and W(a, x) 
satisfy differential equations, values of derivatives 
are often required. 

For all these functions the equation is second 
order with first derivative absent, so that second 
derivatives may be readily obtained from function 
values by use of the differential equation. 

First derivatives can be obtained for U(a, :z:) and 
V(a, x) by applying the appropriate recurrence 

relations 19.6.1-2. If less accuracy is needed they 
can be found by use of mean central differences of 
U(a, :~.), V(a, x) and also of W(a, x) with the I ormula 

du 
hu' =h dx =~o~6u-iJ .. u53u+~66u- ... 

using h=.l; this usually gives a 3- or 4-figure 
value of du/dx . 

If greater accuracy is needed for dW(a, x)fdx it 
may be obtained by evaluating d2W/dZ- with the 
help of the differential equation satisfied by W 
and integrating this second derivative numerically. 
This requires one accurate value of dW/dx to 
start off the integration; we describe two methods 
for obtaining this, both making use of the differ­
ence between two fairly widely separated values 
of W, for example, separated by 5 or 10 tabular 
intervals. 

(i) Write j, j~, j~' for W(a, x0+rh) and its 
first two derivatives, then j~ may be found from 

1 h2 n-I 
hj~=-2 <fn-f -n)--

2 
:E (n-r)(J~'-j':.,) 

n n 1 

-;: {ti-ili o2+1ril¥so o4
- ••• } (J~'-J':.,.) 

-h2 { h~o~6-..fJo-~o~oa+rl-Ho~o~o6-... }f~' 

(ii) Consider a solution y of the differential 
equation for W(a, x), namely y"=(-ix2+a)y. 
If we are given values y and y' at a particular 
X=Xo and write T .. =Hny<">fn!, T-1=T-z=O, then 
we may compute Tz, T3, T4, ••• in succession by 
use of the recurrence relation obtained from the 
differential equation, 

Hz 
(n+1)(n+2) [(-t ~+a)T,.-tHxoT .. -1 

These are computed, to a fixed number of decimals 
until they become negligible, thus giving 

y(xo±H)=To±Tt+T2±Ta+ ... 

This may be applied, with H =rh, h being the 
tabular interval, and r a small integer, say r=5, 
to the solutions y=yiJ y=yz having 

y1 (x0) = W(a, :ro) 

Yz(Xo) =0 

y~(xo)= W*'(a, Xo) 

y~(x0)=1 

in which W*'(a, x0) is an approximation to 
W'(a, x0), not necessarily a good one; it may be 
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obtained from differences, for example. We thus 
obtain Yt(Xo±H) and Y2Cxo±H). 

Now suppose 

W'(a, Xo)= W*'(a, Xo)+>. 

then, for all x 

W(a, x) =Y1 (:r) + Xy2(x) 

and in particular 

W(a, Xo±H) =yl(xo±H) +>-y2(xo±H) 

The values of W(a, Xo±H) may be read from the 
tables and two independent estimates of X ob­
tained, whence 

W'(a, x0) = W*'(a, x0) +>-

to a suitable accuracy. 

Example 2. Evaluate W' ( -3, 1) using r= 5. 
From Table 19.2 

W(-3, .5)=-.05857 W(-3, 1)=-.61113 

W( -3, 1.5) = -.69502 

(i) Using the first method 

X W(-3, x) W"(-3, x) 6 a• a a 

0. 4 +O. 07298 -0. 22186 
0. 5 -. 05857 +. 17937 +131 
0. 6 -. 18832 . 58191 
0. 7 -. 31226 . 97503 
0.8 -. 42646 1. 34761 

34081 
0. 9 -. 52722 1. 68842 

29775 -1095 
1. 0 -. 61113 1. 98617 

24374 -1032 
1. 1 -. 67522 2. 22991 

17941 
1.2 -. 71706 2. 40932 
1.3 -. 73488 2. 51513 
1.4 -. 72761 2. 53936 
1.5 -. 69502 2.47601 -9129 
1.6 -. 63774 2.32137 

The fifth decimal in W"( -3, x) is only a guard 
figure which is hardly needed. Only the differ­
ences needed have been computed. 

Then 

itrW' ( -3, 1) 
1 

=to-<-. 69502+ .o5ss7) -
1000 

c1 o.3887 4) 

-10~0 { -h (2.29664) -z!_0 (-.09260) } 

-1~0 {2~ (.54149)-1~~0 (-.02127) } 

=-.0636450-.0103887-.0001918-.0002272 

=- .tli ~~'5~i 

Thus W'(-3, 1)=-.74453. This might have an 
error up to about 1! units in the last figure but is, 
in fact, correct to 5 decimals. 

(ii) Using the second method, with 

Yt(1)=W(-3, 1)=-.61113 to 5 decimals 
y;(1)=-.745 to about 3 decimals 

the following values result, with H=.5, 

Yt Y2 W(-3, :t)=yt+>..y2 

To .61113 .0000 At x=l.5 
T1 .37250 +.5000 X- .695223 + .4323X 

=-.69502 
T2 + .24827 2 .0000 >.=.000203/.4323 
Ta + 5680 9 677 =.000470 
T. 1407 4 26 So W'(-3. 1) 

=-.745+>. 
=-.744530 

T5 279 3 + 24 Atx=.5 
Ta + 13 4 + 2 -.058363-.4371>. 

=-.05857 
T1 + 5 4 X= .000207/.4371 
Ts + 5 =.000474 
y(1.5)- .695223 +.4323 So W'(-3, 1) 
y(.5) - .058363 -.4371 =-.745 +>-

=-.744526 

Thus W'(-3, 1)=-.74453 which is correct to 
5 decimals. 

Example 3. Evaluate the positive zero of 
U(-3, x). 

We use 19.7 .3 to obtain a first approximation, 
see 19.26.3. The appropriate zero of Ai(t) is at 

whence 
t= (4jaj)IT= -2.338 

'T=- (2.338) X (12)-i=-.4461 

Hence, from Table 19.3, ~=.3990 and the approxi­
mate zero is x=2v'fCil~= 1.382. 

We improve this by using 19.26.10, but take, for 
convenience, x= 1.4 as an approximation, so that 
the value of U can be read directly from the tables. 
U' can be obtained as in the section following 

Example l. 

We find 

U(-3, 1.4)=.02627 

Then 19.26.9 gives 

u=U/U'=.012730 

U'( -3, 1.4) =2.0637 

1=-2.51 
1'=.7 1"=.5 
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c=1.4-.012730+.000002=1.38727 y'(c.) =2.0637(1 +.000203) =2.0641 

which is correct to 5 decimals, while 19.26.11 gives compared with the correct value 2.06416. 
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20. Mathieu Functions 

Mathematical Properties 

20.1. Mathieu's Equation 

Canonical Form of the Differential ·Equation 

20.1.1 
d2y 
dv2+(a-2q cos 2v)y=O 

Mathieu•s Modified Differential Equation 

d2j 
20.1.2 du2-(a-2q cosh 2u)J=0 (v=iu,y j) 

Relation Between Mathieu's Equation and the Wave 
Equation for the Elliptic Cylinder 

The wave equation in Cartesian coordinates is 

20.1.3 ()2W + C>ZW+C>2W +k2W=O 
()z2 ()y2 ()z2 

A solution W is obtainable by separation of vari­
ables in elliptical coordinates. Thus, let • 

x= p cosh u cos v,· y= p sinh u sin v; z= z; 

p a positive constant; 20.1.3 becomes 

20.1.4 

* (>2W + 2 (()2W + ?>ZW\ I Jc2W- 0 
(>zZ p2 (COSh 2 '11.- COS 2V) ()u 2 o?f ) 1 

-

Assuming a solution of the form 

W-~p(z)j(u)g(v) _ 

and substituting the above into 20.1.4 one obtains, 
after dividing through by W, 

! d2tp +G=O 
"'dz2 

where 

G- 2 - { d2t !+ dzg !} k2 
• - p2 (cosh 2u-cos 2v) du2 j clv2 a + 

Since z, u, v are independent variables, it follows 
that 

20.1.5 

where c is a constant. 

Again, from the fact that G=c and that u, v 
are independent variables, one sets 

20.1.6 
d2

" 1 (k1 
) * a=-J -+ - c p2 cosh 2u 

du2 j 2 

722 

d2g 1 (k2-c) 
a= - - ~ p2 cos 2v dv2 g 2 • 

where a is a constant. The above are equivalent 
to 20.1.1 and 20.1.2. The constants c and a are 
often referred to as 8eparation constant.s, due to the 
role they plA.y in 20.1.5 and 20.1.6. 

For some physically important solutions, the 
function g must be periodic, of period .,... or 2.,..., 
It can be shown that there exists a countably 
infinite set of characteristic valuea a,(q) which yield 
even periodic solutions of 20.1.1; there is another 
countably infinite sequence of characteristic values 
b,(q) which yield odd periodic solutions of 20.1.1. 

It is known that there exist periodic solutions of 
period k.,..., where k is any positive integer. In 
what follows, however, the term characteristic 
value will be reserved for a value associated with 
solutions of period r or 2.,... only. These character­
istic values are of basic importance to the general 
theory of the differential equation for arbitrary 
parameters a and q. 

An Algebraic Fonn or Mathieu•• Equation 

20.1.7 

(1-tl) d2y_.t dfl I (a+2q-4qt')y=O 
dt2 dt 

(cos v=t) 

Relatio.n to Spheroidal Wave Equation -

Thus, Mathieu's equation is a special case of 
20.1.8, with b=-!, c=a+2q. 

20.2. Determination of Characteristic Values 

A solution of 20.1.1 with v replaced by z, having 
period r or 2r is of the form 

... 
20.2.1 y=~ (A,. cos mz+B,. sin mz) ,_o 
where B0 "an be taken as zero. If the above is 
substituted into 20.1.1 one obtains 

20.2.2 . 
~ [(a-ml)A,.-q(A,.-2+A,.+2)] cos mz 

m- -2 -+ ~ [(a-m2)B.-q(B,._2+B,.+2)] sin mz=O 
m--1 

A_,., B_,.=O m>O 
'See page a. 
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Equation 20.2.2 can be reduced to one of four 
simpler types, given in 20.2.3 and 20.2.4 below 

ID 

20.2.3 Yo=~ A2m+11 cos (2m+p)z, 
m•O 

p=O or 1 

<» 

20.2.4 Yt= :E B 2,.+P sin (2m+p)z, 
m•O 

p=O or 1 

If p=O, the solution is of period 'lri if p=l, the 
solution is of period 21r. 

Recurrence Rela tione Among the Coefficients 

Even solutions of period 1r: 

20.2.5 

20.2.6 

aAo-qA2=0 

(a-4)A2-q(2Ao+A.)=O 

Even solutions of period 21r: 

20.2.8 

along with 20.2.7 for m~3. 

Odd solutions of period 1r: 

20.2.9 

* 20.2.10 (a-m2)B.,.-q(B,._2+B.,.+2)=0 

Odd solu tions of period 21r: 

20.2.11 (a-l)B.+q(B.-Ba)=O, 

along with 20.2.10 for m~3. 

Let 

20.2.12 Ge,.=A.,iAm-2, Go.,.= B.,,./Bm_z; 

(m~3) 

Gm= Ge,. or Go,. when the same operations apply 
to both, and no ambiguity is likely to arise. 
Further let 

20.2.13 

Equations 20.2.5-20.2.7 are equivalent to 

20.2.14 

20.2.15 Gm=l/(V,.-G,.H) 

for even solutions of period 1r. 
Similarly 

(m~3), 

20.2.16 V1-1 = Gea; for even solutions of period 
21r, along with 20.2.15 

20.2.17 V. + 1 = Go3 , for odd solutions of period 
21r, along with 20.2.15 

•see page o. 

20.2.18 V2=Go., for odd solutions of period 1r, 
along with 20.2.15 

These three-term recurrence relations among the 
coefficients indicate that every a,. can be developed 
into two types of continued fractions. Thus 
20.2.15 is equivalent to 

20.2.19 

am 1 1 1 1 ( ) v a v - v - v - ... m~3 
,.- m+2 m m+2 m+l 

20.2.20 

Gm+2= Vm-1jG.,. 

-v _ 1 1 VJo 
- "' v v · · ·v + m-2- m-t- O+d IPt 

where 

~PJ=d=O; ~Po=2, if G,.+2=A2,/A21-2 

(m~3) 

IPI =d= !po=O, if G,.+2=B2,/B2J-2 

~PJ=- 1 ; <Po=d=l, if Gm-t2=A~,+t/A2,-1 

~PJ=d=tPo=l, if G,.+2=B2•+•/B2,-l 

The four choices o£ the parameters ~Pt, ~Po, d 
correspond to the four types of solut ions 20.2.3-
20.2.4. Hereafter, it will be convenient to sep­
arate the characteristic values a into two major 
subsets: 

a=a,, associated with even periodic solutions 

a= b,, associated-with odd periodic solutions 

If 20.2.19 is suitably combined with 20.2.13-20.2.18 
there result four types of continued fractions, the 
roots of which yield the required characteristic 
values 

2 1 1 
20.2.21 Vo- v--v -v . . . =0 Roots:~' 

2- . - e-

20.2.22 

20.2.24 

1 1 1 
Vt+l--v -v -v .. . =0 Roots: b2,+• 

a- s- 1-

If a is a root of 20.2.21-20.2.24, then the corre­
sponding solution exists and is an eDtire function 
of z, for general complex values of q. 

If q is real, then the Sturmian theory of second 
order linear differential equations yields the 
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following: 
(a) For a fixed real q, characteristic values a, u.nd 

b, are real and distinct, if q ;;C 0; ao< b1 <a, 
<b2<a2< ... , q>O and a,(q), b,(q) ap­
proach r 2 as q a pproaclles zero. 

(b) A solution of 20.1.1 associated with a, OJ~ b, 
has r zeros in the interval 0 ~ z< 1r, (q real )I . 

(c) The form of 20.2.21 and 20.2.23 shows tha.t if 
~, is a root of 20.2.21 and q is different from 
zero, then a2, cannot be a root of 20.2 .. 23, 
similarly, rio root of 20.2.22 can be a roo1; of 
20.2.24 if q¢0. It may be shown from other 
considerations that for a given point (a,. q) 
there can be at most one periodic solution of 
period 1r or 211" if q ;;eO. This no longer holds 
for solutions of period s1r, s 2::3; for these all 
solutions are periodic, if one is. 

o, 
b, 

32 

-12 

-20 

-24 

F I GURJ: 20.1. Characteristic Values a,, b, 7'= 0,1(1)5 

Power Series for Characteristic Values 

20.2.25 

( - q2 7cf 29t 68687q8 
ao q)--2+128-2304+18874368+ · · · 

- <t r! qf 11 q6 49q8 
at (-q) - 1- q-s+ 64-1536-36864 + 589824 
bl(q) 

55q1 83qB 
9437184 35389440+ ... 

- tf 5q.. 289q6 

b2 ( g_) - 4-12 + 13824 79626240 

2139lq8 + 458647142400 + . .. 

- 5rf 7'63g_4 100240lt 
a2(q) - 4+12-13824 + 79626240 

1669068401fjl 
458647142400 + . ' . 

- - q2 rl 13cf 5f/ as< q)-9+16-64+20480+16384 
ba(g_) 

1961 g_8 60.9q1 

23592960+104857600+ ... 

f/ 317q6 10049q6 

b.(q)=16+ao 864ooo+272160oooo+ · · · 

37(]_8 

+891813888+ . . . 

- rf 187q• 5861633q8
· 

ba(q)-36+70+43904000 92935987200000+ ·'' 

q2 187q4 6743617q8 

aa(q) = 36+70 + 43904000 + 92935987200000 + · · · 

For r2::7, and lql not too large, a, is approxi­
mately equal to b,, and the following approxima­
tion may be used 

20.2.26 

a,}- qa (5r+7)t 
b, -r2+2(r-l) +32(r-1)8(r-4) 

(9r4+5Br7+29)q_G 
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The above expansion is not limited to integr11}l 
values of r 1 and it is a very good approxi:matiOtn 
for r of the form n+l where n is an integer. In 
case of integral values of r=n, the series holds 
only up to terms not involving r-n2 in the 
denominator. Subsequent terms must be derive)d 
specially (as shown by Mathieu). Mulhollan1d 
and Goldstein [20.38] have computed cho.racte:r­
istic -values for purely imaginary q and found thnt 
a0 and a2 have a. common real v.alue for jql in the 
neighborhood of 1.468; Bouwkamp [20.5] hu.s 
computed this number a.s q0= ±i 1.46876852 to 8 
decimals. For values of -iq>-iq01 a0 and ~~ 
are conjugate complex numbers. From equati<m 
20.2.25 it follows that the radius of convergenee 
for the series defining ao is no greater than lqul· 
It is shown in [20.36], section 2.25 that the radius 
of convergence for ~ .. (q), n>2 is greater than :3. 
Furthermore 

Power Series in q for the Periodic Fu.nctioll8 {for 
81lfficiently small. I q I) 

20.2.27 

ce0(z g)=2-i [1-j cos 2e+f (cos 4·2 
_ _l) 

I . 2 32 16 

_ ,..a (cos 6z 11 cos 2z)+ J 
'.! 1152 128 .. " 

ce1(z, q)=cos z-f cos 3z 

+!f [cos 5z _cos 3z _cos z] 
192 64 128 

-f/ [ cos 7z _cos 5z _cos 3z +cos z]+ 
9216 1152 3072 512 . . . 

se1(z, q)=sin z-~ sin 3z 

+t [sin 5z +sin 3z _ sin z] 
192 64 128 

[
sin 7z sin 5z sin 3z sin z] 

-rf 9216 + 1152- 3072- 512 +.". 

se (z q)=sin 2z-nsin4z+n2(sin 6z _ sin2z)+ 2 
I :t 12 't 384 288 • • • 

20.2.28 

ce (z q) {cos [ (r+2)z-p !J 
se:(z: q) =oos (rz-p(7r/2)) - q 4(r+l) 2 

_cos [(r-2)z-p{1r/2}]} 
4(r-1) 

+t{cos [ (r+4) z-p(7r/2)] +cos [ (r-4) z-p(?r/2)] 
32(r+l)(r+2) 32(r-.l)(r-2) 

_cos [rz-p(w/2)] [2( rt+ 1 )J} 
32 (rt-1)2 + ... 

with p=O for ce,(z, q), p=1 for se,(z1 q), r~3. 

FIGURE 20.2. Even Periodic Mathieu Functiona, Orderts 0-5 
q=l. 

( g) - 2 (cos4z 1)+<! (cos 6z 19 ,aos 2z)+ ce2 z, -cos z-n ---- ------
x 12 4 384 ~a88 · · · 
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se, 

, I 

/ 
I 

\,j 

l\ 
i \ . ' \ 

FIGURE 20.3. Odd Periodic Mathieu Functio'M, Order$1-·5 
q=1. 

. I 
X I · 

\ /\ I \ I 
\ , \ \ I 
v) ./ ·I 
'( f. ) \ __ ) .. -- \__,. \ 

\ _ 

FIGURE 20.4. Even Periodic Mathieu Functio'M, Orders 0--5 
q=lO. 

F rGURE 20.5. Odd Periodic Mathieu Functions, Orders 1- 5 
q=lO. 

For coefficients associated with a hove functions 

20.2.29 

A8(0) =2-;; A~(O)=B~(O) =1, r> O 
, 

A~.=[(-l)'q'/sls!22'- 1 ] ~+ ... , s>O 

A' . 
B-~+2'=[(- l }'rl q'/4'(r+s)l sl} 0~+ . .. 

r+i• 
rs>O, O~=A'~ orB~ 

(r-s-l )!q' . 
sl(r-1)1 4' ~+ · .. 

Asymptotic E-xp.ansion for Characteristic Values, q»l 

Let w=2r+ 1, q=w4
1(J, 'I(J real. Then 

where 
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20.2.31 b,+t-a,-z4.rH..fi(;g!'+te-•..fifrl, q~cn 

(given in [20.36] without proof.) 

20.3. Floquet's Theorem and Its Consequences 

Since the coefficients of Mathieu's equation 

20.3.1 y" + (a-2q cos 2z)y=O 

are periodic functions of z, it follows from the 
known theory relating to such equations that 
there exists a solution of the form 

20.3.2 F,(z) =e'•'P(z), 

where v depends on a and q, and P(z) is a periodic 
function, of the same period as •that of the 
coefficients in 20.3.1, namely 1r. (Floquet'e 
theorem; see [20.16] or [20.22] for its more general 
form.) The constant v is called the characteristic 
exponent. Similarly 

20.3.3 F,( -z)=e-'•'P( -z) 

satisfies 20.3.1 whenever 20.3.2 does. Both F,(z) 
and F,(-z) have the property 

20.3.4 

y(z+br) =011y(z) , y=F,(z) or F,( -z), 
0=e1

" ' for F,(z), C=e-t.w for F,(-z) 

Solutions having the property 20.3.4 will hereafLer 
be termed Floquet solutions. Whenever F,(z) 
and F,( - z) are linearly independent, the general 
solution of 20.3.1 can be put into the form 

20.3.5 y= AF,(z) + BF,(-z) 

If AB ;eo, the above solution will no.t be a FlOqu~ 
solution. It will be seen later, from·:the method 
for determining v when a and q are given, tha.t 

' ' there is some ambiguity in the definition of v; 
namely, v can be reploced by v+2k, where k is an 
arbitrary integer. This is as it should be, since 
the addition of the factor ElXP. (2ikz) in 20.3.2 still 
leaves a periodic funr.tion of period 1r Cor the 
coefficient of exp ivz. 

It turns out that when a belongs to the set of 
characteristic values a, and b, of 20.2, then 11 is 
zero or an integer. It is convenient to associate 
v=r with a,(q), and 11= -r with b,(q) j see [20.36]. 
In the special case when v is a.n integer, F,(z) is 

proportional to F, (-z); the second, independent 
solution of 20.3.1 then has the form 

CD 

20.3.6 1/l=zce,(z, q)+ "5"; rht+D sin (2k+p)z, r-o 
associated with ce,(z, g) 

.. 
20.3.7 Y2=zse,(z, g)+ ~fu+P cos (2k+p)z, 

~-o 

associated with se,(z, g) 

The coefficients ~H71 and f 2Jc+11 depend on the cor­
responding coefficients Am and B'", respectively, 
of 20.2, as well as on a and q. See [20.30], section 
(7.50)-(7.51) and [20.58], section V, for details. 

If vis not an integer, then the Floquet solutions 
F,(z) and F.( -z) are linearly independent. It 
is clear that 20.3.2 can be written in the form 

... 
20.3.8 F,(z)= ~ C2~H•+2IIl~. ·---
From 20.3.8 it follows that if v is a proper fraction 
md~. then every solution of 20.3.1 is periodic, 
and of period at most 21f'm2. This agrees with 
results already noted in 20.2; i.e., both independent 
solutions are periodic, if one is, provided the period 
is different from 1r and 211'. 

Method of Generating the Characteristic EXponent 

DP.fine two linearly independent solutions of 
20.3.1, for fu::ed a, q by 

20.3.9 
1/1(0)=1; y;(Q)=O. 

1/2(0)=0; y~(O)= 1. 

Then it can be shown that 

20.3.10 cos 11'v-y1(,..)=0 

20.3.11 cos 1rv-1-2y; (~) 1/2 (~)=o 

Thus v may be obtained from a knowledge of 

y1('11') ~r from a knowledge of both y; (~)and 112(~) · 
For numerical purposes 20.3.11 may be more 
desirable because of the shorter range of integra­
tion, and hence the lesser accumulation o( round­
off errors. Either v, -11, or ±v+2k (k an arbi­
trary integer) can be taken as the solution of 
20.3.11. Once ,.. has been :fixed, the coefficients 
of 20.3.8 can be determined, except for an arbitrary 
multiplier which is independent of z. 

The characteristic exponent can also be com­
puted from a continued fraction, in a manner 
analogous to developments in 20.2, if a sufficiently 
close first approximation to v is available. For 
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syBtematic tabulation, this method is considerably 
faster than the method of numerical integration. 
Thus, when 20.3·8 is substituted into 20.3.1, 
there result the following recurrence relations: 

20.3.12 

wliere 

20.3.13 v2,.=[a- (21t+v)2]/q, -oo <n< 00. 

W'hen 11 is complex, the coefficients V2n·· may also 
be complex. As in 20.2, it is possible to generate 
the ratios 

Gm=Cm/Cm-2 and H_m=C-m-2/C-m 

from the continued fractions 

20.3.14 

Gm 
1 1 

m~O v ... - Vm+2-

H_,. 1 1 
m~O. v_,.._2_ v_,._.- . 

From the form of 20.3.13 and the known properties 
of continued fractions it is assured that for 
sufficiently large values of lm) both \G,.\ a.nd 
)H_,.) converge. Once values of G,,. and H_,. are 
available for some sufficiently large value of m, 
then the finite numberofratios Gm-?.1 Gm-•• . . . , Go 
can be computed in turn, if they exist. Similarly 
for H-m+2, ... , H0• I t is easy to show that 11 is 
the correct characteristic exponent, a.ppropriate 
for the point (a, q), if and only if 8 000=1. An 

- iteration technique can be used to improve the 
value of v, by the method suggested in [20.3]. 
One coefficient c1 can be assigned arbitrarily; the 
rest are then completely determined. Mter all 
the c1 became available, a multiplier (depending 
on g but not on z) can be found to satisfy a 
prescribed normalization. 

It is well known that continued fractions can 
be converted to determinantal form. Equation 
20.3.14 can in fact be written as a determinant 
with an infinite number of rows-a special case of 
Hill's determinant. See [20.19], [20.36], [20.15), 
or [20.30} for details. .Although the determinant 
has actl.l8olly been used in computations where 
high-speed computers were ava-ilable, the direct 
use of the continued fraction seems much less 
laborious. 

Special Cases (a, q Real) 

Corresponding to q=O, Y1=cos ..[az, Y2=sin .,faz; 
the Floquet solutions are exp(iaz) and e.xp(-iaz). 
As a, q vary continuously in the q- a plane, 
" describes curves; 11 is real when (q, a), q~O 
lies in the region between a,(q) and b,H (q) and 

0 

4.0 

) .$ 

-.~ 

-1.0 

-z .o 

___ ..--- ~ 

2.0 

.-- -- ---- ......... 
...J,l,--

FIGURE 20.6. Characteri8tic Exponent-First Two Stable 
Re,gions y=e•nP(x) whtre P(x) is a periodic function of 
period~. 

0 

0 

·I 

•2. 

·3 

· 4 

· !I 

Definition of "; 
In first stable region, 0 ~" ~ 1, 
In second stable region, 1 $" ~2. 

(Constructed from tabular values suppUed by T. 'l'1U11lr1 Brooklyn 
Polytechnic Institute) 

0 

· I 

· 2 

., 

-4 

-~ 

FtG111Ul 20. 7. Character·istic Exponen-t i·r~ First Unstable 
Region. Dif!srential equation: y" + (a-2q cos 2z)y=O. 
Th.B Floquet so~ution y=e••zP(:z;), where P(z) iB a periodic 
function of period 1r . In the first wnatable region, 11=il'; 
I' is givenfor a~-5. (Constructed a.t NBS.) 
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-----ra 1.7 1.8 1.9 2.!> 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2..8 2..9 "fiN 

Chart11 of the Characteristic F.aponent. 
(From B. 1. Znroodny, .An elementary review of the Mntbleu· Wll equation of real ~ariab!e based on numerlnal solu· 

tlons, Bnlllstle Researcb Laboratory Memo. Rept. 878, Abordeen Proving Ground, Md., 1956, wltb perrnJssJon.) 

-- s=e"'"=comtant; in unstable regions 
- -- - "=comtant; in stable regitmtJ 
- . -. - Liner of comtant 11alues of - q. 
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I 
.8 Pr~-+--+--+--+--+--t--t--+--+-;.-

~ 

3.0 3.1 3.2 3.3 3.4 3 .5 

-- -vo 
FlGVR~ 20.10. Ch~;~rl of the ChGradcriatic ~;z;po~nt, 

(From S. J. Z&roodn;y, An element&l'} review or tbe Mathieu-Hill equation 

ot real VliTI&ble based on numerical solutions, Balllstlo Research Laborat•Dry 

Memo. Rept. 878, Aberdeen Prov'lng Oround, Md., 1965, with permlssl•~nl 

-- 8=e'"'=con8tant; in umtable region~ 
-- - - v=con8tant; in stable regionB - -
- . - . - Linu of comtant values of - q. 

aU solutions of 20.1.1 for real z are therefore 
bounded ~stable) ; " is complex in regions between 
b, and a,; in these regions every solution becomes 
infinite at least once; hence these regions are 
termed "unstable regions"_ The characterist.ic 
curves an b, separate the regions of stability. 
For negative q, the stable regions are between 
b2r+l and b2,+2, a,, and a,,+l; the unstable regions are 
between a,,+1 and b2r+l• a,, and b2,. 

In some problems solutions are required for real 
values of z only. In such cases a knowledge of 
the characteristic exponent v and the periodic 
function P(z) is sufficient for the evaluation of 
the required functions. For complex values of z, 
however, the series defining P(z) converges slowl;y. 
Other solutions will be determined in the ne:rt. 
section; they all have the remarkable propert;y 
that they depend on the sa.me coefficients c~,. 
developed in connection with Floquet's theorem 
(except for an arbitrary normalization factor). 

Expanai.ona for Small q ((20.36) chapter 2) 

If v, q are fixed : 

20.3.15 
_ 2 r/ {5v2+7) q4 

a-v +2(v2-1) + 32{v2-1)3 (v2-4) 

(9v'+58v2+29) £/ 
+64(v2-l)•(v2-4)(v2-9) + ... (v¢1,2,3). 

For the coefficients c21 of 20.3.8 

20.3.16 
- q (v2-l-4v+7)q8 

02/Co= 4(v+ 1) 128(v+ 1)3(v+2) (v-1) + · . · 
(v¢1,2) 

c./co=rf/32(v+1)(v-l-2)+ . .. 

c2,/co=(- l)'q'r{v+1) /2~str(v+s+l)+ . .. 

20.3.17 
eH•-21~ }] 
4(v-1) + ·' · 

(v not an integer) 

For small values of a 

20.3.18 

20.4. Other Solutions of Mathieu's Equation 

Following Erd~yi [20.14], [20.15], define 

20.4.1 cp.t(z)=[e1~ cos (z-b)/cos (z+b)]lV~.:(J) 

where 

20.4.2 f=2(q cos (z- b) cos (z+b)]~1 
and J i.(j) is the Bessel function of order k; b is a 
fixed, arbit.ra.ry complex number. By using the 
recurrence relations for Bessel functions the follow­
ing may be verified : 

20.4.3 

~;11:-2q(cos 2z)cp~~:+q(cp~-2+cpH2)+k2~=0. 

It follows that a formal solution of 20.1.1 is given 
by 

20.4.4 
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where the coefficients~ .. are those associated with 
Floquet's solution. In the above, v may be 
complex. Except for the special case when. v is 
an integer, the following holds: 

IP2n+•-2 IP-211+• -4'11.2 

IP2~~+• "'IP-211+•+2"' q[cos (z-b))2 
(n·-? CXI) 

If v and n are integers, J -2n+,(f)=(-l )•J2,.--.(f). 

[ IP2n+•/ IP2n+•-2] ....,_[cos (z-b )]2q/4n2 

fiP- 2n+•/IP- 2n+•+2l"' -4n2/q [cos (z-b)]Z 

On the other hand 

" 
(n·_, CXI) 

It follows that 20.4.4 converges absolutely and 
uniformly in every closed region where 

Ieos (z-b)l>d~>l. 

There are two such disjoint regions : 

(I ) .F(z-b)>fh>O; (Ieos (z-b)l>d1> I) 

(II) J(z-b)< -d2<0; (jcos (z-b)l>dJ>Jl) 

If v is an integer 20.4.4 converges for all valULes of 
z. Various representations are found by spll'lcia.l­
izing b. 

20.4.5 
CD 

If b=O, y=e1
•'

12 2: c2,.( -l)"J tn+•(2{Q cos~~) 

(Ieos zi>I, ja.rg 2-Jq cos zl51r) 
20.4.6 

If b=~1 y= ni;.,. ~ .. J 2,.+,(2i.,fq sin z) 

(!sin zj>l, jarg 2-v'Q sin zj5?r) 

If b-"a:>i, y reduces to a multiple of the solution 
20.3.8. The fact that 20.3.8, 20.4.5, and 2:0.4.6 
are special cases of 20.4.4 explains why it is that 
these apparently dissimilar expansions in1rolve 
the same set of coefficients c2,.. 

Since 20.4.4 results from the recurrence pr,oper­
ties of Bessel functions, J t(j) can be replace,d by 
Hii> (j), j = 1, 2, where Hf{> is the Hankel funetion, 
at least formally. Thus let 

where j satisfies 20.4.2. An examination of tha 
ratios 1/12n+•!Vth+•-2 shows that 

CD 

y= ~ C2n1/l~+• 
n---otZII 

will be a solution provided 

jcos (z-b)I>I; jcos (z+b)I>L 

The above two conditions are necessary even 
when v is an integer. Once b is fixed, the regions 
in which the solutions converge can be readily 
established. 

Following [20 .36] let 

20.4.7 

J11(x)=Z~ll(z) j Y11(x)=Z~2>(x); 
H~u(z)=Z~3> (x); H~21 (z)=Z~•> (z) 

If z is replaced by -ig in 20.4.5 and 20.4.6 
solutions of 20.1.2 are obtained. Thus 

20.4.8 

yfJ>(z)= ij c2,.(-I)"Zi!,>+,(2.;q cosh z) 
n--• 

(jcosh zi>I) 
20.4.9 

y%1>(z)= '£ c2nZJ{>+.(2.,fq_ sinh z) 

(jsinb zl>t, j=l, 2, 3, 4) 

The relation between yf1l(z) and-yi1>(z) can be 
determined from the asymptotic properties of the 
Bessel functions for large values of argument. It 
can b~ shown that 

20.4.10 

(~z>O) . 

When " is not an integer, the above solutions 
do not vanish identically. See 20.6 for integral 
values of v. 

Solutiolltl Involving Products of BesaeJ Functions 

20.4.11 
1 ... 

y~Jl (z)=- ~ c1,.(-l)nZ~+•+•({qe'•)J,_,(..;qe-'•) 
c2,n--... 

(j=l, 2, 3, 4) 

satisfies 20.1.1, where z~)(u) is defined in 20.4.7, 
the coefficients c2,. belong to the Floquet ~olution, 
and sis an arbitrary integer,~,~ 0. The solution 
converges over the entire complex z-plane if q-;& 0. 
Written with z replaced by -iz, one obtains 
solutions of 20.1.2. 
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20.4.12 

It can be verified from 20.4.8 and 20.4.12 that 

20.4.13 
yfJ> (z) 

M1(z, g) F,(O), 

provided c,, ;eO. If c2,=0, the coefficient of 1/c2, 

in 20.4.11 vanishes identically. For details see 
(20.43], [20.151, (20.36]. 

If s is chosen so that lc2,1 is the largest coefficient 
of the set [c21l, then rapid convergence of 20.4.12 
is obtained, when &lz>O. Even then one must 
be on guard against the possible loss of significant 
figures in the process of summing the series, 
especially so when q is large, and Jzl small. (If 
j ;el, then the phase of the logarithmic terms 
occurring in 20.4.12 must be defined, to make the 
functions single-valued.) 

20.5. Properties of Orthogonality and 
Normalization 

If a(11+2p, q), a (v+ 2s, q) are simple roots of 
20.3.10 then 

20.5.1 ir F.Hp(z)F,+2,(-z)dz=01 if p~B. 
Define 

20.5.2 1 
ce,(z, g)=2 (F,(z)+F,(-z)]; 

se,(z, q)=-i ~ [F,(z)-F,( -z)] 

ce,(z, q), se,(z, q) are thus even and odd functions 
of z, respectively, for all v (when not identica.lly 
zero). 

If v is a.n integer, then ce,(z, q), se,(z, q) are 
either Floquet solutions or identically zero. 
The solu tions ce.(z, q) are associated with a~ ; 
se,(z, q) are associated with .b,; r a.n integer. 

Normalization for Inte~aJ Values of" and Real q 

20.5.3 J:,. [ce,(z,q))1dz= J:2
• [se,(z,q)J2dz='lr 

For integral values of v the summation in 
20.3.8 reduces to the simpler forms 20.2.3-20.2.4; 
on account of 20.5.3, the coefficients Am and Bm 
(for all orders r) have the property 

20.5.4 

2A~+A~+ ... =A~+A:+ . . . 
=m+m+ ... =m+.m+ ... =1. 

20.5.5 

1 f2r 1 rtr 
A~· =2'1!" Jo ce2,(z, q)dz; ~=; Jo ce,(z, q) cos nzdz 

1 ib B~=- se,(z, g) sin nzdz 
1r 0 

njli!Q 

For integral values of v, the functions ce,(z, q) 
and se,(z, q) form a complete orthogonal set for 
the interval 0SaS2Tr. Each of the foUl' systems 
cez,(z), ce2r+t(z), se2,(z), 8e2,+t(z) is complete in the 
sma.ller interval 0 sz S i1r, and each of the systems 
ce,(z), se,(z) is complete in 0 szs1r. 

If q is not real, there exist multipl~ roots of 
20.3.10; for such special values of a(q), the integrals 
in 20.5.3 vanish, and the normalization is therefore 
impossible. In applications, the particular nor­
malization adopted is of little importance, except 
possibly for obtaining quantitative relations be­
tween solutions of various types. For this reason 
the normalization of F,(z), for arbitrary complex 
values of a, q, will not be specified here. It is 
worth noting, however, that solutions 

ace,(z, q), 

defined so that 

ace,(O, q)= 1; [dd f3se,(z, q)J =1 
Z z-o 

are always possible. This normalization has in 
fact been used in [20.59L and also in (20.58], 
where the most extensive tabular material is 
available. The tabulated entries in .[20.58] sup­
ply the conversion factors A=l/a, B=l/13, along 
with the coefficients. Thus conversion from one 
normalization to another is rather easy. 

In a similar vein, no general normalization will 
be imposed on the functions defined in 20.4.8. 

20.6. Solutions of Mathieu's Modified Equation 
20.1.2 for lntegral11 (Radial Solutions) 

Solutions of the first kind 

20.6.1 

... 
='5: ~a~(q) cosh (2k+p)z 

t.:O 
associated with a,. 
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"' 20.6.2 Se2r+11 (z, q)=-ise2r+,'(iz, g)=~ ~U~(g) sinh (2k+p) z, !:l.SSOciated with b, 
.t- o 

20.6.3 

20.6.4 

20.6.5 

20.6.6 

se~,+l(O,q) ~-B T (Z r;; . h ) 
_ r;; '1;>2r+ 1 _ 2H 1 t12.tH cy q_ Sln 2 
-yq.o1 - o 

See [20.30] for still other forms. 
Solutions of the second kind, as well 111.8 solutions of the third and fourth kind (analogous to Hankel 
functions) are obtainable from 20.4.1,2. 

20.6.7 

where Eo= 2, E,=l, f01r s=l , 2, .. . ; s arbitrary, associated with fl2, 

20.6.8 

associated with il2rH 

"' 20.6.9 MsJ{>(z, g)=:E (-1)1+'B;l(q)[J·~-•(u1)Z_ki~.(~)-J~c+,(u1)Zil~.(u2) ]/B~:, associated with bz, 
k-1 

"' 20.6.10 MsJ{>+l (z, q)= LJ ( - l)H' B~~~:t(q)[J.-:~,(ul)Zi'~·+I(~)-J.t+,+t (u1)Zi1~. (1.1-2)]/m:U 
.t- o 

associated with b2r+1 

where 
U1= {qe-•, 'I.VJ= ../qe', F~;t::, A~.:t:¢0,p=O, 1. 

See 20.4.7 for definition of ZU' (x). 
Solutions 20.6.7-20.6.10 converge for .all values of z, when q.eO. If j=2, 3, 4 the logarithmic terms 

entering into the Bessel functions Y,.(%:) must be defined, to make the functions single-valued. This 
can be accomplished as follows : 

Define (as in [20.58]) 

20.6.11 

See [20.15] and [20.36], section 2.75 for derivation. 
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Other Expressio011 for the Radial Functions (Valid O"er Mo.re Limited RegiOJU) 
... 

20.6.12 Mc~>(z, q)=[ce2,(0, q)]- 1 ~ (-l)l+•Ait(q)ZW(2-Vq cosh z) 
.t-o 

20.6.13 

... 
Ms~{>+ 1 (z, q)=[se~r+t(O, q)]-1 tanh ;2 ~ (-l).t+• (2k+l).mH}(q)Z~~+1(2{q cosh z) 

.1:•0 

Valid for ffiz>O, !cosh z!>l; if j=l, valid for all z. They agree with 20.6.7- 20.6.10 if the Bessel 
functions Y111(2ql cosh z) are made single-valu~,d in a suitable way. For example, let 

Ym(u)=~ (ln u)J,.(u)+q,(u) 
1f 

where ¢{u) is single-valued for all finite value~1 of u. With u = 2qt cosh z, define 
'6 7r 

20.6.14 ln (2qi· cosh z)=ln 2ql+z+In i(l+e-u) 2 5arg !(l+e-21)52· 

(If q is not positive, the phase of ln 2ql mu.st also be specified, although this specification will not 
affect continuity with respect to z. If Ym(ut) is defined from SO!Ile other expression, the definition 
must be compatible with 20.6.14.) 

1fT (t) 
V T""o (z,q) 

FIGURE 20.11. Radial Mathieu. Function of the First Kind. 
(From 1. 0. Wiltoo and M_ 1. King, Values of the Mathieu functtonn, The 

Johns Hopklo.s U.n!v. Ra~tlon Laboratory Tech. Rept. AF-63,. 1Q58, 
wttb permission) 

rir d Ill 
I 2 dt Mco ( z,q) 
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·... :\ \J 

.... _: \ /\q .. l5 

\ ./ \j \J 
q•2 .25 

Ftounl!l 20.12. Derivative of the Radial Mathieu Function 
of the Fir:st Kind. 

(From J . 0. Wiltse and M . ~. King, Derivatives, zeros, and otber dat:a per· 
talnl.ng to M athleu !unctions, The Jolms l!ppldns Unl'l. Radlatioo1 Lab· 
oratory Teeb. Rept. AF-67, 1958, with permlsslon) 

f1r (2) v 2 Ms1 (z,q) 

FIGURE 20.13. Radial Mathieu. Function of the Second Kind. 

(Ffom J . 0. WUtse and M . 1 . K.lng, Values of the Mathlen fUDctloo.s, 'l'be 
Jolnus Hopkins Unlv. Radiation t&boratory Tech. "Rept . .AF-Q, IQ58, 
wltb pmnisslon) 
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F I GtTBE 20.14. Radial Mathieu. Function of the Third Kind, 

(From J. 0. Wiltse and M. T. King, Values or the Mathieu funct.tons, Tbe 
Joho.s Bopldllll Unlv. Radiation Laboratory Tec.h. Rept. AF-68, 1958, 
with pennluJon) 
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If j=l, M~~>+~~ and MsW+,, p=O,l aresolutions 
of the first kind, proportional to Ce2r+v and Se2r+11• 

respectively. 

Thus 

20.6.15 

ce,, (i,q) ce2,(0, q) 
Oe2,(e, q) (-I)'~' Mc1~1>(z, q) 

ce~,+l (i,q) C62rtt (0, q) 
Oe'iT+l (.z, q) ( -l)•+t.yq.A~r+I Mc4~>+1(e, q) 

se~, (0, q)se~, (i• q) 
Se2,(z,q) (-l)'q.m' MsW(z, q) 

se~r+l(O, q) se2r+I (~• q) 
Se2rtl(z, q) (-l)'.yq.,m•+l Ms~~>+1 (z, _q) 

The Mathieu-Hankel functions ate 

20.6.16 
M~81 (z, q)=M~1>(z, q)+iM~2>(z, q) 

M~">(z, q)=M~11 (z, q)-iM~21 (z, q) 

M~1=Mc~J> or Ms~t> . 

From 20.6.7-20.6.11 a.nd the known properties 
of Bessel functions one obtains 

20.6.17 

M?,1~1 (z+in11', q) 

=(-l}"P(M~1t;(z, q)+2niMj~1+17(z1 q)] 

MJ~+11 (z+in1r, q) 

=(-l)""[M~~>+,(z, q)- 2nM~~\,(z, q)] 

M~~>+P(z+in11'1 q) 

=(-1)"11[MJ~>+JI(z, q)+2nM~~+P(z, q)] 

where M = Me or Ms throughout any of the above 
equations. 

Other Propertiea o£ Charaeteriatie Functio1111, q Real 
. (Auoc:iated With o, and b.) 

Consider 

20.6.18 

X) -Mc~2> (z, q) + Mc~2> ( - z, q) i 
X,=Ms?1(z, q)-Ms~11 (-z, q) 

Since X 1 is an even solution it must be proportional 
to Mc~1>(z, q); for 20.1.2 admits of only one even 
solution (aside from an arbitrary constant factor) . 
Similarly, X 2 is proportional to Ms~1>(z, q). The 
proportionality factors can be found by considering 
values of the functions a.t z=O. Define, therefore, 

20.6.19 

Mc·~2) (-z, q)=-Mc~2>(z, q)-2f •. ,McP>(z, q) 

20.6.20 

Ms?>(- z, q)=Ms~2>(z, q)-2fo.,Ms~1>(z, a) 

where 

20.6.21 
j,, ,= -Mc~21 (0, g)/Mc~11 (0, q) 

[ d d J f = - Ms<21 (z "'/-Ms(I)(z q) 
,O,T dz T l'i.Jdz T I z - 0 

See (20.58]. 
In particular the above equations can "be used to 

extend solutions of 20.6.12-20.6.13 when !Jlz<O. 
For althoug,h the latter converge for !Jiz<O, 
provided only jcosh zi>I, they do not represent 
the same functions as 20.6.9-20.6.10. 

20.7. Representations by Integrals and Some 

Let 
Integral Equations 

G(u)=cf K(u, t)V(t)dt 
c 

20.7.1 

be defined for u in a. domain U and let the contoUr 
C belong to the region T of the ·complex t-plane, 
with t=-y0 as the starting point of the contour 
and t=-y1 as its end-point. The kernel K (u, t) 
and the function V(t) satisfy 20.7 .3 anil the 
hypotheses in 20.7 .2. 

20.7.2 K(u, t) and its first two partial derivatives 
with respect to u and t are continuous for t on 0 

d . U V ddV . . an u m ;· a.n dt are contmuolll' m t. 

20.7.3 

[00~ V-r.;: K J ::=0; ~:, + (a-2q cos 2t)V=O. 

H K satisfies 

20.7.·4 

then G(u) is a. solution of Mathieu's modified 
equation 20.1.2. 

H K(u, t) satisfies 

then G(u) is a solution of Mathieu's equation 
20.1.1, with u replacing v. 
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Kernels K1~, t) and K z(z, t) 

20.7.6 K 1(z, t)=Z;'>(u)[M(z, t)J-•12, (&:tz>O) 

where 

20.7.7 u=.J2q_(cosh 2z+oos 2t} 

20.7.8 M(z, t)=cosh (z+it)/cosh (z-it) 

To make M-t· single-valued, define 

20.7.9 

Let 

cosh (z+i1r) =e'" cosh z 
cosh (z- i1r) =e-lr cosh z 

M (z, 0)=1 

[M(z, 11") ]-••=e-'>'rM(z, 0) 

20.7.10 G(z, q_)=- K 1(u, t)F.(t)dt, lJ:" 
17" 0 

where F,(t) is defined in 20.3.8. It may be yerifiEld 
that K 1F. satisfies 20.7.3, K satisfies 20.7.2 and 
20.7.4. Hence G is a solution of 20.1.2 (with. z 
replacing u). It. can be shown that K 1 may be r·e­
placed by the more general function 

20.7.11 

K2(z, t)=Z<t> +2t(u)(M(z, t)]-t....r•, s any integer .. 

See 20.4.7 for definition of z<t>-t2•(u). 

From the known expansions for zc!! +24(u) when 
f!lz is large and positive it may be verified thu.t 

20.7.12 

M!ll(z1 q)= 

( - 1)' f~ z~~z,(u) [ cosh z+~t]-t·-·F.(t)dt 
'lrC2, Jo cosh z-~t 

(fftz>O, £l(v+!)>O) 

where M~J>(z, q_) is given by 20.4.12, s=O, 1, .. . , 
c.2,;eo, and F,(t) is the Floquet solution, 20.3 .. 8. 

Kernel K s(z. t , a) 

20.7.13 K 8(z1 t, a)=e2i-/iw 

where 

20.7.14 w=cosh z cos a cos t+sinh z sin a sin t 

20.7.15 G(z, q, a)=! rh e2 ' .fi lllJi',(t)dt ?rJc 

where F.(t) is the Floquet solution 20.3.8. The 
path G is chosen so that G(z, t, a) exists, and 
20.7.2, 20.7.3 are satisfied. Then it may be 
verified that K a(z, t, a) , considered as a function 
of z and t, satisfies 20.7.4; also, considered as a 
function of a and t, K a satisfies 20.7.5. Conse­
quently G(z, q, a)=Y(z, g)y(a, q), where Y andy 
satisfy 20.1.2 and 20.1.1, respectively. 

Choice of Path 0. Three paths will be defined : 

20.7.16 

Path Cs: from -d1+ioo to d~-ioo, d1, d2 real 

-d1<arg [-y'q{cosh (z+ia)± l}]<7r-dt 

-d2<arg [.,jq{ cosh (z-ia) ±I }]<?r-d2 

20.7.17 

Path C4: from d2-ioo to 21r+ioo -d1 

(same d11 d2 as in 20.7.16) 

20.7.18 

j=3,4 

where M~(z, q) is also given by 20.4.12. 

20.7.19 Path C.1 : from -d1 +ioo to 2'7r-d1 +ioo 

See [20.36], section 2.68. 
If v is o.n integer the paths can be simplified; 

for in that case F.(t) is periodic and the integrals 
exist when the path is taken from 0 to 21r. Still 
further simplifications are possible, if z is also real. 

The following are among the more important 
integral representations for the periodic functions 
cer(z, q), ser(z, g) and for the associated radial 
solutions. 

Let r=2s+p, p=O or 1 

20.7.20 

r ... ,2 ( 1f) cer(z, q)= PrJ 
0 

cos 2..fi_ cos z cos t-pz- ~.(t, q_)dt 
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20.7.22 

20.7.23 

where 
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f•/2 
ce,(z1 q)=u,J

0 
cosh (2{q sin z sin t)[(l-p)+p cos z cos t]ce,(t, q)dt 

fr/2 ( 7r) se,(z1 q) = p, J 
0 

sin 2..;q cos z cos t+p 2 sin z sin t se,(t1 q)dt 

r·'2 se,(z, q)=u,J
0 

sinh (2-Yq sin z sin t)[(l-p) cos z cos t+p]ser(t1 q)dt 

20.7.24 p,~ ce2, (~' q) /_A'f,• (q); p=Op,= ., 
2 c~,+I (~' q) f{qA~•+t(q) if p= 1, for functions ce,(Z1 q) 

p,= ., 
4 se~. (i' q) /{§.m'(q); p, ; se21+1 (i, q_) tm•+1(q), for functions se,(z, q) 

737 

u,=~ ce2,(01 q)/~'(q) if p = O; u,=~ ce2,+l(O, q)/A~•+•(q), if p=l; associated wit h functions ce,(z1 q) 
7r .,. 

a,=~ se~.(O,q )/-Yg_.m•(q) 1 if p=O; u,=~ se~,+1 (0 1 q)/.,fqHf.'+1(q) , if p= 1; associated with se,(z, q) 
1r 1r 

Let 

20.7.25 

20.7.26 

lntep:ala Involving Bessel Function KerneiB 

u=.J2q(cosh 2z+cos 2t) 1 (&lcosh 2z> l ; if j=l , valid also when z=O) 

• • 
711 (J>( q)-(-1)'2J2zcn c ) (t q)dt·71"<n ( q) (-1)'8~cosh z l2ZfiJ(u)cost (t q)dt .LYLC2, z, - A2r 0 u ce2, I 111(.(C2r+J z, A2r+l cezr+l I 

'lr.ao o 7r 1 o U 

r 

20.7.27 M s<Jl(z q) (-1)'+18q sinh 2z ( 2 ZJJl(u) sin 2t se2,(t , q)dt 
2r I 1r.mr J o U2 

" ( -1) •s{q' sinh z ( i Z fil (u) sin t se2,+1 (t, q)dt 
1r Bf'tl J 0 u 

In the above the j-convention of 20.4. 7 applies and the functions Me, M s are defined in 20.5.1-
.20.5.4. (These solutions are normalized so that they approach the corresp onding Bessel-Hankel 
functions as !?lz-Ht~ .) 

Other Integrals for M c!11(:6, q) and M.s~ll(s, q) 

20.7.28 
~ 

M Ul( ) (-1)'2 fi (n r: h 'lr) ( )d c, z,cz 'lrCe,(O, cz) Jo cos vvqcos zcost-p 2 ce,t ,q t 

20.7.29 
0: 

Mc~l)(z, q)=T,i
2 

[(1 - p)+p cosh z cost] cos (2..;q sinh z sin t)ce,(t 1 q)dt 

r= 2s+p,p=O,l; r,=~ (-1)'/ce~, (~' g.), if p=O; r, ; (-1)'+12{q/ce~+1 (~' 2) 

20.7.30 

. ~ 

M <tl ( q) 2 (- l Y i"i . (2 r: . h . ) ( )dt 
&ir+t Z1 =;: ('~~" ) sm vq sm z stn t se2,+t t 1 q 

8Bzr+t 2' CJ 
0 

20.7.31 M <n ( ) 4 ..;q_(-l Y i i inh · (2 r: h ) (t q)dt S~r+l z, q =- I (0 ) s z SID t cos vq cos z cos t s e2r+l , 
1r S4r+l 1 q 0 

r 

20.7.32 4 (-1)' +1 ii 
Msj~>(z1 q)=- -Yq , (O q) sin (2..;q_ cosh z cost) (sinh z sin t sez. (t, rz)]dt 

1(' 8e2r 1 0 

20.7.33 
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Further with w=cosh z cos a cos t+sinh z sin a sin t 

20.7.34 
(-l)'(i) - " f 2'1 

ce,(a, q)McP1(z, g):= 211" J o e2i..filwce,(t 1 q)dt 

20.7.35 
(-1)'(-i)" f 2,. c 

se,(a, q)Ms~11 (z, g) - 2,... J o e2ivv wse,(t, q)dt. 

The above can be differentiated with respect to a, and we obtain 

20.7.36 ce~ (a, q)Mc~n (z, q) 

20.7.37 

lnt.egral.e With Infinite Limits 

r=2s+p 

In 20.7.38-20.7.41 below, z and q are positi1ve. 

20.7.38 Mc~n (z, q)=-y·i "' 'sm ( 2 -fii cosh z cosh t+p ~) Mc~JJ(t, q)dt 

20.7.39 Ms~11(z, q)="Yr i '"' sinh z sinh t [ cos ( 2..;q cosh z cosh t-p ~)] Ms~ll(t,q)dt 

20.7.40 Mc~2'·(z, q) ="fr i ., cos ( 2..;q cosh z cosh t-p i) Me~'' (t, q)dt 

20.7.41 

Additional forms in [20.30], [2Q.36j, [20.15]. 

20.8. Other Properties 

Relatione Be tween Solutions for Para meters q all1d -q 

R eplacing z by t1r- z in 20.1.1 one obtains 

20.8.1 y" + (a+2q cos 2z)y=O 

Hence if u(z) is a solution of 20.1.1 then u(h·- z) 
satisfies 20.8.1. It can be shown that 

20.8.2 

a( -v, q)=a(v, -g) =a(v, q), v not a.n integer 

c2m(-q)=p(-l)mc;m(g)," not an integer 

(c2, defined in 20.3.8) and p depending on the 
normalization ; 

F.(z, -q)=pe- '-,.'2F, (z+~' q)=pe._,.,2F. (z-~, q) 
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20.8.3 

az,(-q)=a2,(q); b2,(-q)=b2,(q), for integral v 

a2r+J ( -q) =b2r+J (q) 1 b2r+l( -q) =a'2r+l (q) 

20.8.4 
ce2,(z, -q)=(-1)'ce2r(h·- z, q) 

ce~r+t (z, -q) =( -l)'sez,+t(-h·-·z, q) 

sezr+t(Z, -q)=(-l)'ce2r+t(!-7r- z, q) 

sez,(z, -q)=(-l)r-Isez,(!1r- z, q) 

For the coefficients associated with the above 
solutions for integral v: 

20.8.5 

A~~(-q)=( -1)"'-'A~~(q) ; 
m:;.c -q) = ( -·I)"'-'m:;.Cq) 

A~,;.t1~(-q)=(-1)"'-'m:;,t't(q); 
B;;;~\ (-q) =( -1)'"'-'A~:;,t1t (q). 

For the corresponding modified e quu.tion 

20.8.6 

20.8.7 

y" -(a+2q cosh 2z)y=O 

M~Jl (z, -q).=M!JJ (z+i~, q} 

M!1) (z, q) defined in 20.4.12. 

For integral values of v let 

20.8.8 .. 
lez,(z, q)-L: { -l)H•Aulf~_,(ut)l.t+,,(u2) 

t-o . 
+ It+-( Ut)ll,_,( Uz) ]/ A2,E, 

"' 
lo2,(z, q)=~ (-l)J:+•Batll.t_,(ut)I.t+-.(u2) 

.t-1 

- I .t+,(u.t) I ~-,(u2) J/B2, 
., 

lez,+t(Z, q)= :E ( -I)l+•B2.t+t[f.t_,('llt)lH,+t('!t2) 
k=O 

+ It+• +I (u,) !~,_,( u,) ]/ Bz,+t 
... 

l o2r+l(z, q)=~ (-l)H•Au+t[l~-•(ut)l~H+t(Uz) 
k=O 

- l.t+r+t (ut)l t-•(u2) ]/A2Ht 
20.8.9 

Ke2,(z, q)= £ A2~[l.tH(Ut)KJ:+,(u2) 
b•O . 

+ f.t+•(Ut)KA:-3(U2) J/A21E, 

... 
* Ko2,(z, q)= ,:E B2-~:[f..,_,(uJ)Kk+s (Uz) 

.t=O 

"' -fk+t(u,)K J:_,(u.,)]/B2, 

"' 
Ke2r+l(z, q)-~ Bu+t!ft_,(u,)K.t+Ht(U·.u) 

k-0 
-lr+•+t(Ut)K..,_,(u.z)]fB,.+I 

•see page u . 

.. 
Ko2r+l(z, q)=L: Au+tllk-.(ul)Kk+•+l(u2) 

k=O 

+ Jk+,+J(uJ)KH(ul)l/A2,+1 

where lm(x), K,.(x) are the modified Bessel func­
tions, uh u2 are defined below 20.6.10. Super­
scripts are omitted, £,=2, if s=O, f~=l if s¢0. 

Then for functions of first kind : 

20.8.10 

MeW (z, -q) = ( -1)' l e2,(z, q) 

MsJ~) (z, -q)= ( -1)' lo2,(z, q) 

McJ~)·I'l (e, -q)= ( -1 )'ile2r+1 (z, q) 

MsJ~>+1 (z, -q)=(-l)'ilo3r+t(Z, q) 

For the Mathieu-Hankel 1unction of first kind: 

20.8.U 

For M~J) (z, -q), j=2, 4, one may use the defini­
tions 

also 

M~•)(z, -q)=2M~1> (z, -q)-M~3>(z, -q) 

M=Mc or Ms; for real z, q, M~n (z, -q) 

are in general complexifj=2,4 . 

Zeros of the Funct;ionslor Real Values of q. 

See [20.30], section 2.8 for further results. 

Zeros of ce.(.z, q) and se,(z, q), Mc!ll(s, q), Ms)11~, q). 

In 0 S z <·17', ce, (z, q) and se,(z, q) have r real 

zeros. 
There are complex zeros if q>O . 
If zo=xo+iYo is any zero of ce,( z, q) 1 se,( z, q) in 

are also zeros, k a.n integer. 
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In the strip -~<xo<~, the imaginary zeros of 

ce,(z, q), se,(z, g) are the real zeros of Oe,(z, q), 
Se,(z, q), hence also the real zeros of Mc~ll (z, q) 
and Ms~1>(z, q), respectively. 

For small q, the large zeros of Oe,(z, q), Se,(z, q) 
approach the zeros of J,(2...ji_ cosh z). 

Tabulation of Zeros 

Ince [20.56] tabttlates the first ''non-trivial" 

zero (i.e. different from 0, ~~'IT') tor ce,.(z), se,.{z), 

r=2(1)5 and for se8(z) to within °10-\ for q=O(l) 
10(2)40. He also gives the " turning" points 
(zeros of the derivative) and also expansions for 
them for small q. Wiltse and K.ing[20.61,2] tabulate 
the first two (non-trivial) zeros of .Mc~1' (z, g) and 
Ms~ll(z, q) and of their derivatives r=O, I, 2 for 
6 or 7 values of q between .25 and 10. The graphs 
reproduced here indicate their location . 

Between two real zeros of Mc~1>(z, g), Ms~'>(z, q) 
there is a zero of lvlo~2> (z, g), Ms~2> (z, q), respeo~ 
tively. No tabulation of such zeros exists yet. 

Available tables are described in the References. 
The most comprehensive tabulation of the char­

acteristic values a,, b, (in a somewhat different 
notation) and of the coefficients proportional to 
A;, and Bm as defined in 20.5.4 and 20.5.5 can be 
found in [20.58]. In addition, the table contains 
certain important ' 'joining factors", with the aid 
of which it is possible to obt~;~.in values of 
Mc~il (z, q) and Ms~11 (z, q). as well as their deriva­
tives, at x=O. Values of the funcbions ce,(x, q) 
and se,(x, q) for orders up to five or six: can be 
found in [20.56]. Tabulations of less extensive 
character, but important in some aspects, are out­
lined in the other references cited. In this 
chapter only representative -values of the -various 
functions are given, along with several graphs. 

Special Values for ArglHDents 0 and~ 

20.8.12 

Mcu>co )= ~-1-
, I q -v; g,, ,(q) 

Mc~2>(o, q)=-/;J~.,(q)/g.,,(q) 

d: [Mc~2>(z, q)J,-o=.J! Ue.r(g) 

dd [Ms~1'(z, q)Jz-o= ~ 1
("' 

Z "'J; Uo.r 'JJ 

1z [ Ms~21 (z, q) ]._
0
=-J!J .. r(q)/g.,,(q) 

Ms~21 (z, q)=-g.,,.(g) .J! 

The functions J •. ,, g •. , J •. , gd,, are tabulated in 
[20.58] for q$25. · 

20.9. Asymptotic Representations 

The representations given below are applicable 
to the oharaoteristic solutions, for real values of q, 
unless otherwise noted. The Floquet exponent I! 

is defined below, as in [20.36] to be as follows: 

In solutions associated with a,: v=r 
In solutions associ.ated with b,: v=-r. 

'For the functions defined in 20.6.7_.20.6.10: 

20.9.1 

Mc~3>(z, q) 
(-l)'Ms;3l(z, q) 

where D_t=D- 2=0; D 0= 1, and the coefficients 
D, are obtainable from the following recurrence 
formula: 

20.9.2 

(m+l)D,.+•+ [ ( m+~Y-( m~)si~ u 

+2q-a J D,.+( m-4) [ 16q(l-u2)-8if§. um]D,._1 

+4g(2m-3) (2m- l),(l-u2)D111_ 2= 0 
20.9.3 

Mc~'>(z, q) 
(-l)'MsC~>(z, g) 

-( [2.{i eo !II •-.!.,.-lr] 
e ' .t "' dm 

"' 1tiql'4(cosh z-u)i ~o [4i -v'q(cosh z -o') lm 

d-1=d-2=0; d0=1, and 



MATJEIIEU FUNCTIONS 741 

20.9A, 

Cm+l)dm+l+[ ( m+~Y+( m+i)sirq<r 

+2q-a] d...+( m-~) [16q(1-<r2)+8iv'q o-m]dm-I 

+4q(2m-3)(2m-1)(1-u2)dm-:1=0. 

In the above 

-2?r<arg v'q cosh z< ?r 

!cosh z-ul>lcr±ll, f!lz>O, 

but u is otherwise arbitrary. If u2= 1, 20.9.2 and 
20.9.4 become three-term recurrence relations1. 

Formulas 20.9.1 and 20.9.3 are valid for u.rbi­
trary a, q, provided v is also known; they give 
multiples oi 20.4.12, normalized so as to approach 
the corresponding Hankel functions H!'> ( .../7jez), 
H!">.(..rg_ez), as z~oo. See [20.36), section :~.63. 
The formula is especially useful i£ jcosh zjis large 
and q is not too large; thus if u= --d, the absolute 
ratio of two successive terms in the expansion is 
essentially · 

If a, q, z, v are real, tlie real and imaginary 
components of Mc~a> (z, q) are Mc~ll (z, q) and 
Mc~z, (z, q), respectively; similarly for the <:om­
ponents of Ms~3>(z, q) . If the parameters ate 
complex 

Replacing c by s in the above will yield corre­
sponding relations among Ms~1> (z, q}. 

Formulas in which the parameter a does not 
enter explicitly : 

Goldstein'(! Exp8.118iona 

20.9.7 
Me ?1 (z, q) -iMs ?~. ( z, q) 

;:::< [F0(z) -iF1 (z) ]e'•/~qt(coslb. z)t 

where 

20.9.8 

4>=2 .vq sinh z-~ (2r+ 1) arctan sinh z, 

&lz>01 q> >t, w=2r+1 

20.9.9. 

Fo(z)-1-1 w . 
s-vq cosh2 z 

1 [w'+B&W+ 105 w•+22w2+57J 
1r2048q cosh4 z cosh2 z 

1 c-{w5+ 14'!1?+33w) 
+ 16384q312 cosb2 z 

(2w6+124w+1122w) + 3w5+290w+1627w]+ 
cosh• z cosh6 z .. . 

20.9.10 

sinh z [w+3 1 ( 4w+44w) 
Ft(~)""' cosh2 z 32..;7j+512q w+3w+ cosh2 z 

+ 163~4q% { 5w
4+34w+9 

(w6-4.7w4+667w+2835) 
12 cosh2 z 

+ (w8+505w
4
+ 12139w+10395) }]+ .. . 

12 cosh4 z 

See [20.18] for details and an added term in 
q-612

; a correction to the latter is noted in [20.58]. 
The eXpansions 20.9.7 are especially useful when 

q is large and z is bounded a.wa.y from zero. The 
order of magnitude of Mc~(O, q) cailnot be obtained 
from the expansion. The expansion can also be 
used, with some succ.ess, for z=ix, when q is large1 

if Ieos xl> >O; they fail at x=~ 1r. Thus, if q, x are 

real, one obtains 

20.9.11 

ee,(O, q)2'-t 
ce,(x, g)"' Fo(O) {W,[P0(x) -P1 (x) I 

+Wz[P0(x)+P,(x) ]} 

20.9.12 
se,.+,(x, q)-se~+1 (0, q)r,+t {Wt[Po(x)-Pt(x)] 

-WafPo(x)+P,{x) ]} 

In the a.bove, P0(x) and P 1(x) are obtainable 
from F0(z), F1(-~) in 20.9.9-20.9.10 by replacing 
cosh z with cos 2l and sinh z with sin x. Thus 
Po(x) =F0(ix); P1(-;r;) = - iFt(ix): 

20.9.13 
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20.9.14 
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1 ,+
1
"'2'-;/[2..[qq-!w (2w+3) (7w3+47w) J 

• 64.,fq_ 1024q ... 

See 20.9.23-20.9.24 for expressions relating to 
ce,(O, q) ~nd se;(o, q). When Ieos xl>-v'4r+2/qi, 
20.9.11-20.9.12 are usefuL The approximations 
become poorer as r increases. 

Expansions in Terms of Parabolic Cylinder FWlctions 

(Good for angles close to !1r, for large values of 
q, especially when Ieos zi<2lj~.) Due to Sips 
[20 .44-20.46 J. 

20.9.15 

20.9.16 

se,+l(x, q)-S,[Zo(a)-Z1(a)] sin x, 

Let D.~:=D11(a)=(-l)~elo2 :; e-to2
• 

20.9.17 

Zo(a) ._ D,+ 4~ [-~t• +~ (~) D,_,] 

a=2ql cos x. 

+ 1 [Dr+B (r+2)Dr+4+~ ( -l). (') D 
16q 512 16 2 r 4 •-• 

315 (') J +4 g Dr-8 + ... 
20.9.18 

-
Z() 1 [ 1 r(r-1) J 

1 a ""4qi -4 D r+2 4 Dr-2 

+-1- [D'+&+(r2-25r-36) D 
16q 64 64 rH 

+r (r-1) ( -r2-27r+ 10) D _ 45 (r) J 
64 r-2 4 6 Dr-o+ ... 

20.9.19 

c.-(~)lA q~/(r!)~ [t+ 2;~1 
+' 1+2r3+263r2+262r+108 j 1 J-;i 

2048q +r6384q~+ · ~ · 

f1=6r6+ 15r4+ 12.80r+ 1905r2+ 1778r+572 
•see pare n. 

20.9.20 

S,"'(i)~ q~/(rl)~ [ 1-
2;~1 

+ r•+2r-121r-122r-84 + j 2 J-M 
2048q 16384q~+ ... 

J2=2r6+5r'-416fi-629r-1162r-476 

It should be noted that 20.9.15 is also valid as an 
approximation for ser+1(x, q), but 20.9.16 may give 
slightly better results. See [20.4.} 

Explicit Expansions for Orders 0, 1, to Terms in q-1/2 

(q~ge) 

20.9.21 For r=O: 

Formulas· luvolvins ce,(O, J,) and· ae,(O, q) 
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ce1(0, q) ,..._,_4.,f2e-z..fi (t+-3-+ 45 -+ ) 
ce f (i1r, q) 16~ 256~z · · · 

ce3(0,q) ,....,64 ..fie-'..fi(l--3-+~~+ ) 
ce~(!1r, q) 3 fl. 16-Vq 128q · · · 

20.9.24 

se;(O,q) _ 4 .J2e-2-!i(1 __ 3 __ _!_!__+ ·) 
se1(i1r, q) q 16-y'q 2561q · · · 

se~(O, q) - -64q..fi e -2-(i (1-..!!._ _ _J!._+ ) 
sea(!'lr, g) 16-v'q 1~!8q • · · 

se~(O, q) rn -z{i ( 9 3'9 ) 
se~(i1r,q)"'-Sq-v2 e l-l6-Vq-25,6q+ · · · 

se~(O, q) _,128 g_.fi,e-'J..fi ( 1 _ _B__ _ __!!_+ ) 
se~(l1r, q) 3 16~ 128q · · · 

For higher orders, these ratios are increasingly 
more difficult to obtain. One method of estimat­
ing values at the origin is to evaluate both 20.9.ll 
and 20.9.15 for some x where both expansions are 
satisfactory, and so to use 20.9.ll as a means to 
solve for cer(O, q); simil~~~rly for se~(O, q). 

Other asymptotic expansions, valid over various 
regions of the complex z-plane, for real values of 
a, q, have been given by Langer [20.25]. It is not 
always easy, however, to determine the linear 
combinations of Langer's solutions which coincide 
with those defined here. 



20.10. Cornparative Notations 

T bta Volume [20. 58) 
NBS 

[20. 69) 
Stratton-Morse, ete. 

[20.36) 
Meixner and SchAike 

[20.301au 
MaLacb 

(20. ~) 
Bateman MaoUSClt'lpt 

Comtnents 

Parameten Ill 20.1.1._ ••••.• .. b-a+Zf b ). 0 • 
q •-49 e-2..1i /If II • 
a, /le,-g,-j-2q b~·a.+Zq "' ca. o. 
b. bo.-b.+Zq b:•b,-j-Zq 1),. b. b. 

Periodic Bolutlooe, ol 20.1.1 • 

Eveo.-···-············· · e,.t,, r ) A• ~~.{1, z) • A• &C!l (:, COl z ) • Ur( J, •·> • u.{z,q) u.(z, f ) SeeNotel. 

Odd ••••••••• - •.••••••.•.• u.(z,g) & So.(1, z) • A ' So <!1 {e, oosz) • u ,(t, ,\1) • u ,(z, g) tt,(r, I) 

Coemeleotlln Periodic Bolu-
tiona: 

Evan. •••.. .•.•.... •••••.. A~Cr> A•De,;. (t l • ArD~ • A:, A:, A:, 

Odd.. •••• . ..•..•..••••...• s:,(q) & no.:.<•> • B•F• • a:, s:. B:, 
~ 

.! r.· ~· ch, r II the Staudard I (A•)-• or (&)-t {A•)-t or (&)-• 1 j 1 See Note I. .. . 
SoluUon o120.1.1. 

Floquet's BolullonJ 20.S.I •••. F,(z) -·<•, ••> •<z> 
Cban.ctwtlc E1pooent ...... • ,..,. II 

,._,., ,._,, 
Norm&UUIUOna of Floquct'a Uospecllted 1r Botutlona. - (f!Uo(Z, Al)rM-o(z, AJ)-1 

r ' 
Solutlone of MndUied Equa- Ce.(r, Q) Af,,,(I)J~<(I, f ) Ato. r(I)Je,(C, eoab .r) C,,(r, q) C,,(r, f) 0,,(1, f) 

Uno 20.1.2. 

,'if,(t,f) B, •. ·<•>Jo.(t, f) S,,, ,li)Jo,(c, eoab .r) &,(z, f ) & ,{I, f) &,(z, I) 

Mc,Cil(r,o) .J~ J~<(l, r) ~ Jt.(c, 005b r) Mc,Cil (r,l) -v~ Clr(Z,g)/Ar,, ,(f) .J~ Ce,(r, 1)/Ar •. ,(r) I w 
Ml,(ll(a,f) .J~ Jo,(1, r) .J~ Jo.(c, nosh z) M•~'' (z, l) ..J~ &.(r, q)fBg,. ,(f) .J~ &r(Z, l )fBg,, ,(f) 

Mc?>cz, t l ..J~N1.(1 , z) .J! N r,(c, oosb r) Me~21(z, A) .J! Fq,(z, g)/Ar •. ,(g) .J! Fq,(t, 1)/Ar •• ,(q) 

M•~2>cz, q) .J~No,(l, z) .J! No.(c, oosb z) M•!2'cz, A) 
12 '1/; oer,c,, g)fBg,. ,(g) .J! Ger,(r, 1)/Br •• ,(g) 

Jotollle Factors ............... ..t'l/rr/Mc,l'1 (0, q) ,,,,(1) ..,t2"; >.j'l ..12/rr/M~'I (0, A) (-l)•p..J!tA same as 120. 301 See Note 2 • 

..12/rr/~[ M1,"1 (r , 1>1 ... , •. ,(1) ..,t2"; >.,(01 V2/r/~[MI~ll (r, 11)] ... (-J)••·..J~/8 
-Me!'l (01 g)/Mt}11 (01 g) / •.• (1) 2K, -Mc,<tl (0, 11)/Mo~U (0, ~) 

- F•v.co. g) Same as (20.80) 84)e Note3. 
Ce,(O, O) 

[~ M1<:> (t,g)J --; K, 
[~ Oq,O,t)J Same as [20.30] 

dt Mo C!> (r, g) ... 
/ ... (1) 

2K. 
B&me as thb volume d&,{l,q) 

; Ko ' .... 
NoTE: 1. The conversion factors A• and B• are tabulated in (20.58) along with the coefficients. 

2. The multipliers p , and s, are defined in (20.301, Appendix 1, section 3, equations 3, 4, 5, 6. 
3. See (20.591, sections (5.3) and (5.5). In eq. (316) of (5.5), the first term should have a minus sign. 

•See page n. 
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21. Spheroidal Wave Functions 

Mathentla tical Properties 

21.1. Definition of Elliptical Coordinates 

21.1.1 t-r1+r2. _r1-r2 
~- 2} J 7!- 2} 

r 1 and r 2 are the distances to the foci of a f1fl.mily 
of confocal ellipses and hyperbolas; 2j is thJe dis­
tance between foci. 

21.1.2 a-ft, b J...fe lJ 

21.3.1 

Z=1' cos q,; x=r sin !/>i O$q,$21r 

where e, 71 and q, are oblate spheroidal coordinates. 

Relatione Between Cartesian and Oblate Spheroidal 
Coordinat~ 

21.3.2 

X ftTJSIDt/>; y j...f(E2- l)(l-'1]2);z f~'fiCOStj> 
a = semi-major axis; b=semi-minor axis; t!=ec-
cenliricity. 21.4. Laplacian in Spheroidal Coordinates 

Equation of Famlly of Confocal Ellipses 21.4.1 

21.1.3 

EquatioD of Family of Confocal HypePbolatl 

21.1.4 

Relatione Between Cartesian and Elliptical Coordlinatee 

21.1.5 x=Jh; y J...fce-1)(1-TJ'I) 

21.2. Definition of Prolat.e Spheroidal 
Coordinates 

If the system of confocal ellipses and hybe:rbolas 
referred to -in 21.1.3 and ·21.1.4 revolves a.:round 
the major axis, then 

21.2.1 

y= rcostj>; z= rsin¢ ; O$ti>$2~ 

where t, 11 and cf> are prolate spheroidal coordinates. 

Relatione Between CartetJian and Prolate Sph·eroidal 
Coordinates 

21.2.2 

x Jh ;Y J.Jce-t)(t-11') cyst~>; 
z f -./~(t--=-2--.1 )-:-(1---17-=2) sin cf> 

21.3. Definition of Oblate Spheroidal 
Coordinates 

If the system of confocal ellipses and hype,rbolas 
referred to in 21.1.3 and 21.1.4 revolves around 
the minor axis, then 

752 

h!=(~:Y +(~Y+(~:Y 

h~=(~Y +(~Y +(~)' 
Metric Coefficients for Prolate Spheroidal Coordinates 

21.4..2 

hf=j~~2 ~
2

; h.=J~f 11~; h.= 1-Jce-1)(1- .,2
) 

Metric Coefficients for Oblate Spheroidal Cuordinatee 

21.4.3 

* 

21.5. Wave Equation in Prolate and Oblate 
Spheroidal Coordinates 

WaTe Equation in Prolate Spheroidal Coordinates 

• see page u. 

• 
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Wave Equation in Oblate Spheroidal Coordinates 

21.5.2 may be obtained from 21.5.1 by the 
transformations 

~~±i~, c~=Fic. 

21.6. Di1ferential Equations for Radial and 
Angular Prolate Spheroidal Wave Functions 

If in 21.5.1 we put 
cos 

cJ!=R,.11(c,~)S,.,.(c, 71) • mq, 
am 

then the llradial solution'' R,.,.(c, ~) and the 
11angular solution" s_(c, 11) s.ati.sfy tb,e differential 
equations 

21.6.1 

~ [ ce-1) ~ R,.,.(c,~)J 

21.6.2 

-( X,.,.-cZe I e~r) R,.,.(c,~)=O 

~ [ (l-112)! S,.n(c, 71) J 
+( x,.,.-c21)2_ 1 m:2) s,.,.(c, '1)=0 

where the separation constants (or eigenvalues) 
).,.,. are to be determined so that R,. .. (c, ~) and 
s,."(c, 11) are finite at ~= ±1 and 17=± 1 
respectively. 

(21.6.1 and 21.6.2 are identical. Radial and 
angular prolate spheroidal functions satisfy the 
same differential equation over different ranges of 
the variable.) 

Differential Equations for Radial and Angular Oblate 

21.6.3 
Spheroidal Functions 

~ [ <e+I) ~ R,.n(c,~)J 

21.6.4 
-( X...n-c2~2-e~1) R,.,.(c,~)=O 

d~ [ (1-112
) d~ S,.n(c, 17) J 

+( X...fl+c211%_1 m:2) s ... (c, '17)=0 

(21.6.3 may be obtained from 21.6.1 by the 
transformations ~-+±i~, c-+'=Fic; 21.6.4 may be 
obtainedfrom21.6.2bythe transforma.tionc-+=fic.) 

21.7. Prolate Angular Functions 

21.7.1 

=Prolate angular function of the first kind 

21.7.2 
CD 

S$:Hc,11)= ~' d';'"(c)Q:-t-,(11) 
r--eo 

=Prolate angular function of the second kind 

(P.:!('I7) and ()': (17) are associated. Legendre 
functions of the first and second kinds respectively. 
However, for -l=:;z~l, P':(z)=(l-?J)"''2d"'P,.(z)/ 
dz"' (see 8.6.6). The summation is extended over 
even values or odd values of r.) 

Recurrence Relations Between the Coefficients 

21.7.3 

a.tdt+2+ ({3k- X...n)dt+Y:td~-2=0 

(2m+~+2) (2m+k+ l)c2 

a~ (2m+2k+3) (2m+2k+5) 

13~= (m+k) (m+k+l) 

2(m+k)(m+k+I)-2m2-1 2 

+ (2m+2k-1)(2m+2k+3) c 

k(k-l)c2 

'Y~< (2m+2k-3) (2m+2k- 1) 

Transeendental Equation for >.., ft 

21.7.4 

U("X,.n) =Ut ("X,.,.) +U2 ("X,.")=O 

Ut(~,.)='Y':'-"X""' 'Y"' ':-x - 'Y"'IS"':_'x -
r -2- mn r-t. mft 

fJ':H fJ':H 
'Y~H->.,.,.- 'Y';\,-).,.'1- • • • 

k(k-1) (2m+k) (2m+k-l)c• 
P': (2~+2k-l)Z(2m+2k+l)(2m+2k-3) 

(k;:::2) 
'YT=(m+k)(m+k+l) 

J 4m
2
-l J 

+ !-- L 1 (2m+2k-1)(2m+2k+3) (k~O) 

(The choice of r in 21.7.4 is arbitrary.) 
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Power Seri«~ Expansion for >.,.. 
21.7.5 

l0=n(n+l) 

l =i [l (2m-1)(2m+1)J 
2 (2n-1)(2n+3) 

1 -(n-m+1)(n-m+2) (n+m+l)(n+m+2:~+(n-m-l)(n-m)(n+m-l)(n+m) 
• 2(2n+1)(2n+3)3(2n+5) 2(2n-3)(2n-1)3(2n+l) 

_ 2 [ (n-m+l)(n-m+2)(n+m+I)(:n+m+2) (n-m-1)(n-m)(n+m-1)(n+ m) J 
Ze-(4m - 1) (2n-1)(2n+1)(2n+3)6(2n+5)(2n+7) (2n-5)(2n-3)(2n-1)6(2n+I) (2n+3) 

l8= 2(4m2-1)2A.+
1
1
6 

B+§ o+i D 
(n-m-l)(n-m)(n+m-l)(n+m) (n·-m+I)(n-m+2)(n+m+l) (n+m+2) 

A= (2n-5)2(2n-3)(2n-1)7(2n+l) (2n+3)' (2n-1)2(2n+I) (2n+3) 7(2n+5) (2n+7)~ 
B (n-m-3)(n-m-2)(n-m-l) (n-m~(n+m-3)(n+m-2)(n+m-l)(n+m) 

(2n- 7) (2n-5)2(2n-3)3 (2n-1)4(2n+1) 

(n-m+1)(n-m+2)(n-m+3)(n-m+4){n+m+1) (n+m+2)(n+m+3)(n+m+4) 
(2n+ 1) (2n+3)4(2n+5)3(2n+7) 2(2n+9) 

O (n-m+1) 2(n-m+2)2(n+m+l) 2(n+m+2)1 2 (n-m-l)Z(n-m)1(n+m-1)2(n+m)2 

(2n+ 1)2(2n+3)1(2n+5)i (2n-3)2(2n-l) 7 (2n+ 1)2 

D (n-m-l )(n-m)(n-m + l )(n-m+2)(n+m-l)(n+m)(n+m+l)(n+m+2) 
(2n-3) (2n-1)4(2n+ 1)2(2n+3) 4(2n+5) 

Aey01ptot~c EspiUUiion for>-,..~ 
21.7.6 

1 . 
>.,.,. (c)=cq+m2

- 8 (q2+5)-~c (q2+11-32m2
) 

-10~4c2 [5(q4+26q2+21)- 384m2 (q2+1)] 

-? L;s2 (33t+ 1594f+562I q) 

m
2 

m
4 J -128 (37q!+167q)+g- !'l 

-~ [2;62 (63q0+4940q4+43327 t+22470) 

-;;; (115q'+t3IO!f+735)+ 
3
;' <t+I) J 

-~ Lo;42 (527q7+6I529q'+I04396Ii' 

m2 
+2241599q) 32. 1024 (573~q'+127550q! 

• e J +29895Iq)+;;2 (355f+1505q) - ~l +O(e-1) 

q=2(n-m)+I 

Refine1nent of Approxin:ulte Values of>-.~ 

If>.!:! is an approximation to X,,. obtained eit.her 
from 21.7.5 or 21.7.6 then 

21.7.7 

11 1 + ~ + ~~-2 + {f'i~-Jl';-· + 
t= (N~)2 (N":N":-2) 2 (N";N~-~~-4)2 • • • 

112 
(N~+2)2 + (N~+2N":+t)2 + (N':"+zN':'+fl':+e)

2 

(3":+2 {3~+2~H f3'/'+2ff:'+Jf:'H 
+ ... 

(2m+r){2m+r- l)c~ d, 
N;' (2m+2r-1)(2m+2r+l) d,_2 (r~2) 

{3~ r(r-1)(2m+r)(2m+r-1)o' 
(2m+2r-1)~(2m+2r+ 1) (2m+2r-3) 

(r~2) 
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Evaluation of Coefficients 

Step 1. Calculate N~'s from 

21.7.8 

'Y~=(m+r)(m+r+1) 

+~ c2 [ 1- (2m+2r~7;c;~+2r+3)] (r~O) 
Step 2. Calculate ratios ddo and .:~ d1 from 

2r w.lp+ l 

21.7.9 do (do) (~) (d2r-2) 
~.= d2 d • ... T, 

21.7.10 dl (ch) (da) c~p-1) 
ch,+i = d~ ds · · · ~"+I • 

and the formula. I or N": in 21.7. 7. 
The coefficients d":" a.re determined to within 

the arbitrary factor do for r even and ch for r odd. 
The choice of these factors depends on the normal­
ization scheme adopted. 

Normalization of Angular FunctioDB 

Meixner-Schafke Scheme 

f l 2 __ 2_ (n+m)! 
21.7.ll _

1 
[S,.,.(c, 17)] d7]-2n+l (n-m)l 

Stratton-Morae-Chu-Litt.le-Corbato ScbeD~ce 

21.7.l2 :E' (r+2m)l d (n+m)! 
r-0.1 rl r (n-m) l 

(This normalization has the effect that s,.,.(c, '7)-
1':(71) as 17-1.) 

Fllllll.lner ScbeJDe [21.4] 
21.7.13 ,._ 

(-1)-, (n+m)l 
s,,.(c, O)=J>:'(O) ( ) ( + ) 

2" n 2m I n 2m ! 

21.7.14 
(n-m) even 

ro-m-1 

S~,.(c, O)=J>:' (0) 
(-1)_2_(n+m+1)! 

2" cn-;-1) r(n+ ;+l)' 

(n-m) odd 

The above lead to the following conditions for 
~" r 

21.7.15 
,._, 

i~/ (-1)''2(r+2m)l d"'" (-1)-, (n+ m)! 

r - 0 2T (~)rc+:m)J r 

(n-m) even 

21.7.16 
r-1 

CD (-1)-2 (r+2m+l)l d"'" 

:E' 2'(r-1) '(r+ 2m+1)' r 
t•l 2 . 2 . 

,._,._, 
(-1)_2_(n+m+l)! (n-m) odd 

2,._"' cn-;-1)! (n+~+t) I 

(The normalization scheme 21.7.13 and 21.7.14 is 
also used in [21.10].) 

Aeympt.otic Expii.IUione for S,.,.(c, TJ) 

21.7.17 

S,.,.(c, '17)=(1 - '72)tUm,.(c, '17) (c-(J)) 

U,.,.,.(x)= ~ MDz+,(x) l= n-m 
r--CI) 

where the D,(x)'s are the parabolic cylinder func­
tions (see chapter 19). 

D (x)- (-1)'efl• ~ e-:'lt2= 2-rl2e- ·th•H-(-=--) 
r - dx2 r {2 

and the H,(x) are the Hermite polynomials (see 
chapter 22). (For tables of hi,/h~ see [21.4].) 

Expansion of S . ,.(c, TJ) in Powers or TJ 

21.7.18 

"' S,.,.(C1 1J)= (l-'l')"'/2 :E' p';'"(C)'1' 
r-o, 1 

(r+ l)(r+ 2}p';'.t2(c) - [r(r+ 2m+ 1)+m(m+ l) 

-;\.,.,.(c)}p';'"(c)-c2p';'~2 (c)=O 

(The derivation of the transcendental equation 
for }.,.,. is similar to the derivation of 21.7 .4 from 
21.7.3.) 

Expanaion of S.,.(c, TJ) in Powers of (1-'1!~) 

21.7.19 

(n-m) even 
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21.7.20 
"' s,.,.(c, Tl) =77(1-1)2)"'12 ~ ~"':(1 -712)~ 

k•O 
(n- m) odd 

Cz"'.." 1 ~ (2m+2r)! ( ) ( + +1) ~" 
.. 2"'k!(m+k)! f=fc (2r)! -r t m r 2 t r 

(n-m) even 

{a).t=a(a+1)(a+2) ... (a+k+1) 

(T he d~"'s are the coefficien ts in 21.7.1.) 

P rola te Angular F unctions-Second Kind 

Expansion 21.7.2 ultimately leads to 

21.7.21 

(The coefficients d';" are the same as in 21.7 .1 ; 
the coefficients d';1~ are tabulated in {2 1.4].) 

21.8. Oblate Angular Functions 

Power Series Expansion fo r Eigenvalues 

"' 21.8.1 X,.,.= 2:( -l)t~tCu 
t .. o 

where the l/s are the same as in 21.7 .5. 

AI!!Ympto tic EXpansion fo r Eigenva lu es [21.4] 

21.8.2 

X,.,.=-c2+2c(2v+ m+ I ) -2v(v+m+I ) 

- (m+1)+A,.,. 

tr:"= -2-9~[33q'+ 114<(+37 -2m2(23!z2+25) 

+ 13m' ] 

{f;"= -2-10(63q8+340q' +239q2+ 14 

- 10m2(10q' + 23<f+3) + m' (39g2-18) -2m8
] 

~"=v(v+m)a; 1+(v+I)(v+m+ I)at 1 

q=n+ 1 for (n-m) even i q=n for (n-m) odd 

(For the definition of a'f' see 21.8.3.) 

Aaymptotic Expansion for Oblate Ang ula r F u nction• 

21.8.3 

"' S,.,.(-ic, 'l}·"(l-172}"'12 :E A:'" {e-cu-,1L!~>.[2c(l_,)j 

where the L!"'' (x) are L aguerre polynomials (see 
chapter 22) a.nd 

(Expressions of a~:±' are given in [21.4].) 

21.9. Radial Spheroidal Wave Functions 

21.9.1 

R~Hc, ~)={,~: (2mrir)l d':" } - ' (ee 1)"''2 
. "'£' i'+m- n (2m+r) ! ·d';'"Z;[~,(c~) * 
r•O, 1 r! 

(p=l ) 

(p=2) 

(J,.+I(z) and Y ,.+t(z) are Bessel functions, order 
n+i, of the first and second kind respectively 
(see chapter 10).) 

1 
v-2(n-m) for (n- m) even; 21.9.2 R!:!(c,O=R~'!(c,~)+iR:;!(c,~) 

v=~ (n-m-1) for (n- m) odd 21.9.3 R!:Hc, ~)=R:,:.Hc,t)-iR~Hc , f) 

... 
A,.,.=~~"c-.t 

.t-1 

tr." = - 2- 8q(<f+ 1- m2
) 

f:fr"= - 2- 8[5q4+ 10q2+ I -2m2(3q2+ I) +m4
] 

Aeympto tie Behavior of R:,:!(c, t ) and R~~(c, £) 

21.9.4 1 R:,:l(c, ~)- t cos (c~-l(n+1)1r] 
~ ... c., 

21.9.5 R~!(c,~)- :sin [c~-Hn+l) ;;-] 
~ ... c,. 

• see page n. 



21.10.1 

"~~(c) 

21.10.2 
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21.10. Joining Factors for Prolate Spheroidal Wave Functions 

CD ... 
(2m+IJ(n+m)! :E' d':'"(2m+r)l/rl (2m+3)(n+m+I)! :E' d';'"(2m+r)ljr! 

r-o r-1 

2"+"'d~"(c)c,.ml (n 2m)! c~~m)! 2n+md''"'() m+l 1 cn- m-1) 1(n+m+l) 1 L c c m. 2 . 2 . 

(n-m) even (n-m) odd 

2n -m (2 ) I cn-m)! (1l•+m)! dm" () m · - 2 - --2- -2"' c "' , (2m+r)! .Jm.· 

rc~~(c) :E u~-··(c) (2m - l )ml(n+m)lcm l r - 0 rl T 
(n-m) even 

2" ,.(2 )I cn-m-l)t cn+m+l)' _,,. () - m 2 2 . u:..:2m+l c CD ' (2m+r)! " 
= - (2m- 3)(2m-l )ml(n+m+I)Icm-2 ~ rl - d':' (c) 

(The expression for joining factors appropriate to 
the oblate c&.sE! may be obtained from the above 
formulas by the transformation c~-ic.) 

(n-m) odd 



21.11. Notation 

Notation for Prolate Spheroidal Wave Funclion:t 

An g. lnde- Ang. wave Rad. waye Normalization of angular Remarks 
coo rd. Rad. coord. pendent function Junction Eigenvalue functions 

variable 

' 
Stratton, Morse, 11 ~ h s.,(h, "~> je..,,(h, ~) A,..,(h) s,.,(h, t) =Pr<l) l=Fla.mmer's n 
Chu, Little and ne.,,(h, ~) A .. ,=~ .... 
Corbat6 he.,,(h, t) 

FJa.mmer and this 
chapter 

11 ~ c s .... (c, 'I) R!.:!(c, ~) ~ ... (c) S.,..,.(c, O)=P:'(O) 
8'-(c, O) = P:'' (0) 

(n-m) even 
(n-m) odd 

Chu and Stratton 'I ~ c S~(c, ,) R<.!l(c, $ A .. , SC.!l(c, 0) = P:+,(O) (l even) l=Fla.mmer's n-m 
,. S~J'( c, 0) = po_:.., (0) (l odd) A,.,=-~ •• · -

Meixner and ., ~ 'Y PS:(.,, r) s:<l>c~. -r> }.':(Y) f. (PB:'(fJ, r)J'd'l 
>.:('Y')=~ .... (c) -c2 

Schafke 
2 (n+m)! 

• =2n+1 '(n·-m)! 

Morse and Fesh-
bach 

.,=cos iJ E=cosh ~ h s.,,(h, ,) je. ,(h, ~) A.,, r <1- .,> __ ,,s,.. ,(h) 'I) l-· l=Fl!i.m.mer's n 
ne.,,(h, t) =[(1-?1' - .. /t.Pj"(,)] ••• A.,,=~ ..... 
he.,,(h, t) 

Page t 11 f Ur .. W u,.,(.,) a,,. ((1-fi)-•12U ,,..(E.J]=l l=Flammer's n 
Pla(fJ) E=1 a,.,=>..,,.-c' 
q,.,('l) 

Stratton, Morse, , ~ g 
Chu, Little and 
Corbat6 

s.r(ig, 11) je,..r(ig, -it) A.,, s,..,(iu, 1)=P;(t) l = Flammer 's n 
A .. ,=~ ..... 

Flammer and this 
" ~ c s ..... ( -ic, ,) R<.'!. (-ic, i~) >.,.,.( -ic) S,..,.( -ic,O) =P:'(O) 

chapter (n-m) even 

' S'.,.( -ic, 0) =P:''(O) 
(n-m)odd 

Chu and Stratton 11 ~ c 82](-ic, 'I) R~l(- ic, i~) B,.. , s<.!t(- ic, O)=P:+I(O) (l even) l=Flammer's n-rn 
S'.!l'( -ic, 0) =P:~r(O) (l odd) Br .. =-~ ... ,.-.. 

Meixner and. If ~ 'Y ps:(,,-'Y') ~m(-i~, i-y') ~C-r) J~. [ps:'(.,, - -y2) )Jd, 
>.:(- 'Y1)=A .. ,( -ic) +c' 

Schli.fke 
2 (n+m)! 

=2n+ 1 (n-m)l 

Morse and Fesh- .,=cos" ~:,sinh# g s ... r(ig, 'IJ) je,.. ,(ig, - i~) A,.., [ (1-'1')- .. 12S,..r(ig, 11)],_1 l=Flam.mer's n 
bach ne .. r(ig, -i~) =[(1-,r)-"'"Pi('l)l,_, ..4.,.,=>. .... 

he.,,(ig, -i~) 

Le1tner and 
(,) 

" ( ~ u, .. c.,> v,,..w ar,.. [(1-11
2)-.. ' 2 U 1.,(.,)},_1= 1 l=Flammer's n 

Spence ar .. =~ ..... +cr 
The notation in this chapter closely follows the notation in [21.4), 
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22. Orthogonal Polynomials 

Mathetnatical Properties 

22.1. Definition of Orthogonal Polynomiatls 

A system of polynomialsj,.(x), degree ff,.(x)]:=n, 
is called orthogonal on the interval a <x::; b, 
with respect to the weight function w(x), if 

22.1.1 

i~ w(x)f,,(x)fm(x)dx=O 

(n~m; n, m=O, 1, 2, .. . ) 

The weight function w(x)[w(x) ~0] determines 
the system j,.(z) up to a. constant factor in ea.ch 
polynomial. The specification of these factors is 
referxed to 88 standardization. ~ For suitnbly 
standardized orthogonal polynomials ·we set 

22.1.2 

16 

w(x)}:(x)d:=h,.,j,.(x)=k,.x"+k~x"-1+ ... 
(n=O, 1,2, .... ) 

These polynomials satisfy a. number of relat,ion­
ships of the same general form. The most 
important ones are: 

Differential Equation 

22.1.3 

where g2(z), g1(x) are independent of n and c~,. a. 
constant depending only on n. 

22.1.4 

where 

22.1.5 

22.1.6 

Recurrence Relation 

Rodriguee' Formula 

k.+tk,._lh,. 
k~hll-1 

1 d" 
},= e,w(x) dx,. { w(x)[g(x) ]"} 

where g(x) is a. polynomial in x independent of n. 

The system { 1;} consists again of orthogonal 

polynomials. 

P II.S,-J) 
5 

FIGURE 22.1. Jacobi. Polynomials PJa.~l(x), 
a=l.5, {3=-.5, n=l(1)5. 
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22.2. Orthogonality Relations 

f,.(x) Name of Polynomial a b w(x) Standardizat ion h .. Remarks 

22.2.1 P~·~1 (x) Jacobi -1 1 (1-z)'"(l +z)" p~·- ~>( t)=(n!a) 
2a+#+l r(n+a+ 1) r (n + ~+ 1) a>- I , ,9> -1 

2n+a+~+ t n!r(n+a+~+ l ) 

22.2 .2 G,.(p, q, z) J acobi 0 l ( I - x) p- •r•- 1 k.=l 
n!r(n+q) r (n+p) r (n+p- q+ 1) p-q>- 1, q>O 

(2n+p) r 1(2n+ p ) 

22.2.3 c~·l (z) Ultra.spherico.l - 1 l (1-zl)o- l c~·' ( t ) 
,..21-tar tn+ 2a) a ;o!O a>-l 

(Gegenbauer) 
=e+:a- 1) 

n !(n+a)[r(a)]1 

tpo ~O) 

2 21f a=O CIOI ( t)=-· 
n' " n 

C~01 (1)= 1 

l~ n~O 
22.2.4 T,.(:t) Chebyshev of the -1 1 (1-x'>-• T,.(l)= I 

first kind n=O 

22.2.5 U,.(x) Chebyshev o£ the -1 1 (1-x')l U,.(l)=n+ l 
1f 

"" second kind 2 

• 22.2.6 C,.(x) Chebyshev of the ( z')-1 C,.(2)=2 {4,.. n ;o!O 
-2 2 1--first kind 4" 8'11" n=O 

• 22.2.7 S,.(x) Chebyshev of the 
second kind -2 2 C·-~Y S,.(2) = n + l ... 

T!(:t) Shifted C'hebyshev T~(l)= l !: 
n r&O 

22.2.8 of the first kind 0 1 (x-x•)-J 

n=O 

U!(z) 
Shifted Chebyshev r • 22.2.9 of t he second 0 1 (x-2:1)1 U! (l)=n+ 1 8 kind I 

22.2.10 P,.(x) Legendre - L 1 1 P,.(l )= l 
2 

(Spherical) 2n+1 

22.2.11 P!(x) Shifted Lep;endre 0 1 
1 

1 2n+l 

•see page u . 



22.2.12 L~1 (z) 

22.2.13 L.(x) 

* 22.2.14 ll . (-z;) 

22.2.15 He.(x) 

·~ee p11ge 11. 

f,.(x) 

2.2.3.1 Pl;·lil(z) 

22.3.2 P!"·M(:r.) 

22.3.3 G.(p, q, x) 

22.3.4 C!al(x) 

22.3.5 C!Ol(x) 

22.3.6 T,.(x) 

22.3.7 U ,.(x) 

22.3.8 P.(x) 

22.3.9 L~al(:z:) 

22.3.10 H.(x) 

22.3.ll He.(x) 

22.2. Orthogonality lflelations-continued 

Generalized 0 Laf{uerre 
CD 

LB.j!;uerre 0 CD 

Hermite -Q) CD 

Hermite -CD CD 

N d. 

I 
n 2-.. 

n r(a+n+l) 
n!r(a+tl+n+ I) 

n 
I'(qt n)_ 

r (pt2n) 

[~] 1 
r(a) 

[~] 1 

[~] n 
2 

[~] I 

[~] I 
~ 

n 1 

[;] n! 

[~] n! 

t-z:r;a 
( - 1)• k.=----;r-

e~~ 
(-1) • 

k=--• n! 

e- 'Z' e,.=(-1)" 

~ --, e e,.=(-1)• 

22.3. Explicit Expressions 
N 

f ,.(x) =d. ~ c.,g.,(x) 
m-o 

c., 

I'(a+n+ 1) 
n! 

I 

..[;2•n! 

..,!'i;n! 

g.,(x) k,. 

(n~a) (;_:+_-!) (z-I) .-.. ex+ l)'" __!_ cn+a+P) 
2• n 

(n) r (a+P+n+nt+ 1) 
m 2"'I'(atnr+l ) (x- 1) "' _!_ cn+a+P) 

2" n 

I (n) r(p-1-~n-m) 
(- )"' m I'(q+n-m) %"-"" I 

-1 .. r (atn -m) 2• r(a+n) 
( ) m!(n-2m)! 

(2z) n-t .. 
n! r(a) 

1 
(n-m- 0! (2z) o-tn• 

2• 
n;o!'O (- }• m!(n-2m)! -

n 

(n-m- 1)1 (22:) n-1,., 2·-· (-1)"' -m!(n- 2m)! 

(n - m)! (2x)•-t .. 2• ( - ! )• 
m!(n-2711)! 

(-I)"'(:) czn-:2m) xn.-tm 
(2n)! 

2•(n!)' 

-1 "'cn+a) _!_ X"' 
(-I) • 

( ) tl- m ,;,,! ----n! 

I ... 1 
( - } !11l(n-2m)! 

(2.z;) n- t .. 2• 

( -1)"' 1 
m!2"' (n- :~111) ! 

X"-Sm I 

a> - 1 

Remarks 

a> - I, 11>-I 

a>- I, P> -t 

p- q>-1, q>O 

I 
a>2' a~O 

n~O. Cb01(1)=1 

a>-l 

sec 22.11 
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r.5 

-1.5 

FtGURE 22.2. Jacobi Polynomials p~a.~>(x) 1 

a=l(.2)2, fJ=-.5, n=5. 

FIGURE 22.3. Jacobi Polynomials PJ"'·~>(:t), 
a=1.5, .B=-.8(.2)0, n=5. 

Explicit Expressio1111 Involving Trigonometric Functio1111 

22.3.12 

22.3.13 

22.3.14 

22.3.15 

22.3.16 

IJ 

/,.(cos 9)=~ a .. c.os (n-2m}9 
m•O 

/.(oos 9) a,.. 

c~>(cos 9) r(a+ m) r (a+n-m) m!(n-m) ![r(a) jl 

P,.(cos 8) _!_ Cm) czn-2m) 
4" m n-m 

2 a ~o> c cos e)=:;;. cos ne 

Tn(cos O)=cos nO 

U ( ,)_sin (n+l)O 
11 C0Su- . , 

Sin v 

Remarks 

a~O 

FIGURE 22.4. Gegenba11.t..er (Ultraspherical) Polyno­
mials G~"'> (x), a=.5, n=2(1)5. 



/,.(z) f,.{-z) 

22.4.1 P!•·ll(z) ( - l )•P!'·•>(z) 

22.4.2 c!•> (z) 
a~O 

(- I) "c!;> (z) 

22.4.3 C!o> (z) (- l) •C~01 (x) 

22.4.4 T .,(x) (-l)•T.(z) 

22.4.5 U ,. (x) { - 1) .. u ,.(ll) 

22.4.6 P,. (x) (- l ) •P.(x) 

22.4.7 L!•> (z) 

-

22.4.8 H,.(x) (-l) •H,.(x) 

1.5 

-1.5 

ORTHOGONAL POLYNOMIALS 

22.4. Special Values 

777 

f,.(l ) 

(n~a) • 

(''+~-1) 

2 
-, n~O 
n 

1 

n+l 

1 

f,.(O) .fo(z) /J(z) 

1 
1 2 [a-IJ+ (a+IJ+2)z) r n~2m+ l 

/ t r (cx + n/2) 
(-l) • r (cx){n/2)1' n=2m 

1 Zax 

r-1)· -;n-•n=2m~O 
I 2:t 

0, n = 2m+ 1 

{ (-1) .. , n = 2m 
0, n= 2m+ J 1 X 

r-1)•, n= 2m 
0, n = 2m+ l 

1 2x r·)· Cm} ·~·m· 4'"' m 1 X 

01 n = 2m+ l 

e!Cll) 1 - x+cx+ l 

{ (2m) l (-1)"'-,-, n=2m 
1 2x m. 

0, n =2m+ l 

22.5. Interrelations 

lnterrelatione Between Orthogonal Polynomiale of the 
SIUDe Fanilly 

Jacobi Polyno.Wa1e 

22.5.1 

p,.co.,s>(x) r(2n+a+~+l) G (a+~+l ~+l x+ l) 
nlr(n+a+~+I) "\' 1 1 2 

c;A' 22.5.2 

n ( ) n!r(n+ p) p cp-1[,q-ll(2z-l) 
u,. PI q1 z r(2n+p) " 

(see [22.21]) . 

22.5.3 

F', (p q z) = (_:_ 1) "nl r (q) p Cp-q, q-U(2z-1) 
" I I ,.. . r(q+ n) " 

(see [22.13]). 

Ultraspberical Poly.nomiale 

22.5.4 

Chebyllhev Polynomiale 

22.5.5 
FrouRE 22.5. Gegenbauer (Ultra-spherical) PQlyno­

mial$ O~a>(x) 1 a=.2(.2)1 1 n=5. 22.5.6 

T,.(z)=j0,.(2z)=T! Ctz) 

T,.(z)=U,.(z)-zU,.-t(z) 

•See paaeu. 
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22.5.7 

22.5.8 

22.5.9 

T"(x)=xU n-1 (z) -U,._2(z) 

T,.(z)=i [U,.(z)-U,._2(x)] 

( . (I+z) U,. x)=S .. (2z)=U! - 2-

1 
22.5.10 U,._.(x)=1_z2 [zT,.(x)-Tn+1(x) ] 

22.5.11 O,.(x)=2T,. (~)=2T! (x!2
) 

22.5.12 Gn(X)=S,lx)-S11_2 (x) 

22.5.13 S,.(x)=u .. (~)=u:(z~2) 

22.5.14 T!(x)=T,.(2x- l)=i 0,.(4z-2) 

(see [22.22]) . 

22.5.15 U!(x)=8,.(4x-2)= U,.(2x-1) ~ 

(see [22.22]) . 

Generalized Laguerre Polynomials 

22.5.16 L~0> (x)=L,.(x) 

22.5.17 L~m>(:r;)=(-1)"':; [L,.+m(x)] 

22.5.18 

(see [22.20]) . 

22.5.19 

Hermite Polynomials 

(see [22.13), [22.20D. 

lnteJ:relations B~tween Orthogonal Polynomials of 
Different Families 

Jacobi Polynomiala 
22.5.20 

P~"' -t a-*> (z) r (2a) r (a+n+!) G <a> ( ) 
r(2a+n)r(a+!) fl z 

22.5.21 

P:· i>(x) 

22,5.23 p~-1.-i>(z)= f .. (~) T,.(x) 

22.5.24 p~o.o1(x)=P,.(x) 

22.5.25 
Ultraspheri~ Polynomials 

a~~) (z) r(a+n)n!22" p ca-i, -h (2 2 ) 
r(a)(2n)! " X -

1 

22.5.26 
(a ;;eO) 

r (a+n+ 1 )nl2211+ I p<a-t. i) (2z2-1) 
r(a)(2n+I)! X " 

22.5.27 

G~"'>(x) r(a+i)r(2a+n) p <a-t,a-t>(z) 
r(2a)r(a+ n+!) 11 

22.5.28 

0~01 (x)=~T .. (x)=2 (n-1)! f7rpC-t. -t)(x) 
n . r(n+t) 'V" " 

Chebyshev Polynomials 

22 5 29 T ( ) nl..,fi p<-t.t>(2-2·-1) 
• • 211+1 x r(n+i) x ,. -.c-

22.5.30 u2,.(x) n!.,fi p <t. -h (2x2-l) 
r(n+i) " 

n'-fi 
22.5.31 T,.(x)=rc~+l) p~-t.-t> (z) 

22.5.32 Un(x) (n+l)!...fi p<4.l>( ) 
2r(n+!) " x 

(a~O) 

(a ;;CO) 

* 

FIGURE 22.6. Ohebyshev Polynomials T.(x), 
n=l(l)5. 

·•see page n. 



FIGURE 22.7. 

22.5.33 

22.5.34 

OHTHOGONAL POLYNOMIALS 

5 

4 

-2 

·3 

Chebyshev Polynomiali.J U .. (x), 
n= 1 (1)5. 

n 
T,.(x)=- 0~0'(z) 

2 

U,.(z)=O~>(x) 

22.5.35 

22.5.36 

Legendre PolynoD1iala 

p ,.(z)=P~0• 0> (z) 

P11(z)=0~112'(z) 

22.5.37 

d"' dz"' [P,.(z)]=1·3 ... (2m-l)O~~;;t>(z) 

Generalized Lague.rre Polynomials 

22.5.38 L <-It2>(,.,)=(-1)" H (-'X' 
" "' n!22" z,. 'V"'I 

22.5.39 

He.r:mi"' Polynomials 

22.5.40 

Orthogonal Polynomiala aa Byperseometric Functions (see chapter 15) 
j,.(x)=dF(a, b; c; g(x)) 

779 

(m~n) 

For each of the listed polynomiaL~ there a.re numerous other representations in terms of hyper­
geometric functions. 

/,.(:s:} d a b c g(x) 

P<:·~1 (x) e~") a+ I 1-:s: 
22.5,f2 - n n+a+t1+1 -2-

-

P~"-6l(:s:) cn+:+t1)(~;1)" -2~-a-fJ 
2 

22.5.43 -11 -n-cr 1- x 

P<:-~> (:s:) e:a)C~xy a+l 
z-1 

22.5.44 -n -n-fJ z+I 

22.5.45 P<:-6> (:s:) e~P)e;1r -n -n-a fJ+1 
z+1 x-1 

c~>(z) 
r (n+2a) n+2a a+! 

1-x 
22.5.46 

nlr(2a) -n -2-

! 
1-a: 

22.5.47 T,.(:r;) 1 -n n -2-

n+2 * 
1-:r; 

22.5.48 U,.(x) n+1 -n i -2-

22.5.49 P,.(x) 1 - n n+I 1 
1-li 
-2-

(~)(';1)" 
2 

·22.5.50 P,.(z) -n -n - 2n 1-x 
(:n)GY l -n l 

22.5.51 P,. (z) n -2-
,_n 

Xi -2 
22.5.52 Pz,.(z) ,. (2n)l 

(-l) 2'"(nl)' 
-n n+i ' 

z2· 

22.5.53 P2n+1(x) 
( _1) ,.(2n+ 1)1

2
, -n n+! i :z;t 

2'"(nl)' 
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Orthogonal PoJynomials as Confluent Hypergeometric 
Functions (see chapter 13) 

Orthogonal p-olynomials 88 Parabolic Cylinder 
Functions (see chapter 19) 

22.5.55 H~ (x)=2~u (~-~ n, ~, x2
) 

22.5.56 H2m(x)=(-l)m (
2

m)! M(-m ~. ' x2) 
ml ' 2 

22.5.57 

• H2m+r(X)=(-l)m (
2:1l)!2xM( -m, ~~ x') 

F I QURE 22.8. Legendre Polynomials Pn(x) , 
n=2(1)5. 

•See page n. 

22.5.58 

Hn(x)=2"12ez212D~(..f2x)=2~12etl'2U ( -n-~, ..flx) 

22.5.59 He~(x)=ez2''D"(x)=ez?.HU ( -n-~, x) 

Orthogonal Polynomials 88 Legendre Functions 
(see chapter 8) 

22.5.60 

o~a> (x)= 

( 
l a 

r a+i)r(2a+n) [! ( 2-1)] 2 p<l-a) () 
n!l'(2a) 4 X n+a-i X 

(a¢0) 

Ln(lt) 

FIGURE 22.9. lAguerre Polynomials L~(x) , 
n=2(1)5. 

FIGURE 22.10. Hermite. Polynomials H~~x) , 
n=2(1)5. 



y 

22.6.1 p~,l) (:~:) 

22.6.2 (1-:t)"(l +x)PP~·81 (.:z:) 

•+I 6+1 

22.6.3 (1-.:z:} T(l +xf2-p~.Bl(l.) 

ORTHOGONAL POLYNOMITALS 

22.6. Diffe rentia l Equations 

U2(:~:) 11" + g,(x)y' +uo(x) y=O 

g,(x) g, (x ) 

1-x1 tl - a-(a+tH2)x 

1-x1 a -t!+ (a+tl- 2)x 

1 0 

22.6.4 ( %)"~( :z;)Hl ( ) sin ~ cos 2 P : ·' (cos x) 1 0 

22.6.5 C~1 (z) 1-.:z:' -(2atl)x 

22.6.6 (1-z')-lc~·1 (z) 1-z' (2a- 3)x 

• I 

22.6.7 (l-:z;2)i' ... c~·) (x) I 0 

22.6.8 (sin x)"C~1 (cos z) I 0 

22.6.9 T" {:r) l - x2 - z 

22.6.10 T,.(cos x) 1 0 

22.6.11 - 1- T,.(z); U,.-l(x) - * 1-x• -3x .J 1-xl 

22.6.12 U . (x) 1 - x' - 3x 

22.6.13 P,.(x) 1- :z;' - 23. 

22.6.1. -./1-:z:1P,. (x) 1 0 

22.6.15 L~l(z) X a + 1-x 

22.6.16 e--zx«12L~"l (x) • X l.+l 

22.6.17 e-•' 2zt<r+llll L!:'l (:r) I 0 

22.6.18 e-•''tx•+l £<;> (x') 1 0 

22.6.19 H ,. (.x) l -2% 

•' 
22.6.20 e-TH,.(x) I 0 

22.6.21 H e,.(x) I -x 

• see pn~e u . 
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go (:r) 

n(n+a+tl+ I ) 

(n+ l)(n+a +tl) 

I 1- a' I l - tl2 

4 (1- .x)!+4 ( I +z)' 

+ 2n(n+a+tl+ I ) t(o_j- 1)(0±...!_ 
2 ( 1-x2) 

I - 4a2 I - 4tl' 
$+ X 

16 sin2 - 16 cos2 -
2 2 

+(n+a+~+ l) 

n(nt2a) 

(n+ 1)(n+2a-l) 

(n+a)' 2+ 4a - 4a'+x' 
1-x' + 4(1-x')' 

(n+ a)'+ a( ~ - a ) 
:<tn1 z 

nt 

n• 

n'-1 

n(n+2) 

n (n+ 1) 

n(n+ l ) 1 
~+(1-x')t 

n 

a a 2 

n+2+1-4:r 

2n+ a+l+l-or1 _! 
2% 4.1:' 4 

l-4or2 

4nt2a+2 -:z:1+~ 

2n 

2n+t-x• 

n 
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22.7. Recurrence Relations 

Recurrence Relatione With Respect to the Degree n 

a",f,.+t(:t) = (a ... +a~,.x)f,. (z) - a.,.f .. -t(z) 

f,. ah 0210 a a,. a"' 
-

22.7.1 P~""'1(z) 2(n+ l}(n+a+P+ 1) (2n+ a + .B+ l )(a1 - ,B1) (2n+a+P}a 2(n+a) (n+ .B) 
(2n+a+.B) t2n+a+.B+2) 

22.7.2 G,.(p, g, z) (2n+p-2).(2n+p-l) - [2n(n+ p) + ~(p-1)] (2n+p-2) 4 n(n+q- l )(n+p-1) 
( n+p_-2h (2n +p-1) (n + p-q)(2n+p+1) 

22.7.3 C!al(z) n+l 0 

22.7.4 T ,(z) 1 0 

22.7.5 U ,.(z) 1 0 

22.7.6 S ,.(z) 1 0 

22.7.7 C,.(x) 1 0 

22.7.8 T:(z) 1 -2 

22.7.9 u:(z) 1 -2 . 
22.7.10 p ,.(:t) n + l 0 

22.7.11 P:(z) n+l -2n-l 

22.7.12 L!•,(z) n+l 2n+a+I 

22.7.13 H ,.(z) 1 0 

22.7.14 He,. (z) 1 0 

Miacellaneoue Recurrence Relatione 

Jacobi PolynoDlials 
22.7.15 

( n+~+~+ 1) (1-:z:)P~"'+l.ll> (x) 

= (n+a+ l )P,.<a.IJ>(z) - (n+l )P <:/ 1>(z) 

22.7.16 

( n+~+~+ 1) (1 +z)P~a.Ht> (z) 

= (n+,S+l)P~"·Il1 (x)+ (n+ l)P~'"+~' (z) 

22.7.17 

(1 -:z:)P~"+l./ll (x)+ (1 +z)P~«.IJ+II (z)=2P~"·Il1 (z) 

22.7.18 

(2n+a+,S)P~"-1• 11>(x)=(n+a+P)P~"· 111 (x) 

-(n+P}P~~f> (x) 

22.7.19 

(2n+ a+,S)P~a,IJ-1! (:z:) = (n+a+ ,S)P~«, IJl (a:) 

+(n+a)P~~f1 (x) 

22.7.20 P~"· ll- l>(z)-P~"- 1·1l'(z)=P~~~~ (x) 

-

2(n+a) n + 2a- 1 

2 1 

2 1 

1 1 

1 1 

4 1 

4 1 

2n+1 11 

411+2 11 

-1 n+a 

2 2n 

1 n 

lntrupherical Polynomials 

22.7.21 

2a(l -~)0~~tn (z)= (2a+n-1 )0~"21 (x)-nx0~"1 (x) 

22.7.22 
=(n+2a)z0~"' (z) 

-(n+1)0~1,(x) 

22.7.23 (n+a)O~+-l' (z) = (a-1 )[ ~":t t (z)- 0~~1(:z:)] 

22.7.24 
Chebyshev Polynomials 

2T"'(x)T,.(x)=T '*"'(:z:) + T -·(x) (n~m) • 
22.7.25 

2(:z:2-l)U,._t(:t)U,._,(x)= T,.+IPI(:z:) - T,._"'(x) 
(n~m) 

22.7.26 

2T,.(:z:)U,._1(x)= U,.+,.-t(z) +U,._ ... _,(z) 

22.7.27 

2T,.(x)U m-t (:z:)=U ,.+--- t (x) -u,._,._, (z) 
' 

22.7.28 

•see P-.e u . 

(n>m) 

(n> m) 



ORTHOGONAL POLYNOMIALS 783 

Generalized Laguerre Polynomials 22.7.31 

22.7.29 L~a+ll (z)=i [(n+a+l)L~al (x)- (n+l )L~a~1 (:z:)] 
22.7.32 

1 
L~a+t> (z)=; [ (:z:-n)L~a> (z) + (a+n)L~~\ (z)) 

22.7.30 
L~a-ll ( z)= +l [(n+l)L~~1 (z)-(n+l-z)L~a>(z) ] 

n a 

f,. 

22.8.1 P!"•~> (:t) 

22.8.2 C!"~ (x) 

22.8.3 T,. (x) 

22.8.4 U,.(z) 

22.8.5 p ,.(:t) 

22.8.6 L~"l (z) 

22.8.7 H,.(:t) 

22.8.8 He,.{z) 

f,.(:t) 

-
22.9.1 p~•. ll(:z;) 

22.9.2 C!•> (z) 

22.9.3 c!•>(z) 

22.9.4 C!O) (:t) 

22.9.5 C!•> (z) 

22.9.6 T ,.(.t) 

22.9.7 T ,.(:t) 

22.9.8 T ,.(:t) 

22.9.9 T ,.l:t) 

22.9.10 U,.(z) 

22.9.11 u .(:t) 

' See page D. 

22.8. Dift'erential Relations 
d 

gs(:t) tb:f,.(x) =g,(x)f,.(z) + uo(:t)f,._ ,(z) 

gs g, 

(2n+ a+ {J) (l-x1) n[a-6 - (2n+a+ 6)z] 

1-:z;J -nx 

1-:t• - nx 

1-z1 -nx 

1-:t• - 11$ 

:z; . n 

1 0 

1 0 

22.9. Generating Functions 

g(:z:,z) = ~ a ,.f ,.(z ) t" 
.. - o 

a,. g(x,z) 

z-.. -~ R - t (J -~+R)-"(l+z+R)-~ 

z•- · r (a + l + n) r(2a) R-1 (1 -zz+ R)t- • 
r(a +t)r (2a + n) 

1 R-.. 

1 - In R' 

r (Za) ·-r (a + i ) r (2a+n) e• - 1 (~ Rin 8) J._4 (z sin 6) 

2 c-z• ) """"'RI+ 1 

~~en) 
4~ n R-tn-xz+ R)In 

1 
1-! ln Rt n 

1 
1 - a;z 
Jil 

1 R-• 

.:!1_ cn+ 2) 1 • - (1-zz+R)- 112 
4 .. -u n+ l R 

Uo 

2(n+ a)(n +P) 

n+ 2a- l 

n 

. n+l 

n 

- (n+a ) 

2n 

n 

Remarks 

-

lz!< I 

lzl< l , a~O 

jl!j< I , a~O 

lzl< l 

x=cos 6 

- l <:ll< l 
lzl< l 

- l <z<1 
lzi< I 

ao= 1 
- l < z < l 

lzl<l 

- I < x < l 
lzl< l 

- t <z<I 
[zl< l 

- t <z<l 
lzl< l 
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f,.(:t) 

22.9.12 P.,(z) 

22.9.13 P~(z) 

22.9.U S,.(z) 

22.9.15 L~"1 (z) 

22.9.16 L!'1(z) 

22.9.17 H~(z) 

22.9.18 Fl,,.(x) 

22.9.19 Ha..+1(z) 

ORTHOGONAL POLYNOMIALS 

22.9. Generating Functions-Continued 
., 

g(z, z) = 2: a.J,.(z)z• 
~t•O 

a.. g{:t, :) 

1 R-1 

1 
e• •u• 1J 0(: sin 8) n! 

l {1-z.e+ r:')-1 

1 (1-:)---1 exp ( ~) 
z - 1 

1 (xz)-tae•J .. [2(zz) 1/1] 
r (n+a+ l ) 

1 
~~··-·· nr 

( -.1) ~ 
(2n)! ex cos (2a;Yz) * . 
{-l )n 

z-l/2ez sin (2zYz) .. 
(2n+l) ! 

22.10. Integral Representations 
Contour lntegral Representations 

Remarks 

-l<z<J 
jzj< l 

z=co~ 8 

-2<a:<2 
!zl<l 

lzl<l 

-

f,.(x)=(J~~J Jc [gt(z, z)]"g1(z, z)dz where Cis a closed contour ta~en around z=a in the positive se~e 

f.,(z) Ut(Z,z) gs(z,z) 

22.10.1 P!'"·~(z)-
1 r:t- 1 (1 - .e)'"(l + z)~ 

(t-z)•(l+:z:r~ 2(z-z) l-X 

22.10.2 C~al(:z:) 1 1/.e (1-2:z:~+ .e' ) ..... r-1 

22.10.3 T,.lz) 1/2 1/r: 
1-z2 

1(1-2:z:~;+ r:') 

U,.(z) 1/r: 
1 

22.10.4 1 
z(l-2zz+z') 

22.10.5 P,.(z) 1 1/r: ! (1 -2zr:+z')-112 
E 

22.10.6 P,.(z) 1 r:' - 1 1 
~ -- -

1-X r:·-:r; 

22.10.7 L!.,1(z) z E'" eaz- -- - e-• z-z E-:1; 

22.10.8 L~"1 (z) 1 I+: 
z e-• ( I+i Y 1/z 

22.10.9 H,.(z) nl 1/z 
et:u-•t 
-z 

Miacellaneous Integral Repreeenta.tions 
20- 2a>r (n+2a) f" 

22.10.10 c~a>(x) n![ r (a)]2 J o [x+~x2 1 cos ct>]" (sin cf>)2a-ldct> 

22.10.11 G~"'>(cos 8) 
21-~r<7t1

2a) (sin 6)1-2 .. f' ( cos (n+a)ct> d4J 
n. r a 2 J o cos ct>-cos 8) l-a 

•See page n. 

Remar k.S 

z - ± 1 outside C 

0 Both zeros of 
1-2:z:z+ z'out.aide a, 
a>O 

0 Both zeros of 
1-2zz + z' outside c 

Both zeros of 
0 1-2zz+ z' outside c 

0 Both zeros of 
1-2zz + E1 outside c 

:r; 

X Zero outside G 

0 z= -z outside C 

0 

(a>O) 
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22.10.12 P,.(cos 8)=! f" (cos 8+i sin 19 cos ~)"d~ 
7r Jo 

22.10.13 P
11

(cos 8)= .J'i Jr tn (n+!)tPar¢)i 
1r , cos 8-cos 41 

221.11. Rodrigues' Formula 

1 d" J,. (x)= a,.p (x) dx" { p(x) (g(z) )"} 

The polynomials given in the following table are the only orthogonal polynomials which satisfy 
this formula. 

/ ... (%) a,. 

22.11.1 p~a,JJ)(z) (-l)ft2ftnl 

22.11.2 C~"'l(z) l-1)"2~' r (2a) r (a+n+!) 
0 

r (a+!t<n+2a) 
rtn+! • 

22.ll.3 Tft(x) (-1)•2" ---...r; 
22.11.~ U,.(:r:) (- 1)"2"ofol ~H-) 

(n+:t)...{; 
22.11.5 P,.(x) (-1)"2-ftn! 
22..11.6 L~"'> (.7i) nt 
22.11.7 H,.(x) (- 1) " 
22.11.8 Heft(x) (- 1)• 

22.12. Sum Formulas 

Chril'ltofl"el-Darboux Formula 

22.12.1 

t _!_ j,.(x)fm(y)=~ f,.t,(z)j,.(y)-f,.(z)f,.+t(Y) 
m• O h,. krotlh,. z-y 

Miecellaneous Sum Formulas {Only a Limi~ed Selection 
Is Given Here.) 

22.12.2 

22.12.3 

22:12.4 

22.12.5 ~ U ( ) z-Ttn+l (:t) ;:=
0 

2m+l z 2(1 - z2) 

22.12.8 

H"(x+y) =2~12 to(~) TilJ2x) H ro -.l·/2y) 

•See page n . 

p(x) g(x) 

(1-x)"(l+:r)' 1- z1 

( 1-:zl)..-t 1-x' 

(1 -xl)- t 1- x' 

o-r>• 1-.:r:' 

1 1- x' 
e-s%" X 

e-•' ] 

e-•'11 1 

22.13. Integrals Involving Orthogonal Poly:­
nomials 

22.13.1 

2n.('. (1-y)"(l+y)JJP~·-.~~><y)dy 
=P~~t'·H•> (0)- (1-z)a+1(1 +z)JJ+•p~_~t'· htl (x) 

22.l!l.2 

n(~n) J:~ (1-yl)"-tO~'">(y)dy 

22.13.3 

22.13.4 

22.13.5 

22.13.6 

22.13.7 

=0~~t1>(0)- (1 -r)o+tO~~t·> (z) 

f' T,.(y)dy 7rUn- t(x) 
J -1 (y-x).Jl y2 

.fl ~Urt-t(y)dy = - 7rT,.(x) • 
J - 1 (y-x) 

f
l 2 312 

(1-x ) - 112P,.(x)dx=-­
- t 2n+l 
r· 7r (2n)2 Jo P2nCcos B)d8=16n n 

• 
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22.13.8 

22.13.9 

r· (-l)"r (n+~) r (t+~) 
Jo r-P2n+1(x)dx = ( >.) (l ).) -

2r n+2+- r ---2 2 2 

(>.>-2) 

22.13.ll 

i
1 P,.(t)dt 1 

:a: ...)t x (n+!)...)l x [T,.(z)-T,.+,(x)] 

22.13.13 

__ T(a+~+n+1) i"' (;~:-t)~-1t"L~ .. 1(t)dt 

22.13.14 

=r(a+n+ 1) r(ft)za+P L~"+PJ (z) 

(9la>-I, Bltr>O) 

i" ~,.(t)L,.(x-t)dt 
= .C L,.+"(t)dt=L,.+"(x) -L,.+,.+tCx) 

22.13.15 .C e- 12H,.(t)dt=H,._1(0)-e-tt2H,_,(x) 

22.13.16 f"' 1 J o H,.(t)dt 2(n+l) [H,+1(x)-H,.+t(O)] 

22.13.17 J"' e-'2H 2,.(tx)dt=..fi (2m,)! (r-l)"' 
-., m 

22.13.18 

J_: e- '2 tH2mH(tx)dt=+i <2:~.1)! x(r-1)"' 

22.13.19 J_"'., e-t2t"H,.(xt)dt=..[in!P,.(x) 

22.13.20 

i"' e-'2[H,.(t)]2 cos (xt)dt=..fi2"- 1n!e-itt2Ln (f) 

22.14.1 
22.14. Inequalities 

JP~"· P> (x) J ~ 

(n;q):::onq, if q=max (a, ~)~-1/2 
(a>-1, fJ>-1) 

JP~a.P>(x') J ,.~~~if q< -~ 

-.' maximum point nearest to a!;~ 1 

x'=O if n=2m; x'=maximum point nearest zero 
ifn~m+l 

22.14.3 
ncr-1 

JO~ .. >(cos 8)]<21
- .. (sin S) .. r(a) (O<a<1, 0<D<'lr) 

22.14.4 ]T,(x)]~l (-l~x~l) 

22.14.5 ldT,(x) I <n2 

dx - (-1 $x~l) 

22.14.6 JU,.(x)l~n+I (-l~z~l) 

22.14.7 JP,.(z)]<l (-l ~z~ l) 

22.14.8 jdP;x)~~~n(n+l) (-l~z~l) 

22.14.9 JP,.(z)l ~ f2 k (-l<z~l) * -v;:n l -x2 

22.14.10 

P!(z) -P,_1(x)P,+l (x)<3~n~l) (-l~x~l) 

(-l~x< l) 

22.14.12 JL,(z) I~ ezfZ (x> 0) 

22.14.13 ]L,<aJ (x)·J < I'(a+n+1) e%12 (a>_O, x>_O) 
- n!r(a+l) 

22.14.14 

IL~'"1 (x)1~[2 r(a+n+ l )] e:t'2 (-l<a<O z>O) 
n!I'(a+l) 1 

-

*See page 11. 
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22.14.15 
lim [ la L ~a) c~)]=x-t>.IZJ (J (2{XJ 
n-+ ... n n 

22.15.2 

22.14.16 
lim [C-1t'v'n H. c~)J=-1 cos x 
n-+.., 4~n! 2n 2v'n .fi 22.15.3 

k:::::: 1.086435 lim [ (-1)" H (~)]=~sin x 22.15.4 n-tao 4"n! 2n+l 2.,fii ...fi 

22.15.1 
22.15. Limit Relations 

22.15.5 l im p~a,/JJ (1-2x)=L~"> (x) 
fl-tex> ' fJ 

lim [ 
1
a Pi"· Ill ( cos ~)] 

n-to> n n 22.15.6 ~ a!,2 0~ .. > ({a)=~~ H~(x) 

=lim lap~a, IJ) (1- z22)=(~)" J ( ) 
n-+.., n 2n :t a X 

For asymptotic expansions, see [22.5] and 
[22.17]. 

22.16. Zeros 
For tables of t.be zeros and associated weight factors necessary for tbe Gaussian-type quadrature 

formulas se~ chapter 2_5. All the zero:3 of the orthogonal polynomials are real, simple and located 
in the intenor of tbe mterval of o~tho.gonality. 

Notations: 
E-xplicit and Asymptotic Formulas and Inequalities 

x,\,">mth zero ofj,(x)(xl"l<xi"l< ... <z~l) j,., m, mth positive zero of the Bessel function J .. (x) 

8~"l=a.rccos :z:~~m+J(O<Bl",<BJ"l< ... <:8~"1<11') 
O<j .. _,<j ... 2< · · · 

f,.(x) 
Relation -22.16.1 P~·~>(oos 8) lim nt~<nl=j (a>-1, tJ>-1) n-+., '" Cl,m 

. -
x!,:'> ==l -i!-i ... [ 1_ 2a +O (.!.) J 22.16.2 c~> (:~;) 

2nt n n' 
22.16.3 C~1 (cos fJ) (m+a--1)"" m ... 

(0 ~a~l) ~-<8!•1<--n c:t - .. -n+a 

22.16.4 Tn(:t) :t!:1=cot;~ 
2n ... 

22.16.5 U,.(x) r.:>=cou ~ 
n+l"" 

r·-~ , -=-- .,.. <~·' < m 
22.16.6 P,.(cos 8) 211-J-1 -,. -2n+1 ... 

9',:1=.!~ +_!__ t 4m-1 +O(n-•) 
4n+2 w 8n' co 4n+2 w 

{"''-I-ik [1-40(n-•)] 22.16.7 P"(x) 2n1 n 

:t!:)= 1- 4~;) . •l- jL" ) Jlm-1 +0 _!_ 2n+ I+~.:H ~ .. - 4n+2 [ +12(2n+l)'J (ns) ., 
x!•J>.1• . ... 
'" 4kn 

22.16.8 L~l (:t) :~;!:l < ~:!! (2k,. + -J 4k! + t a+l 
~) k,=T+-

2
-,. 

r.:'==.E~ (I+ 2(a 1 - l ) +i: .... ) +ocn-1) 
4lc" 48k! 

For error est1mates see [22.6]. 
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22.17. Orthogonal Polynomials of a Discrete 
Variable 

L:w*(:r:,) is finite. The constant factor which is 
I 

still free in each polynomial when only the orthogo­
nality condition is given is defined here by the 
explicit r epresentation (which corresponds to the 
Rodrigues' formula) 

In this section some polynomialsf,.(z) are listed 
which are orthogonal with respect to the scalar 
product 

22.17.1 22.17.2 f,.(:r:) :( ) A"['w*(x)g(x, n)] 
r,.w x 

The Xt are the integers in the interval a~x,~b 
and w*(z 1) is a. positive function such that 

where g(z,71>)=g(z)g(x-1) . .. g(z-n+ l ) and 
g(z) is a polynomial in x independent of n. 

Name a b w*(x.) r,. g(x, n) Remarks 

Chebyshev 0 N-1 1 1/n! (~) e:; 
Krawtchouk. 0 N p•qN-~ ( ':) (-l)"nl q"xl p,q>O; 

(z-n)l p+q= 1 

Charlier 0 
e-•a"" 

(-l)"~a"nl 
zl 

a>O a> Z! (x - n)l 

Meixner 0 
e•r (b+x) xl 

b>O, o<c< l a> 
r (b)x! C" (z - n)l 

Hahn 0 CD 
r (b)r (c+ x) r (d+x) 

n! 
xlr(b+x) 

x!r(b+x) r (c)r (d) (x - n) !r(b+ x-n) 

-

For a more complete list of the properties of these polynomials see [22.5] and [22.17] . 

Numerical Methods 

22.18. Use and Extension of the Tables 

Evaluation of an orthogonal polvnomial for which the coejficients are given numerica1Zy. 
Example 1. Evaluate L5(1.5) a.nd its first and second derivative using Table 22.10 and the 

Horner scheme. 

1 - 36 450 -2400 5400 - 4320 : 720 

Z= 1.5 1.5 - 51. 75 597. 375 -2703. 9375 4044. 09375 ·- -413. 859375 

1 - 34.5 398. 25 -1802. 625 2696.0625 -275. 90625 306. 140625 

1.5 1.5 - 49. 5 523. 125 -1919. 25 1165. 21875 La 
306. 140625 

720 
=. 42519 53 

1 -33.0 348. 75 -1279. 500 776. 8125 889. 3125 

1.5 1.5 - 47. 25 452. 250 - 1240. 875 L ' 889. 3125 
I 720 
= 1.23515 625 

1 - 31.5 301. 50 - 827. 250 -464. 0625 
L" _ 2 [-464. 0625) 

a - 720 
= :..... J . 28906 25 
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Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not 

given numerically, 
If an isolated -value of the orthogonal polynomial j,.(x) is to be computed, use the proper explicit 

expression rewritten in the form 
j ,.(x) =d,.(x)ao(X) 

and generate ao(x) recursively, where 

a,.-l(x)= l -b"' j(x)a,.(x) 
Cm 

(m= n, n-1, .. . , 2, 1, a,.(x)=l). 

The dn(x), b.,., c,., j(x) for the polynomials of this chapter are listed in the following table: 

f ,.(z) d,.(x) b,. Cm 

p<~.~) 
n c~ta) (n-m+ 1) (a +,S+n+m) 2m(a+m) 

ac~) 
2n 

(- J) n (a),. 
n ! 2(n-m+ 1) (a+n+m-1) m(Zm-1) 

cJ-;.>+, (-l) " (a) .. +t 2.x n! 2(n-m+ 1) (a +n+ m) m(2m+ 1) 
-

T2n (-1) " 2(n-m+ 1) (n+m- 1) m(2m-1) 

Th+t ( - 1) "(2n+ 1):t 
~ 

2(n-m+ 1) (n+ m) m(2m+l) 

u! .. (-1)" 2(n-m+ 1) (n+m) m(2m-l) 

Utn+l ( - 1) "2(n+ l)x 2(n-m+1) (n+m+ 1) m(2m+l) 

P 2n 
(-1)• Cn) 

4" n 
(n-m+ 1)(2n+2m-l) 1~t(2m-l) 

P2n+l .(-1)" cn+1) (.n+ l )x 
4" n 

(n-m+ 1) (2n +2m+ 1) m'(2m+ l ) 

Lt~l 
n e!a) n-=m+ l m(a +m) 

H!J,,. (-l),.(2n)! 
n! 

2(n-m+1) - m(2m - 1) 

Ht,.+t 
(- 1)" (2n+1}!2x 

nl 
2(n-m+l) m(2m+l) 

Example 2. Compute p~vu;2'(2). Here d8=CSs5)=3.33847, f(2)=-1. 

m 8 7 6 5 4 3 2 1 

a., 1 l . 132353 1. 366667 1. 841026 3. 008392 6.849651 26. 44156 223. 1091 
b .. 18 34 48 60 70 78 
c... 136 105 78 55 36 21 

p~uz. 3' 2l(2)=d8a0(2)=(3.3384 7)(6545.533) =21852.07 
Evaluation of orthogonal polynomials by m~ans of their recurrence relations 
Example3. ComputeO~U(2.5)for n=2,3,4,5,6. 

84 
10 

From Table 22.2 O~l>=l, O~l'>=1.25 and from 22.7 the reclllTence relation is 

0~~~1(2.5)= [5 (n+t)O~t> (2.5)-(n-~ )0~l2 1 (2.5) l n~ t' 

n 

3

2

656251 
3 4 5 6 

c~u(z.s) 13.08594 50.87648 207. 0649 867. 7516 

Check: Compute 0[1>(2.5) by the method of Exa1nple 2. 

88 
3 

f ('Z) 

1-.x 

X~ 

zt 

zt 

:tl 

:j;l 

x' 

:t~ 

z2 

z 

~~ 

x' 

0 

6545. 533 
90 
0 
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Chana:e of Interval of OrthogonaUty 

In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1). 
One cnn obtain the new polynominls from the ones given in this chapter by the substitution x=2i-1. 
The coefficients of the new polynomial can be computed from Lhe old by the following recW'Sive scheme, 
provided the standardizn.tion is not chan,ged. If 

n ft 

j,.(x)=~ ~~ ... x"', J:(x) j .. (2x-l)=~ a:x"' 
~~ m~ 

then the a! are given recursively by the a, through the relations 

a!.f>=2a![-1>-a![~1 ; m=n- 1, n-2, . .. , j; j=O, 1, 2, . .. , n 
a~-t> =a,/2, m=O, 1, 2, ... , n 
a~>=21a,., j=O, 1, 2, ... , n nnd a~"')=a!.; m= O, 1, 2, ... , n. 

~ 5 4 3 2 1 0 

- 1 8=a~-u 0 - 10=~-ll 0 2.5=a!-•• 0 

0 16 -16 -4 4. 1 -l=a; 
1 32 -64. 56 ' - 48 50=a~ 
2 64. - 192 304 - 400=a; 
3 128 -512 1120=a; 
4 256 -1280=a: 
5 512=a; 

Hence, T:(x)=512x5-1280z4+1120x1- 400zt+50x-1. 

22.19. Least Square App.roximat iCJ•ns D a Continuou11lnurval 

Problem: Given a function j(x) (a.nalyt.ically or 
in form of a table) in a domain D (which. ma.y be 
a continuous interval or a. set of discrete points).a 
Approximate j (x) by a polynomial F,.(x) of given 
degree n such that a weighted sum of thEl squares 
of the errors in D is least. 

Example 5. Find a least square polynomial of 

degree 5 for j(x)=l!x' in the interval 2$z.:$;5, 

using the weight function 

Solution: Let w(x) ~0 be the weight function 
cbose.n according to the relative import ance of 
the errors in different parts of D. Let j,.(x) be 
orthogonal polynomials in D relative to ·w(z), i.e. 
(j,.,j,.)=O for m~n, where 

(f,g)= 

JD w(x)j(x)g(z)dz 

if D is a. continuous, interval 

N 
'E w(x,.)f(x,..)g(z,) 
m-1 

The.n 
if Dis a set of N discrete points z ,.. 

n 
F,.(z) = ~ a,j,.(x) 

m-o 
where 

• a,.=(j,j,.)/(J., j,.). 
'f(z) has to be square integrable, see e.g. [22.17). 

• See page u . 

w(x) = -r.=-==="
1
::::;::====7 

,/(x-2)(5-x) 

which stresses the importance of the errors at the 
ends of the iotervnl. 

R d . . al [ ] 2x-7 e uct10n to wterv -1,1 , t=-
3

-

2 1 
w(z(t) )=-3 ..) 

2 1-t 

From 22.2,j,.(t )=T,(t) and 

4 J' 1 1 a,.=3- ,- t+a T ,..(t)dt 
'7r -I" 1-t2 

(m ~O) 

2 s· 1 dt 
ao=a.,... _, ..J1 t2 t+3 
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Example 7. Economize j(x)=l +x/2+'1!/3 
+-:t/4+x{/5+X'/6 with R=.05. 

From Table 22.3 
1 

j(x)= 
120 

[149To(x) +32T3{x) +3T4(x)] 

1 +
96 

[76Tl(x)+ 11 T3(x) + Ts(x)] 

so 

since 
- 1 1 

Jj(x) -.f(x)! ~ 40 + 96 < .05 
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23. Bernoulli and Euler Polynomials-Riemann Zeta 
Function 

Mathtematical Properties 

23.1. Bernoulli and Euler Polynomials ~and the Euler-Maclaurin Formula 

Generating Funetiol18 

te:1 .. t" 
23.1.1 -,-

1
= ~ B,.(z) 1 e - n- o n. I 2e:• - t" 

ltl<2'1r '+1= :E E,. (z) 1 e n•O '11o. 

Bernoull.i and Euler Numbers 

23.1.2 B,.=B .. (O) n=O, 1, . .. E,.=2"E,. (~)=integer n=O, 1, . .. 

E0=1, E,=-1, E4=5 

(For occurrence of B,. and E,. in serien expansions of circular functions, see chapter 4.) 

m 

23.1.4 ~ k" 
B,.+t(m+l)-B,.+t 

n+l 

23.1.5 B~(z) =nB,._1 (z) 

23.1.6 B,.(x+l)-B,.(z)=nz"- 1 

23.1.7 

B,.(z+h)=to (~) B~(x)h"-~ 

23.1.8 B,.(1-x)=(- l )"B,.(x) 

23.1.9 (-l)"Ba(-x)=B,.(z)+nJ:"- 1 

23.1.10 

m-1 ( k) B,.(mx)= m"- 1 ~ B,. x+-
.t-o m 

804 

Sums of Powers 

m,n=l, 2, ... 

Deriivathea and Di.ff'erences 

n=1, 2, ... 

n=O~ 1, ... 

E~(z)=nE,._, (z) 

E,.(z+1)+E,.(x)=2x" 

&pan.aiona 

Symmetry 

n= O, 1, ... E,.(1-x)=(-1)"E.(x) 

n=O,l, . .. 

Multiplication Theorem 

n=O, 1, ... E 11(mx)=m" ~
1 

(-l)tE, (x+~) 
m=1,2, ... 

m, n= l,2, ... 

n=1,2, ... 

n=0,1, .. . 

n = O,l, . . . 

n=O, 1, ... 

n=O, 1, . . . 

n=O, l, ... 

n= O, l, .. . 

m= l,3, .. . 

E,. (mx)=-n!l m'11 ~ (-l )J:B,.+t (x+ !) 
n=O, .l, .. . 

m=2,4, .. . 
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Integrals 

11 f" B (t)dt=B,.+t(x)-B,.+t(a) 
23.1. Ja " n+l 

23.1.12 i 1 

B,.(t)Bm(t)dt=( -1)"-1 (:~:)! Bm+,. 

m,n=1 , 2, . .. 

i 1 

E,.(t)Ern(t)dt 

-( 1)"4(om+n+z 1) min! B 
- - ~ - (m+n+2)1 m+n+2 

m,n=O, 1, ... 

(The polynomials are orthogonal for m+n odd.) 

Inequalities 

23.1.13 jB2,.J>IB2,.(x)J n= l, 2, ... , 1>x>O 4-"JE2,.J>(-l)"E~n(;~:)>O n=1,2, .. . 1 !>x>O 

23.1.14 

2(2n+I)! ( l )>( 1)n+tB ( )>O 
(211')211+1 1-2-Z" - 2n+t X 

n=l,2, ~ .. , i>x>O 
23.1.15 

2(2n)! ( 1 )>(-l)"HB >2(2n)! 
(211')2" 1-21 211 2n (2'lr)2" 

n=1,2, ... 

4(2n-1)! ( 1 ) ,. 
.,rn 1+22,._2 >(-1) E2n-t(z)>O 

n=1,,2, . . . , t>x>O 

4"H(2n)!. 4"+1(2n)! ( 1 ) 
r"fl >(-l)"E211> ~n+l 1+3 I 211 

n=O, l , ... 

Fourier ExpllllJiions 

23.1.16 

B ( )=-Z ~ -.0 cos (2'71'k:t-!'71'n) 
" X (27r)" f.:i k" 

23.1.17 

B.2 .. -1(x) 

23.1.18 

n>l,l~x~O 

n=l,l>x>O 

(-1)"2(2n-l)l -.0 sin 2kn 
(211')2n-l (::i pn-1 

n>l, l>i~O 

n=l,l>x>O 

n=1,2, .. . , 

E ( )=4:~ -.0 sin ((2k+l)11'x-j'll'n) 
-. X 1r"+1 ~ (2k+l)"+l 

n>O,l~x~O 

n=O,l>z>O 

E2n-l(x) 
(-1)"4(2n-l)! ~cos (2k+l)1rx 

'71'2" f.:tJ (2k+l)2
" 

n=1,2, ... , l~x~O 

(-1)"4(2n)! ~sin (2k+l)11'Z 
?i2n H f.:'o (2k + 1) 2n+ I 

n>O, l>x~O 

n=O, t >x>O 

Special Values 

23.1.19 B2n+t=0 n=1,2, ... E2n+1=0 n= O, l, .. . 

23.1.20 B,.(O)=(-l)"B,.(l) E,.(O)= -E,.(l) 

= B,. n=O,l, ... = - 2(n+l )-1 (2"+1-t)B,.+I n=l,2, ... 

23~1.21 B,.(!)=-(1-21-")B,. n=O, l, . .. E,.(1)=2-"E,. n=O,l, . .. 
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23.1.22 B,.(t)={-l)"B,.(i) Ezn-l(t)=-E2n-tCt) 

=-2-"(l-21-")B,.-n4-"En-1 =-(2n)-1(1-31- 2") (22"-l)B2,. 

n=1,2,.. . n=l,2, ... 

23.1.23 Bzn(i)=B2nW 

=-2-1(1-31- 2")BZn 

23.1.24 B2,.(})=B2,.(t) 

n=O,l, . .. 

=2- t(l-21-2") (l-3t-2")B2,. 

n=O,l, .. . 

Symholle Operations 

23.1.25 p(B(x) + 1) -p(B(x))=p'(z) p(E(x) + 1) +p(E(z)) =2p{z) 

23.1.26 B,.(z+h) =(B(x)+h)" n=O, 11 • E,.(x+h)=(E(x)+h)" n=O, 1, 

Here p(z) denotes a polynomial in z and after ex;panding we set {B(z) }"=B,.(x) and {E(z) }"=E,.(z). 

Relations Between the Polynomia!s 
23.1.27 

E11-1(z)=~" { B,. (x! 1)-B,. (~)} 

~{ B n(x)-2"B,. (~)} n =l,2, . . . 

23.1.28 

n = 2,3, ... 
23.1.29 

B,.(x)=2-" to (~)B,._"E,.(2z) n=O,l, . .. 

Euler-Maclaurin Form.ul.as 

Let F(x) have its first 2n derivatives continuous 
on an interval (a, b). Divide the interval into 
m equal parts and let h= (b -a) fm. Then for 
some 8, I>B>O, depending on F<2~<>(z) on (a, b), 
we have 

23.1.30 

?71 1 f.o 1 
~ F(a+kh)=-h F(t)dt+-2·{F(b)+F(a) } 
k-0 a 

+ ~ h'1k-~ B2k{ F<2k-t>(b)-F<<JA:-t>(a) } 
k~l (2k). 

+ h21l 
1 

B 2,. ~1 
F C't,n) (a+kh+Bh) 

{2n). ~-o 

Equivalent to this is 

23.1.31 

A 
Let B,.(x)=B,.(x-[x]). The Euler Summation 

Formula is 

23.1.32 

~1 
F(a+kh+wh)=-h

1 J.b F(t)dt 
k-0 0 

p~2n, l~w~O 
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23.2. Riemann Zeta Function and Other Sums 23.2.13 r'(0) = -1- In 21r 
of Reciprocal Powers 

CD 

23.2.1 r(s)=~ k-· 
k-1 

23.2.2 

(product over all primes p ). 

23.2.3 

• 23.2.4 

23.2.5 

where 

=-1-~+ ± Bu c s+Zk-2) 
s - 1 2 .t--1 2k 2k-l 

-(s+2n) f "' B2nH(z-[z]) d 
2n+l J l z H2n+1 z 

s~1 , n=l , 2, ... , .'Jls>-2n 

r (l-s) J: (-z)~-~ 
- 2 . ' 1 dz n c e -

1 CD (-1)" 
=-+ L} - 1--y,.(s-1)" 

s-1 n- o n. 

"Y = hm >: --- --'--_,...:..-. { m (ln k)" {ln m)"+1
} 

" m~... t=r k n+l 

23.2.6 

23.2.7 

23.2.8 

23.2.9 

23.2.10 

=2•r- 1 sin (i.,...s) f (l-s)t(l-.s) 

1 r· x•-1 
= r (s) Jo ez-1 dx 

n=1, 2, ... , f!ls>O 

exp (ln 2?r- l-h)s ( s) .! 

2(s-l) r (!s+1) ~ 1- ; eP 

product over all zeros p of t(s) with f!lp>O. 
T he contour C in the fourth formula starts at 

infinity on the positive real axis, circles the origin 
once in the positive direction excluding the points 
±2ni .,... for n= 1, 2, . .. , and returns to the 
star ting point. ThereforA t(s) is regular for all 
values of s except for a simple pole at s= 1 with 
residue 1. 

23.2.ll 

23.2.12 

• 1';pp page n . 

Specilll Values 

t(O)=-! 

r<t) == 

23.2.14 r(-2n)=O 

23.2.15 t (l -2n)=-B2rr 
2n 

(2?r)2n 
23.2.16 s(271)=2(2n)l IB2nl 

23.2.17 

n=l,2, . .. 

n=1,2, ... 

n=1,2, ... 

n=1,2, . .. 

Suate of Reciprocal Power11 

The sums referred to are 

23.2.18 n=2,3, . . . 

23.2.19 .. 
77(n)=~ (- l)l-tk-"=(1-21- ")r(n) 

t-1 
n = l , 2, .. . 

23.2.20 
... 

>.(n)= .L} (2k+l)-"= (1-2-") r(n) 
k•O 

n=2,3, ... 

23.2.21 

tb=l,2, . . . 

T hese sums can be calculated from the Ber noulli 
and Euler polynomials by means of the last two 
formulas for special values of the zeta function 
(note that , (l )=ln 2), and 

23.2.22 P(2n+ 1) n=O, 1 , ... 

23.2.23 

(-1)"~" f 1 
f3(2n) 4(2n.-l)l Jo E 2n-1(z) sec(n)dx 

n=l,2, ... 

{3(2) is known as Co.talnn's const n.uL. Some 
other special values are 

23.2.24 

23.2.25 
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23.2.26 

23.2.27 

23.2.28 

1 1 r 
.,(2)=1-22+-J;- ... =12 

I 1 
X(2)=1+32+fi+ 

23.2.29 

23.2.30 

23.2.31 
1 1 -r 

lt(3)=1-3a+s,- ... =32 
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24. Combinatorial Analysis 

Mathematical Properties 

In each sub-section of this chapter we use 
n. fixed formn t which emphnsi:t.es t ht:\ use ntHl 
methods of extending th£' nrro111pnnying tnbles. 
Th£' formnt follows this forn 1: 
I. Definitions 

A. Combinatorial 
B . Generating fundions 
C. Closed form 

II. Relatioll!l 

A. Recurrences 
B . Checks in computing 
C. Basic use in numerical analys!s 

III. Asymptotic a nd Special Value;!! 

I n general the notations used are standard . 
This includes the difference operator tJ. defined on 
functions of x by tJ.j(x) j(x+ 1)-j(x), tJ.n+'f(x) 
= tJ.(tJ. "j(x)), the Kronecker del tu 611> the Riemann 
zeta function t(s) and the greatest common 
divisors~·mbol (m, n). Themnge of the summands 
for a summation sign without. limits is explained 
to the right of the formuJa. 

The notations which are not s tandlltd are those 
for the multinomin.ls which are arbitrary short­
hand fer use in this chapter, and those for the 
Stirling numbers which have never been stand­
ardized. A short table of various notations for 
these numbers follows: 

Notations for the Stirling Numbers 

R'eference 
This chapter 

[24.2) Fort 

First Kind Second Kind 

[24.7] Jordan 
{24.10) Moser and Wyman 

(24.9] Milne-Thomson 

l24.15) Rjordan 

s~-, 

s~ .. , 
s: 
S'; 

( n-1) B'•' 
m-l .-.. 

s(n, m) 
[24.l] Carlitz} 
[24.3] Gould 

Miksa 
(Unpublished 

(- l)"' "'S,(n-1., n - m) 

S(n- m+I, n) 

tables) 
(24.17] Gupta 

~~-· 
!/~·) • 

€::' • 
u: 

(~) B~-::' 
S(n, m) 

,.s, 

u(n, m) 

We feel that a capital S is natural Cor Stirling 
numbers of the first kind; it is infrequently used 
for other notation in this context. But once it 
is used we have difficulty finding a suitable 
symbol for Stirling numbers of the second kind. 
The numbers nre sufficiently important to warrant 

822 • St>~ IJil~~ If. 

a special nnd easily r ecogniznble symbol, nnd 
yet that symbol must be ens.\· to write. We l.tnve 
set tlcd on n script capi tnl ;5 without nny certainty 
that we have settled t.ltis quest ion permanently. 

We feel that the subscript-superscript notattion 
emphasizes the g-enemting functions (which nre 
powers of mutllnll,\· inverse ftmctions) from which 
most of the jmportnnt relations Row. 

24.1.1 

24.1. Basic Numbers 

Binomial Coefficients 
I. Definitions 

A. (~) is the number of ways of clwosing m 

objects from n collection of n. distinct objects 
without rr.gnrd to order. 

B. Generating functions 

* (l+z)"=L: xm n (n) 
m-o m 

n=O_, 1, ... 

C. Closed form 

(n) n! 
m =m!(n-m)! (n~m) 

n~m 
n(n-1) ... (n-m+ I ) 

m! 

II . Re lations 

A. Recurrences 

(n~J )=(~)+(m~ 1) n~m~ l 

=(n )+( n-1 )+ ... +(n-m) 
m m-1 0 

n~m 

B. Checks 

~ ( r) ( .~ )-('+s) 
tn~o m n-m . n 

r+s~n 

~ {-l)n-m ( 1')=('-1) 
m-o m 'fl. 

r~n+l 

en)=( no ) c~l ) ... (lllOd p) 
m. mo m1 

11 u prime 



COMBINATORIAL ANALYSIS 823 

where ± (-1)"' (n)f(x-m) 
m=O m 

= t ( -1) ,_., cn-k-k 1) ll" f (z-s) 
t -o s-

C. Numerical analysis III. Special Values 

A"f(z)='£ (-1)"-"' (n)f<z+m) 
m-o m (~)=(:)=1 

enn) 2"(2n-1)(2:,-3) ... 3·1 

24.1.2 Multinomial Coefficients 

I . Definitions 

A. (n; n1, ~~ ••• , n,.) is the number of ways of putting n=n1 +~+ .. . +n,. different objects 
into m different boxes with n 1 in t;he k-th box, k= l , 2, ... , m. 

(n; a1, ~ •••• , a,.)* is the number of permutations of n=a1 +2ll-.!+ ... +na11 symbols composed 
of at cycles of length k for k= 1, 2, . . ., n. 

(n; a1, a2, • •• , a,.)' is the number of ways of partitioning a set of n=<tt+2a2+ ... +na,. dif­
ferent objects into a~ subsets containing k objects for k=l, 2, ... , n. 

B. Generating functions 

( 
... :z: )"' "' t" ~ kkl t" =m! L: 1 ~(n; a1, ~ ••• ., a,.)':z:1 •:z:~s ... z:" 

k-1 n - m n. 

C. Closed forms 

(n;n., n2, •• • , n,.) =nlfn1!n21 ... n,,l 
(n; a1, a,, ... , a,.) *=nl/l"•a1!2"2~! . . . n""<Z,.! 

(n,·ah a,, ... , a,.)' =nl/(11)"•a1!(2!)42a,! ... (nl)""a,.l 

U. Relatio~ 
A. Recurrence 

m 

summed over n1+n,+ . .. +n,.=n 

summed over a1+2~+ ... +na,.=n 

and a1 + a2+ ... + a,.=m 

n1 +n,+ . . . +n,.=n 

at+ 2a,+ .. . +na,.=n 

a1+~+ . .. +na,.=n 

(n+m;nt+ l , n2+l, ... ,n"'+1)=E (n + m- 1; n .+ I , ... ,nt-t+l , nt, nt+t+l, ... ,n,.+1) 
k•l 

B. Checks [m" aU n1;::: 1} 
* ~(n;n11 n,, .. . ,n,.)= 

m• a:<m> • 11'7,. 

~(n; a., a,, ... , a,.)*= ( -1)"-"'8~"'1 

2: (n; at,~ • ... , a,.)'= ;3~"'> 

C. Numerical analysis (Faa di Bruno's formula) 

summed over at+2~+ ... +na,.=n and a1+a,+ ... +a,=m. 
•see J>t.C'e n . 
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pl 1 0 0 

p2 PI 2 

P a p2 pl 

=~(-1)"-Z<~t(n; a11 ~~ • • • , a,.)*PftP~2., . P:,. 
0 

n-1 

p" Pn-1 Pn-2 PI 

summed over a1+2~+ ... +na,.=n; e.g. if PA:=l;J-~x~ for k=l, 2, ... , n then the determinant and 
sum equal n!l:xtx2 ... x,., the latter sum denotin1g the n-th elementary symmetric function ofx1, ~~ • •• , Xr· 

24.1.3 Stirling Numbers of the First Kind 

I. Definitions 

A. (-1)"-"'S~> is the number of permutations 
of n symbols which have exactly m cycles. 

B. Generating functions 

n 
x(x-1) .... (z-n+l)= ~ s~m)xm 

m•O 

C. Closed form (see closed form for ~~"'}) 

S~"'>= ~ (-1}'= cn-l+kx 2n-m ) ~~':!m+lii 
k-o n-m+k n-m-k 

11. Relatione 

A. Recurrences 

B. Checks 

n 
~ (-l)"_,.S~"'1 =n! 
m•O 

n 

.
"' sc.t+l)..,~-m-s(m) ..c....J ,.+1 ,. - " 
k•m 

C. Numerical analysis 
d!" ... scm) 
.~_,.f(z)=mt ~ _!_I D."j(x) 
w.l; n-m n. 

if convergent. 

llL Asymptotiee and Special Values 

Is~-) I"' (n-1) I h+ 1n n)"'-1
/( m -1) 1 

S (m) (-1)" 
lim -'!.±.!!1=--
171~.., m 2

" 2~1 

S (ml 
lim _..!±.! = -1 
~ .. ns~> 

for m=o(ln rt) 

24.1.4 Stirling Numbers of the Second Kind 

I. Definitione 

A. ~~>is the number of ways of partitioning a 
set of n elements into m non-empty subsets. 

B. Generating functions 

n 
x"=~ ~~"'1z(x-1) . .. (x-m+l) 

m.cO 

... x" 
(e"-l)"'=m! ~ ~~ml I 

n-m n . 

(1 -x)-1(1-2x) - 1 •• • (1-mz)-1=~ ~~"''x"-"' 
n•m 

C. Closed form 
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11. Relations 

A. Recurrences 

Q;.(m} - m "' (m)+ "' tm-l) 
~nt l -- ~" ~" 

B. Checks 

n 

a:. (r) CZ:(m- r ) 
Pn-.t Pot 

2: (-1)"-"'m! :O::'J=l 
m-o 

:0<"'>=~{-l).t(n-l+k)( 2n-m )s<~ 
" f-] n-m+k n-m- k " m+.t 

C. Numerical analysis 

oo ;5<ml 
6."'f(x)=ml ~ -" JC">(x) 

n-m n! 
if convergent 

Ill. Asymptotics and Special Valoea 

lim m-• ,s~>=(ml)-• 
, .... at 

cz: {m) 

lim~=m 
"- (m) 

n-+• f'J" 

24.2. Partitions 

forn=o(ml) 

24.2.1 Unrestricted Partitions 

I . Definitions 

A. p (n) is the number of decompositions of n 
into integer summands without regard to order. 
E .g., 5=1+4=2+3=1+1+ 3=1+ 2+ 2=1 + 1+ 
1+2= 1+ 1+1+ 1+ 1 so tha.tp(5)=7. 

•se~ page n. 

B. Generating function 

2:p(n)z"= IT (1-x") - 1= L: (-l)nx_2_ 
CD • { CD 3n'+n} -l 

n•O n- 1 n•-oo 

C. Closed form 
lxl<1 

p(n)=-1- i; .rkA,(n) ~ •inh{i~R} 
1r..f2 *•1 dn ~n-~ 

where 

s(h, k) ~i ((7)) 
((x))=x-[:~;] -l if xis not an integer 

= 0 if x is a.n integer 

II. Rela"tioo.a 

A. Recurrence 

p(O)=l 

1 n 
=-2: u1(k)p(n-k) 

n•-1 

B. Check 

3k2±k ( 3k3±k) p(n)+ ~ (-1)~ --p n--- =u,(n) 
3k'±k 2 2 1$ - 2-$n 

Ill. Aeymptotics 

1 • .jft3{ft 
p(n) - r;;e. 

4n-v3 

24.2.2 Partitions Into Distinct Part8 

I . Deiinitione 

A. q(n) is the number of decompositions of n 
into distinct integer summands without regard to 
order. E .g., 5=1+4= 2+3 so tha.t g(5)=3. 

B. Generating function 
... <D <D 

Lj q(n)z"= ll (l+:z:")= IT (l-z2n-1) -l 
n•O n-1 n-1 

C. Closed form 

1 ... d ( 1fi (1 ,-1) 
q(n)=../2 {;t A.-2-t-t(n) dn Jo 2k-l"V3\"n+24 

where J 0 (z) is the Bessel function of order 0 and 
Au-t(n) was defined in part I.C. of the previous 
subsection. 
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fl, Relatione 

A. Recurrences 

~ ( -l)tq (n-3Jc2± k)=< -1)' if n=3r±r 
3kl:t:k 2 

0~-2-~11 q(O)= l 

= 0 otherwise 

q(n) ~tt{ <rt(k)-2o-1 (~) } q(n-k) 

B. Check 
r-r '5: (-I)•q(n-(3k'±k))=l ifn=-

o;Sak!*k~n 2 

=0 otherwise. 

01. Asymptotice 

24.3. Number Theoretic Functioo.s 

24.3.1 The Mobius Function 

I. Defi.Ditiona 

A. ~(n)=l if n=l 
= ( - 1 ),t if n is the product of k distinct 

primes 
=0 if n is divisible by a. square> 1. 

B. Generating functions 
• 
~ ~(n)n-'=1/r(s) 
~a•l 

• ~(n)x" 
~--=X 
A•l } -x" 

U. Rela1.ione 

A.. Recurrence 

~(mn)=~(m)~(n) if (m, n)=l 

=0 if (m, n)>t 

B. Check 

C. Numerical analysis 
g(n)= ~ j(d:) for all n if and only if 

j(n) = ~ ~(d:)g(n/d) for all n 
din 

g(n) =II j(d:) for all n if a.nd only if 
din j(n)=II g(n/d)~'<41 for all n 

din 

g(x) = ~ j(x/n) for all x>O if and only if 
n•l 

j(x)=~ J.t.(n)g(x/n) for all x> O 
n•J 

CD 

g(z) = ~ j(m) for all z >o if and only if 
n•l 

• 
j(z)=~ p.(n)g(nz) for all z>o 

n•1 

. .. . 
and if~~ lf(mnx)l=~ u0(n) lf(nx)l converges. 

m- 1 n - 1 n-1 

The cyclotomic polynomial of order n is 
II (r'-1)"<"1111 

din 

rn. Asymptotice 

"£ ~(n)=O 
n-1 n 

2: p.(n)=O(xrey'iil%) 
n~:r 

24.3.2 The Euler Totient Function 

1. Definitiona 

.A. rp(n) is the number of integers not exceeding 
and relatively prime to n. 

B. Generating functions 

£ rp(n)n-• rc.~-1) 
n-1 r(s) 

ao rp(n)x• :t 

~ 1-x~ (1-z)2 

0. Closed form 

rp(n)=nii (t2) 
pin P 

over distinct primes p dividing n. 

II. Relatione 

.A. RecUITence 

rp(mn)=rp(m)rp(n) (m, n)=l 

B. Checks 

a•<"1= 1(mod n) (a, n)=l 

JJI. Asymptotics 
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24.3.3 Divisor Functions 

r. Definitions 

A. u1 (n) is the sum of the k-th powers of the 
divisors of n. Often u0(n) is denoted by d(n), and 
u1(n ) by u(n). 

B. Generating functions 

± ut(n)n-•=.r(s)[(s-k) ~s>k+1 
n-1 

"' "' rr~>x" L::: uk(n)x"=L::: -1 ,. lxi<I 
n-1 n--l -x 

C. Closed form 
• p1<a,+l)-1 

rr~:(n)= .:Edt= n 1 1 dill 1-1 p,-

rr. Relations 

A. Recurrences 
u.t(mn)=u1(m)u~:(n) (m, n)=l 

u1(np)=u.t(n)a.t(p)-p1a.t(nfp) p prime 
nr. Aaymptotics 

1 ft - L::: o-0(m)=ln n+2-y-1+0(n-4) 
nm-t 

('Y=Euler's constant) 

24.3.4 Primitive Roots 

I . Definitio.ns 

The integers not exceeding and relatively prime 
to a. fixed integer n form a group; the group is 
cyclic if and only if n=2, 4 or n is of the form p1 or 
2pt where pis an odd prime. Then g is a pr imitive 
root of n if it generates that group; i.e., if g, g2

, ••• , 

g"'<"> are distinct modulo n. There are ~(~(n)) 
primitive roots of n. 

II. RelatioDB 

A. Recurrences. If g is a primitive root of a. 
prime p and g11-1 Fj= 1 (mod p2) then g is a primitive 
root of p 11 for a.U k. If g17-J=1(mod p2

) then g+p 
is a primitive root of p~= for all k. 

If g is a primitive root of p1 then either g or 
g+pk, whichever is odd, is a t>rimitive root of 2pt. 

B. Checks. If g is a primitive root of n then g~= 
is a primitive root of n if and.only if (k, ~(n)) = 1, 
and each primitive root of n is of this form. 
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25. Numerical Interpolation, Differentiation, and Integration 

Numerical analysts have a tende:ncy to ac­
cumulate a multiplicity of tools each designed for 
highly specialized operations and each requiring 
special knowledge to use properly. From the 
vast stock of formulas available we 'have culled 
the present selection. We hope that. it will be 
useful. As with all such compendia, the reader 
may miss his favorites a.nd find others whose 
utility he thinks is marginal. 

We would have liked to give exa.mples to 
illuminate the formulas, but this ha.s not been 
feasible. Numerical analysis is partially a science 
and partially a.n art, and short of writing a text­
book on the subject it has been impossible to 
indicate where a.nd under what circumstances the 
various formulas are useful or accurate, or to 
elucidate the numerical difficulties to which one 
might be led by uncritical use. The formulas are 
therefore issued together with a ca.nat against 
their blind application. 

Formulas 

Notation: Abscissas: :~:o<xt< ... ; functions: 
j, g

1 
••• ; values: j(zc) =fc,j'(xc) j~. f',J0 >, ••• 

indicate Pt, 2d, . . . denva.tives. :If abscissas 
are equally spaced, Xe+t-Zc=h and j'P = f(:~:o+ph) 
(p not necessarily integral). R , R" 'indicate re­
mainders. 

25.1. Di1ferences 

Forward Differeneee 
25.1.1 

25.1.2 
Central Dift'ereneee 

8(f,.+t>=o"+t=8~+• f,.+~-1" 

o!=oi+t--0~-· fn+t--2},.4-fn-1 

o~+t=o~+t--o! J,.H-3f,.+t4-3f,.-- f,.-t 

~U+t-~~ ( )l(2k+I)f 
u 11+-t-{;;t, --1 j 11H+l-J 

ota=~(n-~> if nand k are of same parity. 

Forward Differences Central Differencu 

2:o fo X-t f-t 
.6o a-_, 

Xt }t ~ Xo fo 8a 
- 0 

~~ ~ c5t 03 
t 

~ 12 d~ Xt }t 0~ 
da 6a12 

:ta fa ~ j , 

25.1.3 

Divided Differences 

25.1.4 

Divided Differencea in Terms of Functional Values 

25.1.5 
n j., 

[Zo, Zt, •. • , x,.]= "'5': --,--( ) 
t.:Q 11',. X& 

877 
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25.1.6 where 1r,.(x) =(x-Xo) (x-x1) ••• <~~-x .. ) 
and 'll"~ (x) is its derivative: 

25.1.7 

(Zit-2:,.) 

Let D be a simply connected domain with a 
piecewise smooth boundary (] and contai.Ja the 
points z0, ••• , z,. in its interior. Let f(z) be 
aij.alytic in D and continuous in D+O. 'Then, 

25.1.9 

25.1.10 

2:i.l.ll 

25.1.12 

25.2.1 

25.2.2 

o2" 
[x_,.,x_,.+h ... ,:z:o, .. . ,x,.l-h,"(2n)l 

Reciprocal Difrere~ 

p,._t(Xo, · · .,X,.-t)-p~-t(Xt1 • •• ,x,.) 

+Pn-2(xh .. ·1 X..- t) 

25.2. Interpolation 

La,grange Interpolation Formula.$ 

l (x) 1r,.(x) 
1 - (X-X1)1r~(X1) 

_ (x-:ro) .. A (x-x,_ 1)(x~xH1) . . . (x--x,.) 
- (x,-Xo) ... (x,-x,_1) (x, -:z:(+t) ... (:z:,-:z:,.) 

Remainder in Lagrange Interpolation Fonnnla 

25.2.3 

R,.(x)=1r,.(x) · [:z:o1x1, •• • ,x .. ,x] 

25.2.4 

25.2.5 

j"+I (~) 
=1r,.(:z:) · (n+l)l 

R (z)-1r,.(,z) f j(t) at 
" 2ri Jc (t-z)(t-z0) •• • (t-z,.) -

The conditions of 25.1.8 are assumed here. 

Lagrange Interpolation, Equally Spaced Aheciaau 

n Point Formula 

25.2.6 f(Xo+Ph)=~ A;(p)Jk+R .. -t 

For ·n even, ( -~ (n-2) ~k~ -~ n} 

Forn odd, ( -~ (n-l)~k~ i (n-1)} 

25.2.7 

25.2.8 

R,.-t=! II (p-k)h"j<"1 (~) 
n!" 

~.!_II (p-k)Ag 
nl" 

1c has the same range as in 25.2.6. 

n even. 

nodd. 

(Xo<~<x..) 

Lagrange Two Point Interpolation Formula 
(Linear Inte.fpolation) 

25.2.9 f(Xo+Ph)=(l-p)fo+Pft+Rt 

25.2.10 R1(p) ~.t25Mfi.'J>(~) ~.12sa' 
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LagJ-ange Three Point Interpolation F•i)rmula 

25.2.11 

f(:xo+Ph)=A._d -t+A>Jo+Adt+R2 
~p(p;l) f -1+(l-y)fo-l-p (p

2
+l) f 1 

25.2.12 

R,(p) ~.o6sh3f<S>m ~.oss~a 

Lagrange Four Point Interpolation F<trmula 

25.2.13 

Jt:z:o+ph)=A-d-•+A,Jo+Ad~+A2jd-Ra 
-p(p- l )(p-2) (pS-l)(p - 2) 

- 6 f-t+ 2 fo 

p(p+l)(p-2)1 _l_p(pi-l )j 
2 II 6 2 

25.2.14 R 3{p)::::: 

.024h'j<~ W ::::: .024.A• (O<P<l) • 

.042h~<~(t) ~ .042.A' (- l<p< O,I<:p<2) 

(~-1 <~<X:!) 

Lagrange Five Point Interpolation F<trmula 

25.2.15 
2 

f<:z:o+ph)= ~ AJ,+ R 4 
1•-2 

~ (p2- l )p(p-2)J 
24 _, 

_,.(p~l-")p~(""-p_'--4) 
- 6 f -1 

+ (p'-l~(p2-4) fo <P+I)p(p2- 4n
1 6 I 

25.2.16 R.(p)::::: 

+
(pl- l )p(p+ 2)j 

24 2 

.012h~(6) (~) :::::.012~6 

.oath~<61W :::::.oat.A6 

CIPI<I) 
(t<IPI<2) 

Lagrange Six Point Interpolation Fo·rmala 

25.2.17 
3 

j (:z:o+ph)= ~ Adf+Ra 
l•- 2 

- -p(p2-1)(p-2)(p-3) J 
120 -·2 

+p(p-1) (p2- 4) (p-3)1 
24 -l 

(p2-1) (p2- 4) (p- 3)f, 
12 ° 

+p(p+ 1) (p'-4) (p-3)1 p(p'--1) (p + 2) (p- 3)1 
~ 1 u 2 

p (p2- ·1) (p2-4) + 120 fa 

25.2.18 R&{p)::::: 

(O< p< I ) .0049h8j<6>(~) ::::: .0049~6 

.oo71MJ<0>W ""'.oon.A6 

.o24hSJ<0> w ""'.o2~o 
( -1 < P< O, 1 < P< 2) 

(-2< p< -1, 2< p < 3) 

(z-2< t < :ta) 

Lagrange Seven Point Interpolation Formula 

25.2.19 

CIPI<I ) 

(1<1PI<2) 

C2<IPI<3) 

(z-a<~<:ts) 

Lagrange Eight Point Interpolation Formula 

25.2.21 

25.2.22 

(O< p< 1) 

(-1< p< O) 
Ct <p<2) 

(-2<P<-1) 
(2<p< 3) 

(-3< p< -2) 
(3<p< 4) 

(z- a< t < x.) 

Aitken's Iteration Method 

Let j(xl:z:o, x~, ... , :z:.J denote the unique poly­
nomial of kt.h degree which coincides in value with 
j(x) a.t Xo, • .. , x~. 

j (:z:j:z:o, :z:2)=z2 
1 xol~: :=:1 

I 
1 lj(:z:!:z:o, xt) Xt - Z I 

j (x:z:o,x11 x2) ='X2-Xl f (xj:z:o,X-2) x2- x 

j ( l 1 lj(x)Xo, Xt1 x2) x,- :z:j 
X Xo, XII X2,X3)=x,:=x; j(x)XQ, X1,Xs) Xs-zl 
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Taylor EKpaneion Everett's Formula 

25.2.24 25.2.31 

f(x)=fo+(x-xo)f~+ (z~~)
2 

1~2>+ · · · f(xo+Ph)=(1-p)fo+PJI-p(p-l~/p-Z) 8~ 

+(x-~)"j,<">+R 
n! o " 

25.2.25 

Newton's Divided Differen~e Interpolation Formula 

25.2.26 

Xo fo 
(Xo,XJ} 

X1 11 (Xo,XI,Xll) 
Ix1, :tzl (Xo, Xt,%2,~3] 

Xz 12 [x1, Xz, Xa] 
[Xz,Xal 

X a fa 

25.2.27 
_ _ t~"m 

R,.(x)-~11(x) [Xo, .. . ,x,,x]-?r,.(x) (n+l)l 

(Xo<~<x,.) 
(For 1r, see 25.1.6.) 

Newton's Forward Di1ference Formula 

25.2.28 

f(xo+ph) fo+PAo+(~)~+ ... +(!)A~+R,. 

4o 
X1 ft ~ 

A1 ~ 
Xz 12 A~ 

A2 
X a fa 

25,2.29 

25.2.32 

+(p+l )p(p-1) 10~ + -(P+. n-1) dn 

31 111 
• • • 2n+1 110 

+(~~~) 8~"+ R2n 

= (1-p)Jo+Pft + E28~+ F ~~+ E,o~ 

+F.at+ ... +R2, 

Xo 6~ 6~ 

6• ol 
'1 6~ 61 

R211=h2
"+2 (i:~~) j<2"+2> (~) 

-(p+n) [A!.",.-I:~+A!.",+2] 
- 21ll+2 2 

Relation Between Everett and Lagrange Coefficienta 

25.2.33 

Everett's Formula With Throwback 
(Modified Central Dift'erenee) 

25.2.34 

f(Xo+Ph)=(l-p)Jo+Pft+E2o~.o+F2o!s.1+R 

25.2.35 c5!,=6~- .184o4 

25.2.36 

25.2.37 

}(Xo+Ph)={1-p)fo+Pft+E~~+F~~ 

R =hn+1 ( p )J<"+1>(t) «=( p )A"+l " n+l ~ n+l o 25.2.38 

+E•o~.o+F4o!..1+R 

~=o•-.20788+ ... 
(:to<~<x") 25.2.39 R $:;; .000032I"'oil + .ooo052Ioll 

Relation Between Newton and Lagrange Coefficie.ntll 25.2.40 

25.2.30 

(~)=A~t(P) (~)=-A~t(P) (:)=A:(l-p) 
(~)=~(2-p) 

f(Xo+ph)= (1-p )fo+Pf1 + E26~+ F28~ 
+E.~+ F.ot+ EeO:.. o+ Fo~.l +R 

25.2.41 ~=6°-.218&8+.049810+ ... 
25.2.42 R ~ .ooooo37IJ.~o:l + . . . 
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Simultaneous Throwback 25.2.54 m=2n+l 
25.2.43 

2 21\ 

f(:ro+ph)= (l-p)fo+Pft+E2c5;,o+F2o;,1 at=2n+l ~j, cos kx,.; 
2 2n • 

b~:=2 +l ~j .. sm kx, n r~o 

+E.o!..o+F.O!..t+R 

25.2.44 o~=c'li-.01312o&+ .0043o8- .00181c1 

25.2.45 o!=D4- .27827 o8 + .0685o8
- .016c'l1c1 

25.2.46 R ~ .00000083\J.Lc'Ji\ + .0000094o7 

Bessel's Formula With Throwback 

25.2.47 

f(xo+Ph.) = (1-p)fo+Pft + B2(o;,o+o~.~) 

+B o8+R B .J(p-1) B _p(p-l) (p-1) 
3t ' 2 4 I a 13 

25.2.48 

25.2.49 

25.2.50 

R ~ .000451 ~I+ .00087\oli 

Thiele's Interpolatjoo Formula 

J(x) j(xt)+ 

p( X1 1 ~) + X_;___X:!,_______,. __ ~--
P2 (x11 X21 :ts)-j (:tt) +....,.a:~:z:=-3 ---....,..--....,... 

(Ps(X11 ~,:z:a,~e.) ) 
-p(x1 ,~,l+ . .. 

(For reciprocal differences, p, see 25.1.12.) 

Trigonometdc Interpolation 

25.2.51 

25.2.52 

Gauss' Formula 

.2n 
f(x) ~ 'Ef~ct.~:(x)=t,.(x) 

k..,O 

sin ;(x-:ro) . .. sin 1-(x-:z:.~:-t) 
t'~c(x) sin !(x.~:-:ro) ... sin t(x.~:-X.t-1) 

sin !(x-x.t+1) • •• sin !(:r:-X:!,.) 
sin Hx.~:-X~c+t) ... sin i(z~c-x2,.) 

t,.(x) is a. trigonometric polynomial of d•agree n 
such that t,.(x.~:) j, (k=O,l, .. . ,2n) 

Harmonie Analyaia 

EquaJ.ly spaced abscissas 

25.2.53 

25.2.55 

1 2n-1 
a~c=- ~ j, cos kx,; 

n r-o 

(k=O,l, .. . ,n) 

b,. is arbitrary. 

(k=0,1, ... ,n) 

m=2n 

1 211-1 
b1=-~ j, sin kx,. 

n r•O 

(k=0,1, ... 1n-1) 

Subtabulation 

Let f(x) be tabulated initially in intervals of 
width h. It· is desired to subtabula.te j(x) in 
intervals of width hfm. Let A and a designate 
differences ~with respect to the original and the 

final intervals respectively. Thus A0 j ( :ro+ ~) 
-J(:ro). Assuming that the original 5t11 order 
differences are zero, 

25.2.56 

6o=_!_A +1-m Ag I (1-m)(1-2m) A: 
m 0 2m2 6m8 

1 
(1-m)(l-2m)(1-3m) ~ 

24m4 

From this information we may construct the final 
tabulation by addition. For m=lO, 

25.2.57 

Ao=.lAo-.045~+.0285~-.02066~ 

~=. 01~-.009~+ .007725~ 

~=.001~-.00135~ 

1t=.0001A~ 

Linear Invene lnterpolati.on 

Find p, givenfJJ( J<:to+Ph)). 

25.2.58 

Lin~ 

P~'"JJJ fo 
f~-fo 
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25.2.59 
Quadratic lri;~erae Interpolation 

' 

Inverse mterpolatidn by Reveraion of Series 
CD 

25.2.60 Given f(x0+ph) JP= ~ a11p11 

' lt•O 

25.2.61 
't 

p=>.+c2>-2+caXa-+ . , ., >-=(jp-ao)fa, 

25.2.62 

' ' Inveraion of Newtonya Forward DifFerence Formula 

·25.2.63 
ao=fo 

- ~ ~-At at-Ao a+ 3 4 + ... 
~ ~ 11~ 

a,=-= 2 - 2 +--24+ ... 
Ag A~ 

aa=6-P . •. 

~ 
a,=24+ · · · 

(Used in conjunction with 25.2.62.) 

IDveraR>n of--Eve~tt'a Formula 
25.2.64 

ao fo 

6a 
a .. =24+ · · · 

-83+01 
as 120 + · · · 

(Used in conjunotioh with 25.2.62.) 

Bivariate Interpolation 

Three Point Formula (Linear) 
25.2.65 

f(xo+Ph,Yb+qk)=(I-p-q)fo.o 

+Pft.o+gjo,l +O(h'l) 

Four Point Formula 
25.2.66 

• 

f (xo+Ph,Yo+qk) = (1-p) (1- g)fo.o+p(I-q)ft.o 

+q(l - p )fo, ,+Pgjt,t+O(ha) 

Six Point Formula 
25.2.67 

• 

q(q-1) p(p~l) 
f(xo+Ph,Yo+qk) 2 fo.-1+ 2 f-t,o 

+<I+pq-p2-</)fo.o 

+p(p-2q+I)j 
2 1, 0 

+q(q-;p+I ) fo.t+Pqjt,l+O(hs) 

25.3. Differentiation 

Lagrange's Formula 

25.3.1 

(See 25.2.1.) 

25.3.2 
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25.3.3 

R',.(x) j <n+t> (C) '(x)+ ,.,.(x) j_j<"+tl (~) 
(n+1)1 ?rn (n+1) l dx 

25.3.4 

~=Hx) (xo<:~<x..) 

Equally Spaced Abscissas 

Three Points 

25.3.10 12.f(2)=A~- A3 L 11 A•-~. ""+ 
f~JO 0 '""0'12 '""0 6 '-10 " • 

25.3.11 

h3.f(3) =""-~ A'+'!.. A&_ 15 A8+ 
Jo '-lo 2 o 4 '""0 8 '""0 .. . 

25.3.12 

f~ f' (xo+ph) 25.3.13 

=~{(p-~)f-t-2Pfo+CP+!)/d +R; h6f~6>=A.g-~~+2: tlf,-3: ~+ ... 
Four Points 

25.3.5 

f~=f'(Xo+Ph)=~{ ap'-:P+
2
f-t 

25.3.6 

3p~-4p-1 3p2-2p- 2 
+ 2 h- 2 h 

Five Points 

+ 3p2- l /2-}+R~ 
6 . 

1'-f'( + 71,)-!{2pS-3p2- p+lj 
p - Xo p -h - 12 - 2 

4p3-3p2-8p+4 2p3-5p 
6 1-d- 2 fo 

4p3+3p'-8p-4 
. 6 - j, 

+ 2pa+ar;-p-t12} +R~ 

For numerical values of differentiation coefli­
cien ts see Table 25.2. 

Markoff's Formula!! 

(Newton's Forward Dift'erence Formula DiJferetntiated) 

25.3.7 

1'(ao+ph)=~ [llo+2P2 1 ~ 

+ 3p'-:p+2 ~+ ... + d~ (~) A~]+R~ 

25.3.8 

R' =h''f<"+1> Ct) ~ ( P )+hll+1 ( P )!!:.___ pn+o Ct) 
.. dp n+l n+l dx 

Cao<~<a..) 

25 3 9 h·"'- 1 2+1 3 1 '+ • • t.to-Ao-2~ 3~-4~ ... 

Everett's Fol'D)ula 
25-.3.14 

h1'(Xo+ph) ~-Jo+J~-3p
2

-:P+
2 6~+ ap~ 1 8~ 

5p-l-2Qp8+ 15p2+ 10p-6 fl•+5p4-15p2+4 ~· 
120 ° 120 1 

+ -[(p+n-1)]' dn+[( P+n )]' 6~" 
· · · 2n+l "0 2n+1 1 

Differences in Terms of Derivatives 

25.3.16 

A . -h·"' _j_l£ .t~> +11,3 .t(a>+h4jc~+h6j<&> 
'""0- :I0'"'2fJO 31JO ~~ o 51 0 

25.3.17 

25.3.18 

25.3.19 

25.3.20 

25.3.21 

~~h'i~4)+2h5j~6) 

Ag~h,5fd6> 

Partial Derivative!! 
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25.3.22 

• • 

• • 
()~~0= ~ Ut.t-f -1.1 +J 1. -~-J - 1. -1) +O(h~) 

25.3.23 

i)l~o=tz (fl.0- 2Jo.o+J -1. o) + O(hZ) 

25.3.24 

25.3.25 

25.3.26 

• • 

• • 

25.3.27 

• 

25.3.28 

25.3.29 

• • 

• • 

b.'fo.o 1 f +J + f +J b:&O?/=li} \ 1, 1 - 1,1 1, -1 - 1. -1 

- 2ji.0- 2j - t.o-2fo.1-2fo.-1+4fo.o) + O(h
2

) 
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Laplacian 

25.3.30 

V2uo.o=(~;+~;)o.o 
=~ (u,,o+-uo.l+u-,,o+Uo.-t-4Uo.o)+O(h2

) 

25.3.31 

1 
V2Uo.o=12h,Z [ -60uo.o+ 16(u~.o+uo,J+u-1.0+Uo. -t) 

- ('uz.o+uo,i+u-3,o+uo.-2) J+O(M) 

Bihannonic Operator 

25.3.32 

• • 

• • 

+2(ul.l+u~, -t+u-1.1 + u-1. -1) 

+('UQ.2+u,,o+u-z.o+Uo. -2) J+O(h2) 

25.3.33 

• • 
• • • • 

• • • • 
• • 

V'uo,o= 6~, [- (uo. s+Uo. - a+ua.o+u- a,o) 

+ 14(UQ, 2+Uo. -z+u2.0+u-2.o) 

-77 (uo. J +uo. - 1 +ul.O+u-1.0) 

+ 184uo.o+20(Ut,l+ul, -t+U-t.J +u-1. -1> 
- (u~, 2+~. 1+ut, -2+~. -1 +u-1,2+'U--2,1 

25.4.1 

+u-1, -2+u-2. -1> l+O(h') 

25.4. Integration 

Trapezoidal Rule 

f.
~l . h 1 i .%1 

f(x)dz=-2 (Jo+f,)? (t-xo)(x~-t)f''(t)dt 
"'o - zo 

=~ Uo+ ft) - ~~ f' '(~) (xo<~<Xt) 
Extended Trapezoidal Rule 

25.4.2 

i :"'j(x)dx=h ~+J1+ ... +fm-1+~"'] 
- mha f'' (~) 

12 

Error Term in T rapezoidal FOJ'D1ula for Periodic 
Functions 

If j(x) is periodic and has a. continuous kt11 

derivative, and if the integral is taken over a 
period, then 

25.4.3 IErr !<constant 
or m~: 

Modified Trapezoidal Rule 
25.4.4 

i "'m rio j +j "'] "'o J(x)dx=h Lz+l~+ ... + m-1 2 

+~ [-f-t+ft+fm-1-fm+t]+~~~ h5.J<')(~) 
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Simp110n1a Rule 

25.4.5 

Extended Simp110n1s Rule 
25.4.6 

i %211 h 
f(x)dx=-3 Uo+4<ft +fa+ ... + J211- 1) 

%o 

+2(J2+f,+ · · · +f211-2)+J3n]-~; f4)W 

Euler-Maclaurin Sum.mation Formula 

25.4.7 

.J::11

.f(x)dx=h[{o+!t+f 2+ . .. +J .. -~+{11] 

_ B2 h'(f~-"~)- _ B21rN" [j<2t- t1_ 1cu- Jl>J+R 
2! 11 JO • • • (2k) J 11 JO 2A: 

li..B h2.t+a 
R Ul~ 2.t+2 11(~21 ( ) I 

2
l: (2k+2)! z1~r~~. X ' 

(-1$8$1) 

(For B2~, Bernoulli numbers, see chapter 2:~.) 
II j<2l+2>(x) and j<2lH>.(x) do not change s,ign for 

:xo<x<x,. then IR2~:I is less than the first ne,glected 
term. If j<2l:t 2>(x) does not change sign for 
Xo<x<x,. , IR2l:l is less than twice the first neglected 
term. 

Lagrange Formula 
25.4.8 

• 
f

0

j(x)dx=~ (L[">(b)-L["1(a))J,+R,. J4 1- o 

(See 25.2.1.) 

25.4.9 

LJn>(x)=-,----(
1 

) i% 'lf't" ( t ) dt=i% l1(t )d:t 
'lf'n Xc %0 x, %o 

25.4.10 R.,. (n~l)tl\r,.(x)j<"+t'(~ (x))dx 
Equally Spaced Abt~claeaa 

iz~+l [t] 
25.4;12 j (x)dx=h Lj A 1(m)f,+R,. * 

z,. l•-[";1] 

(See Table 25.3 for A1(m).) 

Newton-Cotes Formulae (Closed Type) 

(For Trapezoidal and Simpson's Rules see 25.4.1-
25.4.6.) 

25.4.13 (Simp110n'a ~ rule) 

i '"l 3h 3f4l(t)h6 

f(x)d:c=-g Cfo+3ft+3f2+fs) SO 
zo 

25.4.14 {Bode'• rule) 

r:r· 2h Jzo f(x)dx= 4,5 (7fo+32f~+l2}2 

+32fa+7J,) 

25.4.15 

25.4.16 

25~4.17 

f "'1 7h 
r j(x)dx=17280 (751fo+3577ft+ l323j2 
.o 

+ 2989}3+2989}.+ 1323}&+3577 fa 

+
7511

) _ 818~ps> (E)h' 
7 518400 

25.4.18 

i ra 4h 
} (x)dx=

14175 
(989f0+5888j1-928j, 

zo 

+ 10496j3-4540ft + 10496}4-928fe+5888j7 

+989~')- 2368 JCIO)(~)hll 
'./S 467775 

25.4.19 

i%g 9h 
f(x)dx=

89600 
{2857(Jo+fv) 

ro 

+1574l(J1+fs)+l080lf~+J7)+19344{fa+fe) 

+5778(f.+f5)} -1!~;oJ(loJ\~)h11 
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25.4.20 

i :rlo 5h 
f(x)dx 

299376 
{ 16067 Uo+f10) 

:ro 

+106300U1+fe)-48525Uz+fs)+272400(Ja+J7) 

-260550U.+Je)+427368fe} 

25.4.21 

25.4.22 

134()350 _ pu>(~)hls 
32691859~! 

Newton-Cotes Formulaa (Open TYJI~e) 

f 1i4j(x)dx= 4h (2J.-h+2f3) + 28]"} (~)ha 
J~ 3 90 

25.4.23 

1:~ f(x)dx=~~ (11ft +Jg+Ja+ 11]4) + 9~f~'i:)h
6 

25.4.25 

25.4.26 

r:r· sh 
J..ro f(x)dx=945 (460j,-954fz+2196j 3-2·4:59j4 

+2196j6- 954f6+ 460j7) + 39£>6 ps> (~)he 
141'75 

Five Point Rule for Analytic FunctioJ(IS 

25.4.27 
l 0 + ih 

f •o+h h 
,

0

_
11 

f(z)dz=
15 

{24j(zo)+4[f(zo+h)+f(z0-h)] 

-[j(zo+ih)+J(z0-ih)]} +R 

lhl 7 

IRI5 1890 ~:-x1J<e>(z)j, Sdesigna.tes the square 

with vertices z0+ith(k=O, 1,2, 3); hca.n be complex. 

Chebyshev's Equal Weight lntegl'ation Formula 

25.4.28 f~J(x)dx ~tiftxt)+Rn 
Abscissas: xf is the iU! zero of the polynomial part 
of 

,. [ - n n n J x exp 2·3z2-4·5r- 6·7x4- • • • 

(See Table 25.5 for Xt.) 

For n=8 and n~ 10 some of t he zeros are 
complex. 
R emainder : 

2 n - "5": x"+l/(n+tl (t) 
n(n+l )! t=t 1 

J "
1 

where t=Hx) satisfies 05E5x and 05tt5Xc 

('i=l, . . . , n) 

Integration Formulas of Gaussian Type 

(For Orthogonal Polynomials see chapter 22) 

Gaun ' Formula 

25.4.29 J~J{x)dx=tt wtf(x,)+R,. 

:Related orthogonal polynomia,ls: L egendre poly .. 
nomio.ls P,.(x), P,(l )=l 

Abscissas: Xt is the itll zero of P ,.(x) 

Weights: W1=2/(l-Jf;) [P~(x1)]2 
(See Table 25.4 for xi and wt-) 

22"-tl(nl)' 
R,. (2n+l) [(2n)!Jdu">(g) 

Gaue.e' Formula, Arbitrary Interval 

25.4.30 j(y)dy=- ~ wJ(y1}+R, f. b b-a 'It 

4 2 i=l 

* 



* 
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Related orthogonal polynomial~: P,.(z), P,.(l)=l 
Abscissas: Zt is the im zero of P "(z) 
Weights: w,=2/(l-~) [P~(x,)J2 

Radau'a lntevation Formula 

25.4.31 

Related polynomials: 

P"_1(z)+P,.(z) 
:z:+l 

Abscissas: x1 is the i tb zero of 

Weights: 

Remainder: 

Pn- t(z)+P,(x) 
x+I 

221\- 1 
B . . n [('" - 1) 1)•'}<2,.- u (t:) 

!l [(2n-l)l)3 IV • ~ 

Lobatto'11 Integration Formula 

25.4.32 

J~JCx)dx n(n=-l) (j(l) +J(-1)] 

Related polynomials: P~_1 (x) 

Abscissas: x, is the (i-l)n zero ofP~_1(x) 

Weights: 
2 

W1 (x 1;C±l) 
n(n-I )[P n - t (x1) ]2 

(See Table 25.6 for x1 and w1:) 

R emainder: 

R - n(n-1)822"- t[(n-2) !]-j(2n-2l (t ) 
" (2n -1)[(2n - 2) 1]a ~ 

(-1<~<1) 
•see pace n. 

25.4.33 i l II 

:r!j(z)dx= '5: wd(z.) + R,. 
0 t:1 

Related orthogonal polynomials: 

q:,.(x) =.Jk+2n+ lP~~. 0> (1-2z) 

(For the Jacobi polynomials p~t.ol see chapter 22.} 

Abscissas: 

Xc is the iua zero of q,. (x) 

Weights: 

(See Table 25.8 for z, and w,.) 

Remainder: 

J<2fl) m [n! (k+n) ']a 
R,. (7c+ 2n+I)(2n) ! (k+ 2n)t 

25.4.34 

i l II 

j(x) ~l xdx='L:t wJ(x,)+R,. 
0 i•J, 

Related orthogonal polynomials: 

.J 1 
x P2,.+t (..Jl- x), P21l+t(l )=l 

Abscissas: x,=l-t~ where ~. is the itb positi'Ve ­
zero of P2fl-t1(x) . 
Weights: w,=2~~w~2"+1l where w~2fl+u are the 
Gaussian weights of order 2n+ 1. 
Remainder: 

2'"H [ (2n+ 1) I]' 
R" (2n)!(4n+ 3)[(4n-f-2)!Jdcz,.> m 

25.4.35 

j (y)..jb- ydy=(b-a,)st2 "5: wJ(y,) f.
b . n 

4 t:i 

y,=a+ (b-a)z. 

Related orthogonal polynomials: 

1 
1 

Pz.+t (..Jl x), P2,.+1(1)=1 
'Vl-x 

Abscissas: x1=1-~ where ~. is the iU> positive 
zero of P 2,.+1(x). 
Weights: Wt=2~~wl2"+0 where wP"+I> are the 
Gaussian weights of order 2n+ 1. 
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25.4.36 

Related orthogonal polynomials: 

p2~ (..jl -x)' ?2,.(1)=1 

Abscissas: :z:j=l-t~ where ti is the itb positive 
zero of Pz,.(x). 
Weights: w1=2w~2"',Wi2"1 are the Gaussian weights 
of order 2n. 
RemaiLder: 

y,=a+(b-a)x, 

Related orthogonal polynomials: 

P2,.(..j1 x) ,P2,. (1) = 1 

Abscissas: 
Xt=l-~~ where~~ is the i~b p0sitive zero of P211 (x). 

Weights: W1=2w~2"l, w~2"1 are the Gaussian weights 
of order 2n. 

Related orthogonal polynomials: Chebyshev Poly­
nomials of First Kind 

Abscissas: 

Weights: 

R emainder: 

1 
T,.(x), T,.(1)=

2
,._1 

(2i-1)7r 
Xt= COS 2n 

71" 
R,.=(2n)t22n J(2n)(() (-1<~<1) 

25.4.39 

J.b j(y)dy n 

a -J(y-a)(b-y) (;1_ wrf(y,)+R .. 

b+a b-a 
y;=- 2- +-2-x, 

Related orthogonal polynomials: 
1 T ,.(x), Tn(l) =

2
,._1 

Abscissas: 
(2i-l)7r 

Xt=COS 2 n 
Weights: 

25.4.40 

J_+i
1

j(x) .,jl x2dx=twd(x,)+R .. 

Related orthogonal polynomials: Chebyshev Poly­
nomials of Second Kind 

Abscissas: 

U.,.(x) sin [(n+l) arccos x] 
sin (arccos x) 

* 

* 

Weights; 

Remainder: 

~ 

Xt=COS n+ l 7r 

R,. (2n)~22n+l j<2n>(~) 
25.4.41 

(-1<~<1) 

* 

i& .J (y-a) (b-y)j(y)dy=e 
2 

ay #;: wJ (yt) + R,. 

b+a b-a 
y,=-z-+-2- xj 

RelaLed orthogonal polynomials: 

Abscissas: 

Weights: 

U,.(x) sin [(n+l) arccos x] 
sin (arccos x) 

i 
x1=cos n+l 1r 

25.4.42 {' j(x) / x dx=± wJ(Xt)+R,. 
Jo "V 1-x 1-1 

R elated orthogonal polynomials: 

Abscissas: 

Weights: 

2i-l 7r 
x=cos2 --· -

1 2n+l 2 

* 
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Remainder: 

R11 (2n) ~2•"+.J<~n.l (~) 
25.4.43 

f.& f(x) r;::::a dx=(b-a) ± wJ(y,)+R,. 
a 'V b=X 1- 1 

Related orthogonal polynomials: 

1 
..[X T2n+l ( {i) 

Abscissas: 

Weights~ 

25.4.44 

2i-1 11" 
x=cos2--· -
' 2n+1 2 

2'11' 
w~=2n+l x. 

y1=a+(b-a)·x, 

Related orthogonal polynomials: polynomials or­
thogonal with respect to the weight function -In x 
Abscissas: See Table 25.7 
Weights: See Table 25.7 

25.4.45 

Related orthogonal polynomi~ls: Laguerre poly­
nomia1s L,.(x). 
Abscissas: x1 is the itb zero of L,(x) 
Weights: 

* Wt (n+I)2[L,.+t(x.)]2 

(See Table 25.9 for x, and w,.) 
Remainder: 

R = (n!)
2
j<2nl(t) 

" (2n)l ~ 

25.4.46 

J_"' .. e-z:?.j(x)dx='tt wd(x,)+R, 

Related orthogonal polynomials: Hermite poly­
nomials H,(x) . 
Abscissas: x1 is the itb zero of H,.(x) 
Weights: 

211-ln! .J; 
n2[H,._1(x,)]2 

(See Table 25.10 for x, and w 1.) 

•See pa,ge n. 

Remainder: 

R = n! .J'II' j<Ml (t) 
" 2 11(2n)l ~ 

25.4.47 
Fllon's lntegnation Formula J 

I:"' j(x) cos tx dx=h [ a(th) ( j 2,. sin t~,., 
- fo sin t:z:o) + fJ(th) · 02,.+-r(th) · 02n-l 

25.4.48 
1l 

0211= "4, fu COS (t~,) -i[f2n COSt~,.,+ fo COS t:z:oJ 
•-o 

25.4.49 

25.4.50 

25.4.51 

25.4.52 

n 

C2n.-1= L: !21-1 cos t~1-1 
1-l 

n 
Sl - '"'f(3) . t 

2n-t = .L..J 21-1 SID ~1-1 
1-1 

For small 8 we have 

25.4.53 

25.4.54 

20S 285 281 

a=-45 - 315+4725- · ·· 

2 28z 48' 288 

~=3+ 15 -105 + 5.67- ... 

4 28~ 8' 86 

")'=s-IT+21o-ITWi+ · · · 

i:2
"j(x) sintxdx=h[a(th)(j0 cos t:z:o-1211 cos tx2,.) 

+fJS2 .. -h-S2 .. -1+! th•C~ .. -1]-R, 
25.4.55 

S2n='tf2t sin (tx21)-~ [j3, sin (tx2,.) +fo sin (tXo)] 

1 For certain difficulties associated with this formula, 
see the article by J. W. Tukey, p. 400, " On Numerical 
Approximation," Ed. R. E. Langer, Madison, 1959. 
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25.4.56 

25.4.57 

(See Table 25.11 for a,~' 'Y·) 

25.4.58 
Iterated lnt.egrals 

25.4.59 

Multidimensional Integrab"On 

Circumference of Circler: x2+/=h2
• 

25.4.60 

1 J: 1 2m ( .,rn m) ..,_h f(x ,y)ds=-2 ~J h cos - , h sin -
VIr r ·m n-1 m m 

Circle 0: x2+if~h2• 
25.4.61 

+O(hZm-2) 

(0, 0) 

(±h, 0), (0, ±h) 

(x~, Yt) 

(0,0) 

(±h,O) 

(±~l±g~) 

w, 

1/2 

1/8 

~i2 

1/12 

1/12 

• • 

R= O(M) 

R=O(ht) 

I 

----:-t ------
1 
I 

e I e 
I 
I 
I 

891 
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(0,0) 

(0, 0) 

(±h,O) 

1/6 

1/24 

(O,±h) 1/24 

( ±~,±~) 1/6 

(0, 0) l /4 

1/8 

1/9 

( 
/6-../6h 2-rrk /6--v'f,h . 2Trk) 16+ -/6 'V 10 cos 10 ' 'V ----w- sm l 0 3160 

(k=l, . .. ,10) 

( I 6+ ,f6 h COB 2-rrk I !6+J6 h sin 2'~~'k) v· 10 10 1V~ 10 
16--,;6 
3 6() 

R = O(h.IO) 

Square• S: jxl Sh,Jy!Sh 

25.4.62 

~2JJi(x,y)dxdy=t,wJ(xt.Yt)+R 
s -T 

I 
I 

~----'---- "'1· 
I 
1 
I 

..L 

(0,0) 4/9 

(±h, ±h) 

(±h,O) 

(0, ±h) 

1/36 

1/9 

1/9 

: 
• I • 

I 

----t-----
• • 

(x,, y.) W t 

( ±li,/s, ±h.Jf) 1/4 

• ; •• 
I 
I 4---·---· I 
I 
I • • • 

(0,0) 16/81 

• For regions, such as the square, cube, cylinder, etc., 
which are t he Cartesian products of lower dimensional 
regions, one may always develop integration rules by 
"multiplying together" the lower dimensional rules. Thus 
if 

J:
l !I 
f(:c) cJ.x,.. 2::: w;f(x ,) 

0 f-1 

ie a one dimensional rule, then 

becomes a two dimensional rule. Such rules are not 
necessarily the moat "economical". 
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( ±lsh,±/sh) 25/324 

(o,±/sh) 10/81 

- -- -(± \f.s h, o)- 1ot8i-

Equilateral Triangle T 

Radius of Circumscribed Circle=h 

25.4.63 

-
3 

1 J'f f (x, y)dxdy=f2 wd(xhy,)+R 
-.J3h2 J 7' i•l 
4 

(z,,y,) w, 

(0,0) 3/4 

(h,O) 
R=O(h8

) 

1/12 

·c h h ) -2'±~ 1/12 

(z,,y,) w, 

(0,0) 27/60 

(h,O) 3/60 

( -~,±; ..n) 3/60 R=OCM) 

( -~, o) 8/60 

(~~±~ ..fJ) 8/60 

(0,0) 

((~+1)h,o) 

cc-~+1)h, 

±(~4+1)~) 

cc-~-1)h,o) 

w, 

270/1200 

155-{[5 
- 1200 

155+~ 

((.Jf5-1) c..ff5-1) ) 1200 
14 h,± 14 .f6h 

Regular Heugon H 

Radius of Circumscribed Circle=h 

25.4.64 

-
3 

1 
JJ!(x,y)dxdy='t wJ(x,,y,)+R 

_ ..j'Jh2 H t-1 

2 

(z,,y,) w, 

(0,0) 21/36 

( ±~,±~ ..n) 5/72 R=O(h') 

(±h,O) 5/72 
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(x.,y.) w, 

(0,0) 258/1008 

( ± 1h0 .y'R, ± 1~ ..[¥1.) 125/1008 

( ±h ~~o) 125/1008 

Surface of Sphere ~: r+if+z2=ha 
25.4.65 

R=0(h6) 

~h:J fJf(x,y,z)da=± wJ(x1,?!f,z,)+R Jz f - 1 

(z,,yf,z,) w, 

(±h,O,O) 1/6 

(O,±h,O) 1/6 
R=O(h') 

(O,O,±h) 1/6 

(±~h,±~h,o) 

(±~h,O,±~h) 

(o,±~h,±~h) 
(±h,O,O) 

(0, ±h,O) 

(O,O, ±h) 

1/15 

1/30 

w, 

( ±~h,±~h,±~h) 27/840 

( ±~h,±~h,o) 

( ±~h,O,±~h) 

(±h,O,O) 

(0, ± h,O) 

(O,O,±h) 

SphereS: r+yl+zs~h2 

25.4.66 

32/840 R=O(h&) 

- 40/840 

~ JffJ(x,y,z)dxdydz='5: wJ(x, ,y,,z,)+R 
3""h3 8 1-i 
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25.4.67 

(x,,y,,z1) We 

(0,0,0) 2/5 

(±4,0,0) 1/10 
R=O(h,•) 

(O, ±h,O) 1/10 

{O,O,±k) 1/10 

Cube 6 0: lx! ~h 

IYI5:h 

lzl~h 

8~a JJJ1(x,y,z)dxdydz=t.f wJ(xc,tlc, z1)+R 
c 

w, 

(±h,O, O) 1/6 

(0, ± h, 0) 1/6 

(0, 0, ±h) 1/6 

25.4.68 

~8··J J J 1(x,y, z)dxdydz 
c 

1 
= 360 [ -4961.+ 128Ef,+8::L;11+5~:::f.]+O(h') 

25.4.69 

where J,.=f(O,O,O). 

' See footnote to 25.4.62. 

~1,=sum of values of 1 at the 6 points midway 
from the center of 0 to the 6 faces. 

LJJ,=sum of values of 1 at the 6 centers of the 
faces of 0 . 

2:.f,=sum of values off at the 8 vertices of 0 . 

LJJ.=sum of values of J at the 12 midpoints of 
edges of 0. 

~1.,=sum of values of j at the 4 points on the 
diagonals of each face at a distance of 

~h from the center of the face. 

Tetrahedron: Y 
25.4.70 

~ JJJ1(x,y, z)dxdydz= 4~ LJJ,+ 4~ ~j1 
.r +terms of 4th order 

+ terms of 4u. order 

where 
V: Volume of Y 

LJJ, : Sum of values of the function a.t the vertices 
of :T. 

LJ1,: Sum of values of the function at midpoints 
of the edges of !'/. 

~f1: Sum of values of the function at the center 
of gravity of the faces of !'/. 

j,. : Value of function at center of gravity of :T. 
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2 .5.9 25.5. Ordinary Differenti81 Equatic:1nee 5 

25.5.1 

25.5.2 

25.5.4 

25.5.5 

25.5.6 

25.5.7 

First Order: y' j (x, y) 

Point Slope Formula 

y,.+t=y.,.+ky~+O(h2) 

y.,.+l = Yn-1 +2hy~+ O(h8
) 

Trapezoidal Formula 

Adams' Extrapolatio.n Formula 

Adams' Interpolation Formula 

Runge-Kutta Methods 

Second Order 

1 
YHt=Y .. +2 (kt+k2)+0(h3

) 

kt=hf(x,"y"),k2-hf(Zn+h 1J +k ') 
' " 1. 

Yn+l=y.,.+k2+0(IJ}) 

k,=hf(Zn,y,.),k2=hf(x .. +~ h,Yn+i .rc) 
Third Orde.r 

25.5.8 

1 2 1 
y,.+t=Y .. +6 k1+3 ka+6 ks+ O(h') 

kt= hf(Zn,Ytt),k,=hj ( x,.~ h,y,.+~ kt) 
ka=hf(x,.+ h, y,.-k1 +2Tc2) 

s T~e rea~er is cautioned against possible in.sta.bilit" 
especially tn formulas 25.5.2 and 25 5 13 S . tes 
[25.111 (25.12}. • • · ee, e.g. 

1 3 
y,.+1=y,.+4 k1+4 ka+O(h') 

kt=hj(~, y,.),k2=hf (z,.+~ h,y .. +~ fc1) 

ka=hf ( Zn+~ h,y,.+~ fc2) 

Fourth Order 

25.5.10 

+1 1 1 1 
'JI .. +t=Yn 6 k1+3 ka+3 ka+6 k,+O(h&) 

kt=hf(x,. , y,.),kz·=hf(x,.+~ h,y,.+~ fc1) 

ka=hf ( Zn~ h,y,.+~ k~} k,=hf(x,.+h,yn+ ka) 

25.5.11 

1 3 3 1 Y .. +t=v"+s k1+8 k~+s ka+8 Tc,+ O(h6
) 

kt=hf(x", y,.) ,ka=hf ( Zn+~ h,y,.+~ Tc1) 

ka=hf ( x .. ~ h,y"-~ k1+k2} 

k,=hf(x,.+h,y .. +k1-k2+ ka) 

Gill's Method 

25.5.12 

Y .. +t v .. +~(kt+2(t-~)k2 

+2 (1+~) ka+k,)+O(h6
) 

k2= hf(x,.4h, y,.+~k1) 

ka=hf( xn+~h,y,.+( -~+~)k1 

+(t-~)k~) 

k,=hf(x,.+h,y .. -~~k2+(t+~)ks) 
Predictor-Corrector Methods 

Milne's Methods 
25.5.13 

P: y,.+t=Y ... -a+ ~ (2y~-Y~-1+2y~_2)+0(h6) 

C: y,.+t=Y .. -t+~ (Y~-~+4y~+Y~+t)+O(h6) 
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25.5.14 

P : Yn+t=Yn-6+~~ (lly~-14?1~-1 
+ 26y~-2-14y~-s+ lly~-4)+0(h!) 

C: Yn+l=Y.s-a+ !~ (7y~+t+32y~ 
+12y~_,+32y~-2+7v:~-a)+O(hl) . 

Fol'Dlulas Using Higher Derivativm1 

25.5.15 

P: Yn+t=Y .. -3+3(y,.-y"_,)+h2(Y~ -y~.-1) +O(h6
) 

C: Yn+~=Y .. +~ (Y~+~+Y~)- ~; (y~1+t-Y~:)+O(M) 
25.5.16 

P: Y><+t=Yn-2+3(y,.-vn-t) + ~
3 

(y~" +v:~~,) t.O(h7
) 

c +h ( I + I) h
2 

( II "') : y,.+t=Yn z 1/11+1 1/n -10 Yn+l-y.,. 

Systems of Dift'erential Equations 

First Order: y' j(x,y,z), z'=g('JJ,y,z). 

Second Order Runge-Kutta: 

25.5.17 

Yn+t=Yn+~ (kt+k2)+0(hB), 

ka=hf (xn+~ h,y .. +~ k2,zn+~ z2) 

la=hg( ~n+~,y,.+ ~2,zn+¥) 
k.-hj(x,.+h,yn+ka,Z11+la) 

25.5.19 

P: 

l.=hg(x11+h, y.,.+ka, z,. +l.) 

Second Order: y" j (x, y, y') 

Milne's Method 

I - I +4h (2 II 1.1 +2 ") +O(h5) y,.+t-Y""-a 3 Y .. -2-Yn-'t Yn 

C: Y~+t=11n-~+~ (Y~-t+4y~+Y~+t)+O(h5) 

25.5.20 
Rung4t-Kutta Method 

Yn+t=y,.+h [v~.~ (kt+k2+ka)] + O(h5
) 

Y~t=Y~+~ Ckt+2k2+2k3+k.) 

kt=hf(x,,yn,Y'J 

k2=hf ( Xn +~ h, Yn +~ Y~ +~ k1 1 Y~ + ~~) 

ka=h!( :~;.-4- h,y,.+~y~+~ k~,y~.+~2) 

k.=hf ( x..+h,y,.+hy~+~ ks,Y~+ka) 
Second Order: y"=f(x,y) 

1 
z"+t=z,.+2 (l1+t2)+0W) 25.5;21 

Milne's Method 

k2=hj(xn+ h,y,.+kh Zn+l,), 

4=hg(x.,.+ h,y,.+~:1,z,.+l1 ) 

Fourth Order Runge-Ku tta 
25.5.18 

1 
Yn+t=Yn+6 (kt +2k2+2ka+k.)+O(h5

) 1 

1 
2n+t=z,+6 Ut+2l2+2la-f-l,)+O(h5

) 

kz=hf ( ~,.+~ h,y,+4 kbz,.+~ zl) 
l2=hg( x..+~'Yn-f-~1,z,. I ;1

) 

P: y,.+t=y,.+y,.-2-y,_a 

+ ~
2 

(5if; +2Y~-~+5y~'-2)+0(h6) 

C: Yn=~Y,.-t-Yn-2+;; (y~~+ IOy;.'-ttY~'-2)+0(h6) 

Runge-Kuua Method 

25.5.22 Yn+t=y,.+h (v~+~ (kt+2k2) )+OW') 

I I +1 k +2 k +} k 1/n+t=?/n 6 1 3 2 6 3 

kt =hf(xn, y,,,) 

k2=hf ( Xn+~,y .. +~ Y~+~ k1) 

ka=hJ ( x,+h,y,.+ltv~+~ k2-). 

* 
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26. Probability Functions 

Mathematical Properties 3 

26.1. Probability Functions: Definitions and 
Properties 

Univariate Cumulati.ve Distribution Functions 

A real-valued function F(x) is termed a (uni­
variate) cumulative distribution function (o.d.f.) 
or simply distribution function if 

i) F(x) is non-decreasing, i.e., F(x,)~F(xz) for 
x, ~X2 

ii) F(x) is everywhere continuous from the 
right, i.e., F(x)=lim F(x+E) 

t-+0+ 
iii) F(-o:~)=O, F(co)=l. 

The function F(x) signifies the prob.ability of 
the event "X~x" where X is a random variable, 
i.e., Pr{X~x}-F(x), and thus describes the 
c.d.C. of X. The two principal types of distribu­
tion functions are termed discrete and continuous. 

Discrete Distributions: Discrete distributions are 
characterized by the random variable X taking 
on ft,n enumerable number of values . . ., X-1, 

x0, zh ... with point probabilities 

p,.=Pr{X=xn} ~0 

which need only be subject to the restriction 

L:p .. =l. 
n 

The corresponding distribution function can 
then be written 

26.1.1 F(x)=Pr(X~x}=z~zp" 

~Comment on notation and con11enlions. 
a.. We follow the customary convention of denoting a 

random variable by a capital ·letter, i.e,, X, a.nd using the 
corrCf;ponding lower case letter, i.e., x, for a particular 
value that the random variable assumes. 

b. For statistics.) applications it is of~n convenient to 
have tabulated the "upper tail area," 1-P{x), or the 
o.d.f. for lXI, P(x)- F(-x), instead of simply the c.d.f. 
F('x) . We use the notation P to indicate the c.d.f. of 
X, Q = 1- P to indicate the "upper tail area." a.nd l1 = 
P-Q to denote t he c.d.f. of IXJ. In particular we use 
P(x), Q(x), and A (x) to denote the corresponding functions 
for tho normul or Gaussio.n probability function , see 
26.2.2-26.2.4. When these di~tribution~ depend on other 
par:Lmetel'l', say 9, and fJ2, we indicate thi~ by '' riting 
P(:rl9, , 9,), Q(xlea, II,.), or A (:r ifJ~, 9j). For example the chi­
square distribution 26.4 depends on the parameter " and 
the tabulated function is written Q(x'l~) . 

where the summation is over all values of z for 
which :t":Sx. The set {x,.} of values for which 
p,.>O is termed the domain of the random variable 
X. A discrete distribution of a random variable 
is called a lattice distribution if therl. exist numbers 
a and b r!O such that every possible value of X 
can be represented in the form a+bn where n 
takes on only integral values. A summary of 
some properties of certain discrete distributions 
is presented in 26.1.19-26.1.24. 

Gmtinuous Distributions. Continuous distri­
butions are characterized by F(x) being absolutely 
continuous. Hence F(x) possesses a derivative 
F'(x) j(x) and the c.d.f. can be written 

26.1.2 F(x)=Pr{X~x}= f~J(t)dt. 

The derivative f(x) is termed the probability 
den,rity function (p.d.f.) or frequency f?J,nction, and 
the values of :t for which j(x)>O make up the 
domain of the random variable X. A summary 
of some properties of certain selected continuous 
distributions is presented in 26.1.25-26.1.34. 

Multivariate Probability Functions 

The real-valued function F(x,, Xz, ••• x,.) 
defines an n-variate cumulative distribution func­
tion if 

i) F(x11 'X2, . . . x~) is a non-decreasing func­
tion for each x. 

ii) F(x1, l<2, •.• x,.) is continuous from the 
right in ea.ch Xri i .e., F(x,, X2, ... x") 
=lim F(x1, ••• 1 xr+ E, .. . , x,.) 

t-tO+ 

iii) F(-x1, x21 ••• x,.)=O when any x,=- co ; 
F( co, = , . . ., a:~ ) = 1. 

iv) F(x11 x2 , ••• 1 z,) assigns nr:mnegative prob­
ability to the event x,<X~~x,+hll 
X2<X2~x2+hi1 • • • , x,.<X .. ~x .. +h,. for 
all x11 x2, .•• , x,. and all nonnegative 
~, ~~ ... , h,., e.g., for n=2, F(xt +h11 

X2+~)-F(x11 x2+~)-F(xt+h" lh)+ 
F(x1, Xz) ~0 and in general for x.<Xr~ 
x1+ht (i= 1, 2, ... , n), the kth order 
difference ~tF(x11 X2 • •.• , x,.)>O for 
k=l, 2, . .. , n. 

927 
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The joint probability of the event X,::; z1, 

X1$z2, ... , X,.:::;z,. is F(x11 Z2, ... x,.). Analo­
gous to the one-dimensional case, distrete distribu­
tions assign all probability to an enumerable set of 

vectors (x1, x2, • . • , Xn) and continuO'US distribu­
tions are characterized by absolute continuity of 
F(x1, x2 , ••• , x,.). 

Continuous dblribntions 

26.l.S "'~ moi!Wit about orllin ~~~-s· ~J();)dz -· 
26.l.t mean .,..,.;. J • 2:/f;lu --
26.1.5 •arlance .a-~-,.... f: ~-m)1/(J)dz 
26.L6 "'~ central mo.1111111l ,. .. J_: ~-•~~t>•Jf;>u 

26.1.7 e~ted nlue opentor lor Eli<XJI• J_· .. r<~>J~)u 
be ranatloo v~> 

26.1.8 ebaraderlstlc function of X •Ul •E(e<l.l)• J_•_ tU•f{r)U 

26.1.9 cbuai'Urlatlc 
g(X) 

ftlllctlon of f>1(t)•E(t<~r<.11 ) • J_• .. e'llbl /Cr)u 

26.1.10 tn.erslon formula Jer>-j;J_·_ •r-<•~(1)111 

Relation of the Characteriedc Function to Momea.te 
About the Origin 

26.1.15 
26.1.11 

q,<">(O)= [ d: q,(t)J =i"J.'~ 
dt 1•0 

26.1.16 
Cumulant Function 

26.1.12 

Dlaenlte dlstrlbutlo.us 

. ~. -.- z,p, 
• 

,..._.;-~~.,. 

• 
.a-,.;-m~-~ (;,-m)'P, 

' 
J&o• ~ ~.-m)"J'o 

• 
Etg(X)) • ~ ,r;,)p, 

• 
•(I)•E(t".l')·~ e<••,p, 

• 
+1(1} • E(eH•I.I'l)• ~«lfl<•,.lp, 

' bf"/b P.-- ,.-~ .... (t)dt 
211 -r/b 

(laUlce distributions only) 

Coefticlente or Skewnesa and EltceM 

(skewness) 

(excess) 

In cf>(t)= i; ~ (it)• 
,..o nl 

"" is called the na cumulant. 

Occasionally coefficients of 
(Ol' kur.tosis) are given by 

skewness and excess 

26.1.13 IC1=m, JC3=0", /Ca= l/>3, ~=J.'.-3~ 

Relation of Central Momenta to Momenta About tlbe 
Origiu 

26.1.14 

26.1.17 (skewness) 

26.1.18 

(excess or kurtosis) 



.. 

Somt one-dimenaional di1cre1:t dutribu.tion fundion& 

Name Domain Point Restrictions oo Mean Varl&DCJe Skewness '1'1 Exces<~ 'Y1 Cba.r&CterlsUa CumuJaots 
Probabilltlss Parameters function 

26.1.19 
Bingle point ~ 
degez~erale 

%-c (c a aaosl.aut) p • l _.,.<e<+ ... c 0 ... ·- ·-·--------.... --·-- --·---- ell I ••->-, er-0 for r>t 

26.1.28 
(:) p(l-p) ..... Binomial s.-•. for • -o. 1. 2, .•.• ta o<P<t cv-1-p) np "P9 

,_, \-6pq (q+Pc")• ct-np 

.Jnpq 
de, npt .C,+t-1'9 dp for r~1 : 

6.1.21 t 
Hypergeometrla z,- •, for (~·) ("~~) N, andNtlnl.egers, "" ( N-•n) rJ!__ (N-t) (N-211) Compll· 

f.~ F(- 11, - N 1; Nt-n+t; c'') 

Complicated 
• • O, 1, •.. m1n Cn, N,) and n<NJt..Nt npq N-=l ..;n:pf N-n , N-'1. cated 

(N'!N•) 
CN•lVFJ", ~ 
p-Ntl an 
v- 1-p•No/Nl 

26.1.U 
,m<c"-1) Pol19011 z , ... ,. tor •-o, l, 2 .... .• • ..--,. O< m< • Jll ,. m-t m-1 .. ,.-m -,,-

for r-1, 2, ... 

26.l..2S 
N111aUve binomial .s. ·•· tor •- o, 1, 2.. ... , • ("+•-l) "~aodo<P<l nP nPQ Q+P t+6PQ (Q-PcU)-o 10•nP 

• p•(l-p)• -110 and ../nPQ nPQ d.<. 
t-p-PtQ> .... 1-PQdO 

for r~1 

.LU 
Oeomet:rtc :r.••, tor •-o, 1, ~ .•. , .. p(l-p)• o<P<l 1-p 1-p 2-p P' p[l-(1- p)c<l)-1 1-p 

pi .ff=P ~~+,__, .. - -. 
Jl p d.<. 

«r+t•-(l-p) dil 
·~1 



Some one-dimensional continuous diatribtttion funcliona 

Probabllltfc new;~w Restrictions t Skewness Characteristic 
Name Domain Fuoct on / (z) on Mean Variance ,., Excess,., CUDctlon Cumulants 

Paramelers 

_,. 
26.1.25 Error function _..,<z<oo ~rtzt l eu• I 

..[; 
o< ll< ... 0 2h' 

0 0 c,-o, n~2,_1 
•·=0 for 11>2 

l -i(!:!!!)l 
_.,. .... --

26.1.26 Normal - m< r < m --e • -oo< m<"' m ... 0 0 t 2 •a--m, .tt-cr', .-.. --o fo[ n>2 
,..fi; O<o< .. 

I l ..... ...,,,, not detlned 26.1.27 Cauchy - a~<z<oo 
'I'{J cz-a)' -m<a<"' not de· not dellned not de. not doOned 

t+ T O<ll< "' tined fined 

I -(r-!) 
•r'"' (I - I,IJI)-• 26.1.28 Exponential a~:t<m - e ~ - .. <,.< ... a+/J fJ' 2 6 ••• a+8, ·-s·rCn) for n>l , 

O<IJ<m 

26.1.29 Lapluct, or double 
I-~~~ •la'(l+IJ't')-1 •t- a, ca•28' -<D<:r<m -• ~ - ... < .. < .. a 211' 0 3 

CltfiODeU tlal 2fJ O<IJ< oo (2n}l 
Klt~~H-0, C.h~--;-fJJ-

roT n~t, 2, ... 

Z6.l.:SO E•tremc· Value, • -oo<r < "' .! exp ( -r-r•) -a>< a < ao a+-r~ 
(,IJ)I 

1.3 2.4 l'(l - i,'l)t 141 ( r/J)' 

( Flsher·'t'lppclt 8 O<ll<"' 
-6- ,, 'IS._..,, .. ,--11-

'J'ype I or doubly 
wltbv-~ 

... 1 
exponential) •• -IJ•l'(n)~- for n>2 

8 r• 
<-

Z6.L.3l PcllrSOn Type In a~r< ao _1_, ...... -. -ao<u<oo u+1>o' p6' 
2 6/p •'"''o-~-· <•"'u+IJp, ••=/J"pl'(n) 

IJr(p) O<IJ<"' {i tor n>l 
z-o O<p<oo wltbr-6 

Z6.l.S2 Oamma distribution O~r<"' - 1-r..-Je-• O<p<., 
2 

6/p (1-il)-. co~p ••• =pl'(n) Cor n>l p p 
{i r(pl . 

I 

Z6.1.33 Beta dlstrlbuUoo 05z:~l 
I 

l~a< .. 
IJ ob 2(a-b) 

See footnote 6. M(D, a+b, it) B(a, blz..-1(1-r)>-1 
l~b<• 

0-j:b (af-b)l(af-b+t) (o+b+2) 

26.1.:!14 neetongulnr, or m~<r<m+~ I 
-oo<m< "' "' 0 -1.2 2 In ( ht) ..... •a-m, •·t.+J~O 

ii m i2 UDUorw z-- 2 O<h<"' iii 8 2 • 
hi .. B.,. ... ---2n * 

B,. (DernouiU numbers), 

B•=k· B•=-:/o• · · · 
• T (Eulcr·s coostanl)-.67721 666411 .... 

I - _/o+b+t {3(a+b+1}(2(a+b)'+ob(af-b-5)) a}· 
7

• "V ab ob(af-b+2)(a+b+3) 
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lnequalitits for diBtribution functions 
(F~) de11otes the o.d.f. of the random variable X and ldenotm! 11 positive constant; furtherm Is always assumed to be llnlte and all expectations are assumed to exist.) 

Inequality 

26.1.35 Prlg(X) ~tl :$E[g(X) }/t 

26.1.36 Prl X ~t I :Sm.'t 
m 

F(t) ~1-T 

26.1.37 Pr( IX-ml ~ta} :$1/!-1 

1 
F(m+tcr)-F(m-ta) ~1-p 

26.1.38 

Pr([X-mi~G} :$ n~ 

26.1.39 

4{l+(~~y} 
PriiX-ml~tal :$9 (t-lm-:-2~!)' 

1+ - -

~ (m-Xo)'} 
F(m+ t.,.)-F(m-ta) ~1- c~-lm~XoiY 

26.1 .40 Pr( IX -ml ~t.,.} ~4/~IP 
4 

F(m+tcr)-F(m-t.,.) ~1-9p 

'.z:o 1s such Lhat .11" (zo) > F' (:r) for r,..l:o. 

26.2. Normal or Gaussian Probability Function 

26 2 1 Z( ) 1 -r'/2 
. • x=..;z;.e 

26.2.2 P(x)= ;. j "' e-1
'

12dt=J.z: Zl(t)dt 
-v2l!' -.. - .. 

26.2.3 Q(x) .$i"' e-t' Jzdt= i "" Z(1~)dt 
26.2.4 A (:z:) ~Jz e-1

' '
2dt=J" Z(t )dt 

-y21!' -% -z 

26.2.5 P (x) + Q(x)=1 

26.2.6 P ( -x)=Q(:z:) 
26.2.7 A(x)=2P(x)-1 

Probability lntegral with Mean m and 1Variance a2 

A random vn.rin ble X is said to be normally 
distributed with mean m and variunc~e rr2 if the 
probability that X is less than or equnl to x is 
given by 

Conditions 

{i) g(X) ~0 

(i) Pr iX < OI=O 
(ii) E(X)=m 

(i) E(X)= m • 
(ii) E (X-m)l= tr 

(i) E(X;) = m; 
(ii) E(X;-m;)1= crl 

(iii) E([X,-mt][Xi-miD=O(i~J) 

- ~x, (iv) X= .£-J_, 
1=1 n 

_ ~ m; _ [t;t" li/]1 m= .£-J-' a= -
1=1 n 1 n 

(i) E(X -m)'=a' 
(ii) F(x) is a continuous c.d.f. 

(iii) F(z) is unimodal at xo8 

(i) E(X -m)3=~ 
(ii) F(z) is a continuous c.d.f. 

(ill) F(z) is unimodal at zoe 
(iv) m=Xo 

(i) E(X -m)'=o-2 
(ii) E(X-m)' = p.1 

26.2.8 
1 J" (t-m)• 

Pr {X.$x} = ,- e~dt 
u-v2r - .. 

= 1 J c::-"')'.- e- •'12 dt=P e~)-
,f21f' -.. (f 

The corresponding probability density function 
is 

26.2.9 
(:r-m)' 

.E._ p ex-m)-1 z ex-m)= 1 e -'2;2' 
bx u q q u,f2r 

and is symmetric around m, i.e. 

The inflexion points of the probability density 
function ll.I'e at m± u. 
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Power Series (.~~0) 

26.2.10 

26.2.11 
1 .. xz"+t 

P(x)=2+Z(x) ~ 1 ·3· 5 ... (2n+1) 

Asymptotic Expan.aioD.A (J: > O) 

26.2.12 

Q( )- Z (x) { 1_.!__L!__:__::. 3+ 
X --X- x21 7 .. • 

+ (-1)"1 · ~;,.· . (2n-1)} +R .. 

where 

) +1 ( ) f"' Z(tl dt R"=(-1" 1·3 ... 2n+l J:: t2"H 

which is less in absolute value than the first 
neglected term. 

26.2.13 

Z(x){ at az 
Q(x)"'-x- 1- x2+2+ (,r+2)(x2+4) 

(x2+2) (z2~4) (x2+6) + · · ·} 
where a1= 1, a2=l, a3=5, a,=9, a6=129 and tlb.e 
general term is 

a,.=eol. 3 ... (2n-1)+2c11 · 3 .. . (2n-3) 
+22~1 · 3 ... (2n-5)+ ... +2"- 1

Cn-1 

and c, is the coefficient of t•<-~ in the expansion of 
tt,t-1) .. . (t-n+1) . 

Continued Fraction Expansions 

26.2.14 

Polynomial and Rational Approximations T for P(~) 
and Z(s) 

o::;x< m 

26.2.16 

P(x) =1-Z(x) (a1t+a2t2+a8t8
) +e(x), 

p=.33267 

26.2.17 

a,=.43618 36 
a2=-.12016 76 
aa=.93729 80 

l 
t=--

1+pz 

P(z)=l-Z(z) (b1t+b2t2+bat8+ b.t'+b5t6) +e(x), 

IE(X) I<7.5X IQ-B 

p=.23164 19 

I 
t=l+pz 

bt= .31938 1530 b4=-1.82125 5978 
62=-.35656 3782 bG= 1.33027 4429 
b8= 1.78147 7937 

26.2.18 

1 
P (x)=l-2 (l+ctx+c2zl+car+c,:t-)-•+E(x) 

26.2.19 

jt:(X) )<2.5X 104 

Ct= .196854 
C2= .115194 

cs=.000344 
c.= .019527 

1 
P(x)=I- 2 (l+d,x+<har+ds:lf' 

+d,z'+d~+d,;e5)-16+e(x) 

l~(x) I<L5X w-7 

dt=.04986 73470 d,=.00003 80036 
~=.02114 10061 d6=.00004 88906 
d3=.00327 76263 d0= .00000 53830 

26.2.20 Z(:ll) = (a0+a~x2+a.cll4+a&t6)-1 +E(z) 

/E(x)j<2.7X 10-a 

a0 =2.490895 a4=-.024393 
a2=1.466003 a8= .178257 

7 Based on approximations in 0. Ha&tings, Jr., Approxi­
mations for digital computers. Princeton Univ. Press, 
PrinoetoA, N.J., 1955 (~th permission). 
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26.2.21 

h(z) = (h0+h~+h.xt+heX8+b¢+htor0)-1+E(x) 

IE(:t)I<2.3X lO- · 

b0=2.50523 67 

h~= 1.28312 04 

h.= .22647 18 

he= .13064 69 

b8=-.02024 90 

b10= .00391 32 

Rational Approxi=ationa 1 for :cp "here Q(s.)=p 

26.2.22 

26.2.23 

ao+a,t 
1 + btt+b2t2 +e:(p) I 

jE(p)i<3X 10-a 

ao= 2.30753 

a1= .27061 

c0= 2.515517 

c1= .802853 

C2= .010328 

bt=.99.229 

h2=.04481 

d,=l.432788 

<h= .189269 

ds= .001308 

Bounds Uaeful aa Approximations to the Normal 
Distribution Function 

26.2.24 

P (x)5 

P 1(x)=.!+.! (1-e-~f,..) i 
2 2 

P 2(x)= l (4+ ; )•-x (Zr) -te-~'2 

(x> 1.4) 

26.2.25 

P,(x)=-+- 1-e-'!r2/r 1 1 ( 
2 2 

P(x) 2:: 

2('JT-3) 4 -~/2)' 
3~ x e 

(x> O) 

(x> 2.2) 

See Figure 26.1 for error curves. 

.00 6 

.00 ~ 

.002 

0~~~~~~-r-r~~~~~~~r­

-.002 

-.004 

-.006 

- .008 

FIGUR E 26.1. Error curves for bounds on normal 
distribution. 

Derivatives of the Nonnal Probability Density Function 

26.2.26 

26.2.28 

d:' z crn>(x)= - Z (x) 
d:r:" 

Differential Equation 

Value ats=O 

(- l )m12ml 

z <m>(O)= .J2;2'"'2(;)' 
for m=2r, r= O, 1, ... 

0 for odd m>O 
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Relation of P(") and Z<m>(%) to Other Fu.nction.s 

Function 

26.2.29 Error function 

26,2.30 Incomplete gamma function (special case) 

26.2.31 Hermite polynomial 

26.2.32 II 

26.2.33 Hh function 

26.2.34 II 

26.2.35 Tetrachoric function 

26.2.36 Conlluent hypergeometric function (special 
case) 

26.2.37 II 

26.2.38 II 

26.2.39 

26.2.40 Parabolic cylinder ftmction 

Relation 

erf x=2P(x...f2)-l 

~c~~ x) rG) = [2P{v'2i)-1] 

z(ll) (z) 
H e,.(x)=(-1)" Z(x) 

H (x)=(-l)rJ2"'2 z (n>(z.../2) 
" Z(x.../2) 

Hh_,.(x)=(-1)"- t.Jz;:zcn-l>(x) 

Hh,.(x)=( nil) "nL,(z) d~" (~~:D • 
'T,. (z) (-;-1 zcn-ll(z) 

n. 

M (.!., ~~-z2)= ..j2;{P(x)-~} 
2 2 2 X 2 

M (]., ~' ~J= zZl(z) { P (z)-4} 

M(2m+l, !,_z2\ z ch >(x) 
2 2 2) Z Chll(O) 

M (2m+2,~,-x!) Z<2~.-I>(x) 
2 2 2 zZChll (0) 

u(-n-!, x)=e-l~(-1)" Z C"l(z) 
2 Z (z) 

Repeated lntegrale of the Nonnal Probability Integral 

26.2.41 I,. (x)=i"' !"_1(t)dt (n~ O) 

where I _1 (x) = Z(x) 

26.2.42 

( d)•-1 L,.(x)= - dx Z(z)=(-1)"-1Z1"-11 (z) 

26.2.4.3 (d~+x: -n )I,.(x)=O 

(n~-1) 

26.2.44 

tn+l )J,+t(x)+xl,.(x) -J,._1(x) = 0 (n>- 1) 

·~~ pag~ n. 

(:z:~O) 

(x~O) 

(n>O) 

(z~O) 

(:z:~O) 
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26.2.45 

T,.(x)= ("' (t-~)" Z(t)dt=e-:2/'J. ('"' t~ Z(t)dt J, n Jo -n. 

26.2.46 
1 

I ,.(O)=l _,(0) ( ) n+2 
~ 12 2 2 . 

(n>-1) 

(n even) 

Asymptotic Expansions of an Arbitrary Probability 
Density Fun<:tion and Distribution Function 

Let Y 1 (i=1,2, . .. , n) ben 

independent random variables with mean m~, 

variance ~~ and higher cumulants Kr. f· Then 
asymptotic expansions with respect to n for the 
probability density and cumulative distribution 
function of 

26.2.47 

j(x) _...,z(x)-[!! zcs>(x)]+['Y2 zw(x)+ ,.,~ z <e>(x)J 
6 24 72 

-[ 'Ya z<~) (:z:) + 'Yt'Y2 zm (x) + 'Y~ z<eJ (x)J 
120 144 1296 

+[...1!. z<6>(x)+ 'Y~ Z(8)(x)+ 'Yi'Ya z <sl (x) 
720 1152 720 

+j~~ z(lol(x)+31~~ zos'(x)]+ ... 

26.2.48 

F(z).-vP(z)-[~1 Z<2'(x)]+[~ Zi3>(x}+;~ zm(z)J 

-[..!!... z<•l(:z)+ 'Yi'Y2 zm(x)+_!L zcs>(x)J 
120 144 1296 

+[~ zca>(x)4 zm(x)+ 'YJ'Ya zc7l(:z) 
720 1152 720 

I i1'Y2 zu'> ( ) + 'Yt z<w ( )]+ 1728 X 31104- X ••• 

where 

Terms in brackets are terms of the same order 
with respect to n. When the Y, have the same 
distribution, then m1=m, ~=a-2, K,-. 1=~t, and 

Asymptotic Exp.ansion for the Inverse Function of an 
Arbitrary Distribution Function 

Let the cumulative distribution function of 
n 

Y = ~ Y, be denoted by F(y). Then the (Cornish-
I•I 

Fisher) asymptotic expansion wit,h respect ton for 
the value of y, such that F(y11)=1-p is 

26.2.49 y11-m+aw 

where 

w:=x+ [-y1h1 (x)) 

+[-r2h2(x) +i1hu (x)] 

+[-raha(x) +-r!'Y2ht2(x) +-rlhut (x)] 

+h.h.(x) +IJ!.u(x) +'Yt'Yahu(x)+'Yi'Y~m(x) 

and 

Q(x)=p, 

26.2.50 

1 
ht(x)=e; H e2(x) 

1 h2(x)=
24 

Hea(x) 

hu(z)=-;
6 

[2Hea(x)+Hei(x)] 

1-
~(:1:)=120 [He,(x) ] 

1 
hu(:~)=-24 [He,(x)+He2(x)] 

+-rfhuu (X) ]+ . . . 

1 
~u(x)=324 [12He.(x)+19He~(x)] 

1 
h4(x)=

120 
He~(x) 

~2(x)=-3~ [3He&.(x) + 6He8(x)+2Het(x)] 

1 
~s(x)=-180 [2He&(x)+3He8(x)] 

1 
hm(x)=

288 
[14H e&(x) +37H ea(x) +8H e1 (x)] 

hun (x) = -
7
i

76 
[252H e6(i) +832H e8(x) 

+227Hel(x)] 

Terms in brackets in 26.2.49 are terms of the 
same order with respect ton. The He,.(x) are the 
Hepnite polynomials. (See chapter 22.) 
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26.2.51 
!I z(ll) (x) m ( - l )m "-2m 

He.n(X)=(-1) Z{ ) ==nl ~ ')m l( _ 2 )1 X x m=O- m. n m. 

In the following auxiliary table, the polynomial functions h1(x), ~(x) ... h1111(x) are tabulated for 

p=.25, .1, .05, .025, .01, .005, .0025, .001, .0005. 

Auxiliary coejficients8 for ·use with Cornis.h-Fisher asymptotic expansion. 26.2.-&9 

.~ .10 .05 .()26 .01 .005 .00~ .001 .0005 

~ .57449 1.28155 1. 6«86 1. 95996 2. 32635 2. 67583 2. 80703 3.09022 3. 29053 

-·~1 
- . 09084 . 10706 • 28426 .47~ . /'3S32 .93915 l. 14637 l...UOl I. 53703 

b 1 r -. 07153 - . 07249 - . 02018 .06872 • 23379 .390ta . 57070 .84331 1.07320 
hu ) .07663 .00106 -.01878 -.14607 - . '37534 - .59171 - . 83890 -1.21025 -1.62234 
hs } . 00308 -.0346t - . 04028 -.04410 -.00152 .06010 . 14841 • 307f6 . 46059 

hu r~ . 00282 .14644 . 17532 . 10210 - . 17621 -.S:WI -1. 02868 -1. 8D355 -2.11243 bnt.g - . 01428 - . 11629 - . ll900 - . 02937 . 2.~105 . 69757 1. 06301 1. 88787 2. 82337 
hu) .00998 . 00227 - .01082 -.02357 - . 03176 -.0',1621 - . 00666 . 04591 . 10050 

hu z~ -.03285 .oom .05985 .09659 .07888 -.01226 - . 19116 -.69060 -1.035M 
but -.05126 .01086 .09462 . 16100 . 16058 . 05386 -. 17498 -.70464 -1.30531 
hm r ) . H76t -. 10&8 - . 89517 -. 55856 - . 32621 .35606 I. 6()4j5 (. 20304 1. 23307 

bnu r ) - .06808 . 09686 . 26623 . 3-1624 . 07288 -.46534 -1.39199 -3.82708 -6.40702 

• From R. A. Fisher. Contributions to mathemalt~l Stiltl~tfcs, Paper 30 {with, E. A. Cornish) Extralt de Ja .Revue de 
1'lnstltut!! InternatlonBI de St.atlstlque-4. 1-14 (1937) (witllpe~mlsslon)'. 

26.3. Bivariate Normal Probability "Function 

26.3.1 

- 1 cr-2pxy+y~ 
g(x,y, p)=[Z?r.y'l-l)-J exp-2 l -p2 - } 

26.3.2 g(x,y, p)=(l-p2)-!Z(x)Z (J
1 

P;
2
) 

26.3.3 

L(h, k, p)= ):"' dx i"' g(x, y, p)dy 

= i "'zcx)dx J~"'z(w)dw, w=(k-px) 
-v'l p" 

26.3.4 

26.3.5 

26.3.6 

26.3.7 

26.3.8 

26.3.9 

26.3.10 

L(-h, -k, p)= J~.,dxJ~., g(x,y, p)dy 

L( -h, k,-p)= J~., dx i"' g(x, y, p)dy 

L(h, ·-k1 -p)=i"' dxJk g(x,y, p).dy 
]I - .. 

L(h, k, p) =L(k, h, p) 

L(-h, k, p)+L(h,k,-p)=Q(k) 

L (-h, -k, p)-L(h, k, p)=P(k)-Q(h) 

* 2[L(h) k, P)+L(h, k, - p)+P(h)-Q(k)]-1 

= J~,dx J~t g(x, y, p)dy 

Probability Function With Means m ... , rn~, Variances 
11!, cr~, and Correlation p 

The random variables X, Y are said to be dis-.,, 

means. and variances (mz, m~) and cu;, ~) and 
correlation p if the joint probability that X is 
less than or equal to h and Y less than or equal to 
k is given by 

26.3.ll 

11-m. .1:-m .• 

Pr{X5,h, Y5,k}=-1- f--;;-f-;;- g(s, t, p)ds dt 
U'zrlu -oo - ., 

( ( h-m:) ck-m,) ) = L - ----;;;- I - ·---;;--- ' p 

The probability density function is 

26.3.12 

1 -Q 1 cx-m., y-mu ) -----:::== exp - g - -, - -, p 
27rUztTII.J1 p2 2(1-p2) UzJTv ri: tTv 

where 

Q (x-m.,) 2 2p_(x-mcr)(y-mv) +(Y-~u)2 

~ fT:tU'TI tT11 

Circular Normal Probability Deneity Function 

26.3.13 

l cx-m~ y- mv o) 
tTafJ -rr-' -tT-, = 
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Special Values of L(h, k, p) 

26.3.14 L (k, k , O) =Q(h)Q(k) 

26.3.15 L (h,k, -1}=0 (h.+k~O) 

26.3.16 L (k 1 k 1 -l)=P (k)-Q(k) (h+k~O) 

26.3.17 L (k1 k 1 1)=Q(k) (k~h) 

26.3.18 L (h1 k1 1)=Q(k) (k~h) 

26.3.19 
p 

L(o 0 ) = ·!+arc sin p 
I , p 4 211' 

.24 .22 .20 .18 
0 

/ 1/ I / II 
/' 1/ 

L / / 1 

1 / v v v / / / 

- .1 

v v / v v / / / 1 

- .2 

L / / / 
/__ 

/ / v 
/ 

- .3 

v 1/ 1/ v / / / / 
v v / / / / 

- .4 

v / v / / / /_ 
v v v ~ 

/ 
- .5 

v / / 
, v v ./ 

. 1& 

J 
/ 

/ 
/ 

v 
/ 

/ 

/ 
v 

/ v 
/ / 
/ / 

L(h, k, p) aa a Function of L(h, 0, p) 

26.3.20 

L (k k ) =L (h. 0 (ph-k) (sgn h)) 
I I p I I ..jh2-2pltlt+ k2 

+L(k 0 (p/c-h)(sgn k)) 
I I ..jh2-2phk+ k2 

-{; if hk>O or hk= O 
andk+k~O 
otherwise 

where sgn h= 1 if h~O and~ h= - 1 if h< O. 

.14 .12 .10 .09 .08 

1/ v / I II' 
~ // 

II' I /. 
v v / v / 

/ 

/ L .07 

/ /_ v v 1/ _L_ / 
v /'t' / / 

v / / 

.06 

v / v v / lL / / 
v / v / 1/ / 

/ / ,OS 

/ 
v / v / / v / 

v v / / / v / 

/ v v v .... v ~/ 
.04 

/ ~ 
/ 

~ v ~ / v / 
/ / 

..... v v 
/ 

v / / 
.03 

/ / 
v v v v v / 

/ 

v v v / 
v / / /v v / / 

~ .02 
/ / / / 

- .6 

v / v v v /" v ~ v v / /1 / / / / ~ / 

'/ '/ v v / /" v / 
/ 

/ 
v / / 

/ ..... ./ / ./ L 
.01 

- .7 

// v / / v ~ v / v / / 
io""' 

/ / / ./ / / ./ .,.......... 

/ / 
., / v / 

., v / v ,....,... ......-
/ / ..... / / .... v _..... 

- .a 

/ ~ ~ v ~ / v ,....,... ,. 
~ ~ / v / v ..--

:::::: ~ v v ,. ..--.... f.-- --~ v --v --v 
- .9 

.:::::::; ;-;::::::: ---r-- 1---~ -
r--:: -1.0 h 
0 .015 .10 ,1!5 .20 .25 .30 .3!5 .40 .415 .150 .!5!5 .60 .6!5 .10 .15 .80 .8!5 .90 .95 1.00 

Frouu 26.2. L(h, 0, p) for 0 ~h ~ 1 and - 1 ~P ~0. 

V&loes ror 11<0 0811 be obtamed uatna L(/1, o, -p)•t-L(-11, O, p). 
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Integral Over an Ellipse With Center at (ms, m 11) 

26.3.21 

f'f (U"zuu)-lg (x- m,, y-mu, P) dxdy= l-e-a'ln 
J A O'z O'u 

where A is the area enclosed by the ellipse 

(X u~zy 2p(x-::~11(y-mu) 

+(y u~·Y = a'<t-pZ) 

lntqT&) Over an Arbitrary Region 

26.3.22 

f·r (u:u,) - lg cx-m:, y- mv, p) dxdy 
J A Cz.r> tfz t!r 

==J'f g(s,t, o)dsdt 
JA' (r , l ) 

where A *(s, t) is the transformed region· obtained 
from the transformation 

Integral of the Circular NonnaJ Probability Function 
With Parameters m.=m.=O, cr= l Over the Triangle 
Bounded by y= O, y=ax, r= h 

26.3.23 

V (h, ah)=_!_ i" fo.z e-t<il+•2>dxdy 
21r o Jo 

where 

1 1 
= 4 +L(h, 0, p)-L(O, O, p)- 2 Q(h) 

a 
p=--../l+az 

Integra) of Chcular Normal Dillltribution Over an Ofr~~et 
Circle With Radius & and Center a Distance rcr From 
(m., m.) 

26.3.24 

fA f (J-2g cz: ITmz, y ITm", 0) dzdy=P(R'I2, r ) 

where P (.R2j2, r2) is the c.d.f. of the non-central 
x2 distribution (see 26.4.25) with v=2 degrees of 

App-roximation to P(R'I2, r2) 

26.3.25 

A pproa:imation Condition 

2R2 2r 
4+R2 exp-4+ R2 R< l 

26.3.26 P (xl) R> t 

26.3.27 ? (x2) R>5 

R, r both large • 

26.3.28 
Inequality 

l-p
2 

[ (h- pk)l Q(h)- ph-kZ(k) Q ..jl - p2 'j< L (h,k, p)<Q(h) 

where 
ph-k> o, 

26.3.29 
Series Expll08ion 

L(h, k, p)=Q(h)Q(k)+ '£ Z<"l(h)Z <">(k) pHI 
~~-o (n + l ) l 

26.4. Chi-Square Probability Function 

26.4.1 

P.(x2jv)=[2•12r (~)J-IJ:x2 

(t)-i-
1
e --fdt 

(O~x'< =) 

26.4.2 

Q(x2j.,)=l-P{x2jv) (O~x'< (I) ) 

=[2•' 2 r (~)J- ~i~ (t)~-1e --i dt 

Relation to Nonnal Distribution 

Let XII x2, . . ., x. be independent and identi­
cally distributed random variables each following 
a normal distribution with mean zero a.nd unit 

• 
variance. Then Xl= ~ Xl is said to follow the 

1-1 

chi-square distribution with " degrees of freedom 
a.nd the probability that X!~x.2 is given by P(x2 jv) . 

Cumulants 

freedom a.nd noncentra.lity parameter r . 26.4.3 (n=O, 1, ... ) 
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Series Expansions 
26.4.4 

·-1 
z X21-1 

Q(x2fv)=2Q(x) +2Z(x)~ 1. 3.5 ... (Zr-1) 

(v odd) and x=.,fX2 

26.4,5 

Q(x'I•J~~Z(x){l+~ 2-4 .• ': (2r)} 
(11 even) 

26.4.6 

P(x'I•J~(i x•)"' r (~) 
• 

26.4.7 

26.4.10 

26.4.12 

{I+~ (11+2)(~~+~~. · · (v+2r)} 

P (x2lv)=-l- '£ (-l)"(x'/2)!~ 
r (~)n-o n! (~+n) 

Recurrence and Differential Relaltiona 

Continued Fraction 

Asymptotic Dillt.ribution for Luge 11 

AsymptOtic Expanaiona for Large: x' 

ApproximatioJU to the Chi-Square Distribution for 
Luge~ 

26.4 •• 13 
Approzimation 

Q(x2[v)~Q(xJ), x1=-/2x!'-.,f2v 1 

26.4.14 

Q(x2[11) ~Q(x,), 

26.4.15 

Q(X2[v) ~Q(x2+h.), 

% ~ .. 
-3.6 - . 0118 
-3.0 -.0067 
-2.6 -. 0033 
-2.0 - .0010 
-1.6 +.0001 

60 
h.=-hso 

Jl 

V aluu of heo 

% lltt 

-1. 0 +.0006 
- . 6 . 0006 

.o +.0002 
+.6 -.0003 

1. 0 - . 0006 

% 

+1.6 
2.0 
2. 6 
3.0 
3.6 

Condition 

(v>lOO) 

(v>30) 

-
... 
-.0005 
+.0002 

. 0017 

.0043 

.()082 

Approximationa fo.r the lnvente Function for Luge 11 

If Q(X~Iv)=p and Q(x,)=l-P(x.,) - p, then 

26.4.16 

A ppro:rimation 

x~~~ { x,+~2~~ 1} 
2 

26.4.17 x~~~~ { 1-_!+z {l;}a 
" 9v " 9v 

26.4.18 { 2 -~2}3 x;~v. 1 
911 

+(x11-h.) 911 

where h:r is given by 26.4.15. 

Relation to ather Functiona 

26.4.19 Incomplete gamma. function 

'Y~~~~) =P(x:~lv), · v=2a, X2=2x 

r (a, x) -Q( 2! ) 
r (a) - x 11 

Condition 

(v>lOO) 

(v>30) 

(11>30) 

26.4.20 Pea.r13on's incomplete gamma. fune.tion 

I :\ 1 fu~f1+1 P _ 1 2 
(u,p1 r(p+l) Jo t e dt=P(x jv) 

v=2Cv+l) , X2=2u ~p+l 

26.4.21 Poisson distribution 

v x2 
c=-, m=-, (v even) 2 . 2 
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26.4.22 Pearson Type III 

[a:J J~o(l+~Jb e-&1dt=P(x2jv) 

Jl=2ab+2, X1=2b(x+a) 

26.4.23 Incomplete moments of Normal distribu­
tion 

x•=r, Jl=n+l 
26.4.24 Generalized Laguerre Polynomials 

~ (-1)"+1 (n~l) Q(x2lv+2-2J) 
JL(a) ( ) J-0 J 

n " x = 2"[Q(x2lv+2)-Q(x2[v)] 

Non-Central X' Dilltribution Function 

26.4.25 

P (X'2Iv, A)=£ e-w2 ('11.!_2)
1 
P(X'2111+2J) 

J-0 Jl 

where A~O is termed the non-centrality param­
eter. 

Relation of Non-Central xt Distribu-tion With ,.=2 to the 
Integral of Circular Nonnal Diatribution (r=l) Over 
an Ofi'IM'.It Circle Having Radius R and Center a Dis­
tance r=..j'>. From the Origin. (See 26.3.U..26.S.27.) 

26.4.26 

ApproximatioDA to the Non-Central x• Diatribution 

.Approzimating .Function Approa:imation 
-

26.4.27 x• distribution P(x'2jJI, A) f':$p (1~6lv•} 

26.4.28 Normal distribution 

26.4.29 Normal distribution 

Approldmatiollll to the Invene Function of Non-Central 
xt Diatribntion 

If Q(~2jv, X) p, Q(x~lv*)=p, and Q(x,) p then 

Approzimction to the lrwerae Function 

x~2~(1+b)x; 

26.4.31 Normal ~~~ltb [x,+.Jl~b --1 J 
26.4.32 Normal ~·~a[ ~.J~C~b)+t~C~b)J 



V arWii'e 

26.4.33 xl 

26.4.34 {i;} 

26.4.35 (x1/~)1" 

26.4.37 X' 

26.4.38 M 

26.4.39 (l(l/o)111 

:l 80 
l 31., I 3' .. I O(Jrl) 

• 

1~ 1+& .o ~+O(rt) 
11 o a• •• 

Propertiee oCChi-SquiU"et Non-Central Chi-Squaft, and Related Quantities 

I 1 I 6 O(~ 
... . ... &bl 

211(1-tb) 

(1#) .-.J (Bb+Cl+b) (l - 7b)}+O(rt) 

,. 
b•;+)o. 

rl• 
tlo'(&) • da• # (a) 

1 [ 6 1 ] - ~~-- + 0 (,.,.'11) -12. 8• 128 .. 

7111 [ 8 ] J Polfl l+ji; +0(..- 11) 

.,, G) {T [ 1 J . ""G)',. ---v;=j 1-2<·-1>' +0((..-1) ... 11) 

c~Y,. o+2b)a-• 

• - t (l-b) (1;..3&) I O(rt) 
:li(l#) tfl 

12,.-1 

_ _! [1~]+0(,-f) 
llr II• 

#(I) G) ' [ • ] 
-(•)'-r-1 1 18(• - l ) l +0((.-1) .... ) 
~· i 

12 (l+Sb) 
0 ( l +b)l 

8b(b+2) 
(l#J' "I O(rt) 
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26.5. Incomplete Beta Function 

(O~x~ 1) 

26.5.2 

J.z(a , b)= 1- I t _,~ (b ,a) 

Relation to the Chi-Square Distribution 

If X~ and Xi are independent random variables 
following chi-square distributions 26.4.1 with ~'t 
and 112 degrees of freedom respectively, then 

xr!~x~ is said to follow a beta distribution with 

v1 and v2 degrees of freedom and has the distribu­
tion function 

26.5.3 

P{ X~ < } - 1 fz a-1( t )•-'d X~+Xi_x - B (a,b) Jot 1- t 

= l%(a,b) a=~, b=~ 

Series Expansions (O<s-<1) 
26.5.4 

• / ( b) x"(l-x)b {l+~ B(a+I ,n+ l).,.,.+l} 
za, aB(a, h) f:oB(a+b , n+ l ) .. 

26.5.5 

x"(l-z)&-1 
l:(a, b) aB(a, b) 

{
I + :t B (a+ I, n+l) ( :t )"+1

} 

n-o B (b-n-l, n + l ) 1-z 

_x"(l-z)b-1 
- aB(a, b) 

{I+~ B(a+ l ,n+ l) (_!_)"+1
} 

n•O B (b- n- 1, n +l) 1- :t 

+ I:(a+8, b-8) 

26.5.6 

1-lz(a, b)= ll - z(b ,a) 

_ (1- .r)& a-t c(a-1) (l-x)1
. 

-B(a, b) ?; (-1 ) .i b+i- (mteger u) 

26.5.7 

1- l z(a, b) =11- r(b, a) 

a-1 (a+ b- 1) ( .c )' = (1-.r)a+b- t ~ . - (integer a) 
r-o t 1- ;r 

Continued Fractions 
26.5.8 

x"(l-x)6
{ 1 d1 d2 } • 

lz(a, b) oB(a, b) I+l+ t + " '' 

(a+ m)(a+b+ m) 
d"l,.+t=- (a+2m)(a+2m +l) x 

m(b-m) 
d2

"' (a+2m-1)(a + 2m) z 

a-1 
Best results are obtained when x<a+b-

2
· 

Also the 4m and 4 m+ 1 convergents are less than 
l :(a, b) and the 4m+ 2, 4m+3 convergents are 
greater than l :(a, b). 

26.5.9 

* x < l e1=1 

(a+m-1 ) (b-m) x 
e2m=- -

(a + 2m-2)ta+2m- 1) 1-:t 

m(a+b-l +m) x 
(a+ 2m-l)(a+2m) 1- x 

Recurrence Relatione 
26.5.10 

l z(a,b)=xl z(a- l ,b)+ (I-x)l ,(a, b- l) 

26.5.ll 

l:(a,b)=!{l'"(a+ 1 ,b) - (1-x)l:(a+I, b-1)} 
X 

26.5.12 

~,(a,b)=1(1-~)+b{ bl:.(a,b+I ) * 
+a(l-x)f:.,(a+l,b- 1)} 

26.5.13 

1 
l z(a,b)=a+ b ( al z(a+ 1 ,b)+bl z(a, b+ 1) } 

26.5.14 

l z(a,a) =~ 11- r (a, ~} 

26.5.15 

l:(a, b) r(~~~~)(b) x"(l - x)b- l+ !,(a+ 1, b-1) 

26.5.16 
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Asymptotic Eq,ansions 

26.5.18 

l( b)-r(a,w)+e- fJJwA{ (a- 1-w) 
lr a, r(a) r(a) 2b 

1 (a3 
5 2 3 1 [3 2 11 1] + (2b)2 23 a +2 a-3-w 2 a - 6 a+3 

+~(~a-~)-~ 1ff)} 
w=b(-x ) 1-x 

nrl . k . h a-1 a y ts ta en negative w en x< a+b-
2 

Approximations 

26.5.20 If (a+b-1)(1-x)~.s 

l,(a, b)=Q(x2/v)+t, 

/t/<5X 10-3 if a+b>6 

X2=(a+b- I) (1-x) (3-x)-(1-x)(b-1), 
11=2b 

26.5.21 If (a+b-1) (1-x) ~ .8 

I::(a, b)=P(y)+t, 

/ti<5X I0-3 if a+b>6 

3 [ w1 (1-g\)-w2(1-~)] 
y [~+:~! / 

945 

w,=(bx) 113 , W2·=[a(1-x)]113 

Approximation to the lnvene Function 

( 
1 1 )-1 

h=2 2a-l +2b-1 ' 
• .2_3 

}..=!/_j~-
6 

Funcl.ion 

Relatione to Other Function• and Distributions 

Relation 

26.5.23 Hypergeometric function 

26.5.24 Binomial distribution 

26.5.25 

26.5.26 Negative binomial distribution 

26.5.27 Student's distribution 

26.5.28 F-(va.rie.nce.-ratio) distribution 

1 'If 
B(a, b) a F(a, 1-b; a+1; x)=l.(a, b) 

± (n)p' (1-p)"-"=I11(a, n-'a+1) 
1•11 8 

(:)p11(l-p) "-11=I ,(a, n-a+ 1)-I p(a + 1, n-a) • 

~ p"ct=I,(a, n) n (n+s- l) 
••G 8 

1 1 (II 1) - (1-A(t/11))=-1 -, - I 
2 2 " 2 2. 

I (
v2 111) Q(Fj11,,112)= " 2'2 , 

*See no~ u . 

Jl 

x=~~+t2 
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26.6. F-(Variance-Ratio) Distribution Function 

26.6.1 

where 
lit 

X 
112+111 F 

Relation to the Chi-Squa.re Di.etribution 

If Xf and~ are independent random variables 
following chi-square distributions 26.4.1 with 111 

and "2 degrees of freedom respectively, then the 

distribution of F= Jfll
1

111 is said to follow the 
A.2 112 

variance ratio or F-distribution with ' 1 and v2 

~egrees of freedom. The corresponding distribu­
tion function is P(Fj"h 112) . 

26.6.3 
Statietica) Propertiee 

mean: 

variance: ~ 2"~(vt+v~-2) 
lit (112-2)2 (v2-4) 

third central moment: 

J.43=(~)3 811t(vt+v2-2)(211t+112-2) 
lit (v2-2)8(112-4) (112-6) 

moments about the origin: 

"r (111+2n) r ("1-2n) 
I ("2) 2 2 

Jln= ~ r (¥) r (;2) 

characteristic functiom 

Series Expane:ione 

• Q- --- ...... 

(vt even) 

26.6.5 

Q(F111t1 112)= 1- (1-:z:)'•'2 [ 1 +~ x+ 11
t <;t.~2) a;2+ ... 

+v,(llt+2) ... (112+v~-4) x'2;2] (112 even) 
2 ·4 ... (v2-2) 

26.6.6 

Q(F IIIJ, v2)=x·•+;,-2 [ l+llt+; 2-2 c x x) 

+
(vl+ v2-2)(11t+112-4) cl-x)2+ 

2·4 X •. ' 

+ ( 111+112-2) ... (112+2) (1-x)·';2
] (v

1 
even) 

2 ·4 . . . (v1-2) x 

26.6.8 

Q(F ivt, liz)= 1-A(t iv2) +.B(vh 112) 

A(tjv2)= 

()12- 1) 
2 - 2- I 

- sin8cos•28 {1+ 
..(;(112 2 2)1 

0 for v a = 1 * 

where 

8= a.rctan l!;p. -y ;;r 
Reflexive Relation 

If F,(111, v2) and F,_,(1121 v1) satisfy 

Q(F,(vt, llz)!vh 112)=p 

Q(F1_.,(v2, 11t)l1121 lla)=l-p 
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26.6.9 then 26.6.15 

Relation to Student's t-Diatri.bution Function (See 26.7) 

Limiting Fonns 

26.6.11 

26.6.12 

lim Q(Fivt, 112)=P(X2Iv2), 
,.t~CD 

Approximations 

26.6.13 

Q(Fj1111 112) zQ(x) 1 

(v1 and v2 large) 

26.6.14 

t={F 
Approximation to the Inverse )"unction 

26.6.16 If Q(F11 Iv11 v2)=p, then 

F'~' ~ e2
to where w is given by 26.5.22, with 

llt=2b, 112=2a 

Non-Central F-Distribution Function 

26.6.17 

P(F'Iv1 , v2, X)= i'" p(t/111, 112, X)dt=1-Q(F'!v11 v2, X) 

where 

•t+2i-2 -V.t+2i+ .. 2)/2 

Xt 2 [v2+tvt+2j)t] 

and X~ 0 is termed the non-centrality parameter. 

Relation of Non-Central F-Dietribu.tion Function to Other Functions 

Function Relation 

26.6~18 F-distribution P(F' I~~~~ v2, X)= _:E e-w2 (X/~1 )
1 

P (F'I"t+2j,"2) 
J-0 J 

P(F'/1111 1121_:\=0)=P(F'/"t, 112) 

26.6.19 Non-central t-distribution P(F'/v1=1 1 1121 X) P(t'/111 ~), t' = -./F', v=1121 ~=..fi. 

26.6.20 Incomplete Beta function P(F'/ )--~ ->.t2 (X/2)
1
! (~+ · !'_!) v1, vz ~ e .

1 
2: 2 J, 

2 
1 

J-0 J 

26.6.21 Confluent hypergeometric function 

•See page ll. 



948 PROBABILITY FUNCTIONS 

26.6.22 

where 

T0=1 

Series Expansion 

1 1-x 
T1=-

2 
(v1+v2-2+Xx)­

X 

(va even) 

T,=1- .x [(v1+v2- 2i+Xx)Tf-l +>-(1-x)T,_2] 
2t 

Limiting Fonll8 

26.6.23 

lim P(F'Ivt.v2,X)=P(X'2IY,>.), ..,... ... 
26.6.24 

lim P(F' Iv11 v2,X) = Q(X2Iv), 
, .-+c:o 

Appro:J:imations t p the Non-Central F-Distrlbution 

26.6.25 P (F'Ivtt¥2,>.) ::zP (x,), 

wherc> 

26.6.26 

P(F'Iv11 v2,X) ==<P(F iv1, Y2), 

26.7. Student's t-Distribution 

If X is a. random variable following a. normal 
distribution with mean zero and variance unity, 
and X2 is a. random variable following a.n inde­
pendent chi-square distribution with " degrees of 

freedom, then the distribution of the ratio 
1
X 

-vX2/v 

is called Student's t-distribution with v degrees of 

freedom. The probability that 
1 
X will be less 

"V X2/v 
in absolute value than a fixed constant t is 

26.7.1 

A(tiv)=P,{I..;!;J~t} 

[ 
I (1 JI)J-IJI ( z2\ -~~ 

= -vvB 2"' 2 _, 1+=;"} dx 

=1-1 c~~!), 
r 2 2 

where 
Jl 

x= :v+£2 

Stalietical Properties 

26.7.2 

mean: m=O 

va.rinnre: il=-~~­
v- 2 

skewness: 'Yt=O 

6 
(>.X cess: )'r,=-

- v-4 
moments: 

1 ·3 . . . (2n-l )v" 
P.zn (v-2)(v-4) ... (v-2n) 

~ .. +1=0 

l:ha,racteristi(' function: 

(v>2) 

(v>4) 

(v>2n) 

1/J(t ) =E [ exp (it ..;~) J ( 
It! )"'

2 

2-{:, y. (1!1) 
-,rr (v/2) 2 -r;, 

26.7.3 • 

A (t /v)= 

• See flllire n . 

Series Eipansions 

(e= a.rctan ~) 

2{ [ 2 ; 8+sin 8 cos 8+'3 cos3 8+ ... 

+ 2. 4 ... (v-:3) cos•-2 8]} * 
1 · 3 ... (v- 2) 

(11>1 and odd) 

~ 8 (v= 1) 
7r 
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Asymptotic Expansion for the lnverae Futuction 

If A(t.,lv)=l-2p and Q(x11)=p, then 

26.7.5 

t +gl(x,)+g2(x,)+ga(x.,)+ 
p"':Z:, II J/2 .,J ••. 

1 
g1(x)=4 (x3+x) 

1 
g2(x}=

96 
(5r+l6r1+3x) 

ga(x)=3~4 (3x7+19r+l7z3-15x) 

g.(x) =92~60 (79x0+ 776x7 + 1482r-1920zl1-945x) 

26.7.6 
Limitiq Diatri~ution 

1 J' lim A(t/11)= rn= e-z2f:ldx=A(t) _... -v21r _, 

Approdmation for Larp Values oft and '$5 

26.7.7 A(t l11) "=1-2 { ~; I t~1} -

, I £ S 4 5 

a. 
b. 

.3183 

.0000 
.4991 
.0518 

1.1094 3.0941 
-.0460 -2.756 

9.948 
- 14.05 

Appro.rltnation for Lar~ ' 

26.7.8 A(t!v) ==2P(x)-1, 

Non-Central t-Distribution 

26.7.9 

, 
x= v+t'~ * 

where 6 is termed the non-centrality parameter . 

Approdmation to the Non-Central t-Diatribution 

26.7.10 

P (t' !,, 6) ==P(x} 
t'(t-i;)-6 

where X= ( t'Jt I+-2v 

Numerical Methods 
26.8. Methods of Generati.lllg Random Numbers and Their Applications 0 

Random digits are digits generated by repeated 
independent drawings from the population 0, 1, 
2, ... , 9 where the probability of selecting any 
digit is one-tenth. This is equivalent to putting 
10 balls, numbered from 0 to 9, into an urn and 
drawing one ball at a time, replacing the ball 
after each drawing. The recorded set of numbers 
forms a collection of random digits. Any group of 
n successive random digits is known as a. random 
number. 

Several lengthy tables of random diigits are 
available (see references). However, the use of 
random numbers in electronic computer<.J bas re­
sulted in a. need for random numbers to be gen­
erated in a completely deterministic way. The 
numbers so generated are termed pseudo-random 
numbers. The quality of pseudo-random num­
bers is determined by subjecting the nwnbers to 
several statistical tests, see [26.55], [26.5.6]. The 
purpose of these statistical tests is to detect any 
properties of the pseudo-random ..numbe1rs which 
are different from the (conceptual) properties of 
random numbers. 

e The nuthors wish to express their appredation to 
Professor .J. W. Tukey who made many penetrating and 
helpful suggestiOns in this section. 

Experience has shown that the congruence 
method is the most preferable device for genera.ting 
random numbers on a computer. Let the sequence 
of pseudo-rand'om numbers be denoted by {X,.} , 
n=O, 1, 2, . . . . Then the congruence method 
of generating pseudo-random numbers is 

X"+l = aX,.+b(mod T) 

where b and T a.re relatively prime. The choice 
of Tis determined by the capacity a.nd base of the 
computer; a and bare chosen so that: (1) there­
sulting sequence { Xa } possesses the desired sta­
tistical properties of random numbers, (2) the 
period of the sequence is as long as possible, a.nd 
(3) the speed of generat10n is fast. A guide for 
choosing a and b is to make the correlation 
between the numbers be near zero, e.g., the correla­
tion between X,. and X,.+, is 

where 

l-6
6'(t-6

•) 
p,= T T +e 

a, 

a,=a' (mod T) 
b,=(l +a+a2+ . . . +aH)b (mod 'I') 

iel<a./T 

•See pace D. 
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which occur in 

X,.+,=a,X .. +b, (mod T) 

When a is chosen so that a ~ 'P12i the correll\ tion 
p, =-: r-''2

• 

The sequence defined by the multiplicn.tive 
congruenc(! method will hove a full period of T 
numbers if 

(i) b is relatively prime to T 
(u) a= I (mod p) if pis a prime factor of T 
(iii) a= 1 (mod 4) if 4 is a fa.ctor of T. 

Consequently if T=2', b need only be odd, and 

a=l (mod 4). When T=l0' 1 b need only be not 
divisible by 2 or 5, and a= 1 (mod 20). The 
most convenient choices for a are of the form 
a=2'+1 (for binary computers) nnd a=lO'+I 
(for decimal computers). This results in the 
fastest generation of random numbers as the 
operations only require a shift operation plus 
two additions. Also any number can serve as 
the starting point to generate a. sequence of 
random digits. A good summary of generating 
pseudo-random numbers is [26.51]. 

Below are listed various congruence schemes 
and their properties. 

Congruence melhodf for generating random numbers 
X .. t•aX.+b(mod 7'), T and b ralaUvely prime 

(J b T Period x. Special cues for wblcb random tiUIDber.l have ~d statt.stlcal 
tests for randomness •• 

26.8 .1 I+ I" odd T • l• It 05 Xe<T T-2'-1, Xe unlmo'lm; 11•21+1, b-1; T~~1. o:=21+1. 
b•Wt41 006U 8473. Xo•76293 94631 26. 

26.8.2 r2':1:1 (r odd, 0 T•l• ,.,.... relatively T•21', 2'1, Xo•l; o •.51'(1•2) 
·~2) . Prime to T•:ltt, Xo•1; T•2J(. X o•t -2-P, .M78126193; 11•6'1(1• 2) 

T T-~. x,-1; a •&" ••2> 
26.8.3 r2,.:1::1 (r odd, 0 T-t•±l (vartea) relatively T-2'":+11 Xo•1~987,GS4,321 ; 11•23; ro:rlod..,101 

·~2) prime to T - 10'+1, ~o-4 ,694,1t8; 11•23; per od""6.8X101 
T 

26.8.4 7kH 0 T•lO• &•lOri nslatlvely T•lo••, Xe•li a-7 
prime to 1'•1011, Xt•l; a-111 
T 

26.e.S 31o+l 0 T•IO• 
(1•0, 2, a, •> 6•10rl relatively 

prime to 
T 

" X o glvm 13 the starltnc point for raudom nwnbera when statt.stlcal testS were made. 

When the numbers are generated using a con­
gruence scheme, the least significant digits have 
short periods. Hence the entire word length can­
not be used. If on-e desired randop1 numbers with 
as many digits as possible, one would have to 
modify the congruence schemes. One way is to 
generate the numbers mod T± 1. 'l'his unfor­
tunately reduces the period. 

Generation of Random Deviates 

Let {X} be a. generated sequence of independent 
random numbers having the doma,in · (0, T ). 
Then { U} = { T-1X} is a sequence of ra.nd,om 
deviates (numbers) from a uniform distribution 
on the interval (0, 1). This is usually a necessary 
preliminary step in the generation of random 
deviates having a. given cumulative distribution 
function F(y) or probability density function j (y). 
Below are summarized some general techniques 

•See page a. 

for producing arbitrary random deviates. (In 
what follows { U} will always denot.e a sequence of 
random deviates from a uni{orm 'distribution on 
the interval (0, 1).) 

1. lnverae Method 

The solutions { y } of the equations f tt=F(y)} 
form a sequence of independent random deviates 
with cumulative distribution function F (y). (11 
F(y) has a discontinuity at y= y0 , then whenever tt 
is such that F (y0- 0) < u<F(yo) , select Yo as the 
corresponding deviate.) Generally the inverse 
method is not practical unless the inverse function 
y=F-'1(tt) can be obtained explicitly or can be 
conveniently approximated. 

2. Generating a Discrete Random Variable 

Let Y be n discrete rnndom variable with point 
probabilities p1=Pr{Y=y .} for i= l , 2, .... 
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The direct way to generate Y is to gen.erate { U} 
and put Y=y1 if 

P1+P2+ ... +Pc-t<U<Pt+P2+ ... +p,. 
However, this method requires complicated ma­
chine programs that take too long. 

An alternative way due to Marsaglia. [26.53] 
is simple, fast, and seems to be well suit1ed to high­
speed computations. Let p, for i= 1, ~!, ... , n 
be expressed by k decimal digits as p,= .ou~c . . . 
8111 where the o's are the decimal digit:s. (If the 
domain of the random variable is infinite, it is 
necessary to truncatt> the llrobability distribu­
tion at p".) Define 

" P 0=0, P,=1o-r :. 6,, for t=1, 2, ... , k, and 
7=t 

' n.=.L::i lO'P,, 8=1, 2, ... , k . 
r•O 

Number the computer memory locations by 01 

1, 2, ... , n~~-1 . The memory locations are 
divided into k mutually exclusive sets such that 
the sth set consists of memory locations n,_IJ 
n,_, + 1, . . . I n,-1. The information stored 
in the memory locations of the sth set consists of 
111 in 6d locations, Yi in 612 locations, . . . , y,. 
in 6,,. locations. 

D enote the decimal expansion of the uniform 
deviates generated by the compu1~er by u 
= ·d,d~3 • • • ~~ond finally let a { m} b13 the con­
tents of memory location m. Then if 

put 

{ 
•-1 } y= a dtrh . .. d,+n,_,-10' .L::; P, · 
1•1 

This method is perhaps the best aJ-around 
method for generating random deviat.es from a 
discrete distribution. In order to illustrate this 
method consider the problem of generating 
deviates from the oinominl distribution with point 
probabilities 

for n=5 nnd p=.20. The point probnbilities to 
4D are 

Value of 
Random Variable 

0 
1 
2 
3 
4 
5 

Point Probabilities 
Po=0.327'7 
P1= :40916 
P2= .204:8 
Pa= .051:2 
Pt= .006·i 
p6= .000:3 

and thus Po=O, P1=.9, P 2= .07, P 3=.027, 
P,=.0030 from which ll0=0, ll1=9, ll2 =16, 
IIa=43, 14=73. The 73 memory locations are 
divided into 4 mutually exclusive sets such that 

Set Memory Locations 
1 0, I , ... I 8 
2 9, 10, ... ' 15 
3 16, ... ' 42 
4 431 • • • 1 72 

Among the nine memory locations of set 1, zero 
is stored o10= 3 times, 1 is stored 611 = 4 times, 2 is 
stored 612=2 times; the sev-en loce.tions of set 2 
store 0 62o=2 times and 3 o23=S times ; etc. 
A summary of the memory locations is set out 
below: 

Frequency (set 1) 
Frequency (set 2) 
Frequency (set 3) 
Frequency (set 4) 

Value of Random Variable 
0 1 2 3 4 5 

3 4 2 0 
2 0 0 5 
7 9 4 1 
7 6 8 2 

0 0 
0 0 
6 0 
4 3 

Then to generate the random variables if 

O~u<.9 
.9~u<.97 
.97 ~u<.997 
.997 ~u<I.OOO 

put v=a{d, } 
'Y=a{d1d2-8lj 
y=a {d~~d,-954 } 
y=a ( d1d2d3d,- 9927} 

3. Gene rating a Continuous Random_Variable 

The method for generating deviates from a 
discrete distribution can be adapted to random 
varia.blt>.'3 having a. continuous distribution. Let 
F(y) be the cumulative distribution function and 
assume that the domain of the random variable 
is (a,b) where the interval is finite. (If the 
domain is infinite, it must be truncated at (sa.y) 
the points a and b.) Divide the interval (b-a) 
into n sub-intervals of length ~ (na=b-a) such 
that the boundary of the i th interval is (Yt-h y,) 
where Yt=a+ ia for i =O, 1, .. . , n. Now 
define a discrete distribution having domain 

with point probabilities p,=F(y,)-F(y,_,). 
Finally, let W be a random variable having a. 

uniform distribution on ( -~, ~} This can be 

done by setting W=~( U-~} Then random 
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deviates from the distribution function F(y), can 
be generated (approxima~ely) by setting y==z+w 

= z + Ll ( -u-~} This is simply an approximate 

decomposition of the continuous random va.riable 
into the sum of a discrete and continuous random 
variable. The discrete variable can be generated 
quickly by the method described previously. 
The smaller the value of Ll the better will be the 
approximation. Each number can be genE~rated 
by using the leading digits of U to genera1~e the 
discrete random variable Z and the remH.ining 
digits forming a uniformly distributed d·eviate 
having (0,1) domain. 

4.. Accep'tance-Rej~tion Method11 

In what follows the random variable Y V!rill be 
assumed to have finite domain (a, b). l1 the 
domain is infinite, it must be truncated for com­
putational purposes at (say) the points a SLnd b. 
Then the resulting random deviates will only have 
this trtmcated domain. 

a) Let j be the maximum of j(y). Then the 
procedure for generating random deviat,as is: 
(1) generate a pair of uniform deviates D~, U2 ; 

(2) compute a point y=a+ (b-a)'tL2 in (a, b); 
(3) if 'lt,<f(y)/j accept y as the random de1viate, 
otherwl.se reject the pair (u1, 'IL2) and start 1again. 
The acceptance ratio of deviates actually produced 
is [ (b-a)JJ- 1

• Hence the acceptance ratio de­
creases as the domain increases. One way to 
increase the acceptance ratio is to divide the 
interval (a, b) into mutually exclusive sub­
intervals and then carry out tne accep1•ance­
rejection process. For this purpose let the in1~erval 
(a, b) be divided into k sub-intervals such that the 
end points of the jth interv&l are (~1-t, ~1) with 

eo=a, h=b and i£1 
j(y)dy=PJi further let the 

fJ-1 

maximum ofj(y) in thejthinterval bej1. Then to 
generate random deviates from j(y), ge111ero.te 
n pairs of deviates (uJ., u~.)s=l, 2, ... , n. 
Assign [np1] such pairs to the jth interval and 
compute Yt=e1-t+(et-EJ-t)'lt2.. If u~,<J(yJ)/J1 
accept y1 as a deviate. The acceptance ra.tio of 
this method is 

b) Let F(y) be such that j(y) j 1(y)J2(y) 
where the domain of y is (a, b). Let j 1 and.fz be 
the maximum of ft(Y) and f2(y) respect.ively . 
Then the proced:ure for generating random de-

viates having the probability density function 
j(y) is: (1}_ generate U1, U2, U3; (2) define z=a 

+(b-a)'lta i (3) if both u1< '1~) and ''IL2<1zJ:), 
take z as the random deviate; otherwise take 
another sample of three uniform deviates. The 
acceptance ratio of this method is [(b-a)ftf2]-1 

and can be increased by dividing (a, b) into sub­
intervals as in the previous case. 

c) Let the probability density function of Y be 

f (y)= Joll g(y, t)dt, (a~t~p), (a~y5,b). 

Le.t g be the maximum of g(y, t). Then 'the pro­
cedure for generating random deviates. having the 
probability density function j(y) is: (1) generate 
Ut, Uz, U3; (2) define s=a+ (,8-a)'tt2·i z=a.+ 

(b-a)uJ; (3.) if u1< g(z, s), take z as the random 
g 

deviate i otherwise take another sample of three. 
The ti.cceptanoe ratio for tbis method is [ (b-a.)g]- 1 

and can be increased by dividing t.he domain of 
t and y into sub-domains. 

5. Compo8ition Method 

Let u~(y) be a probability density function 
wbich depends on the parameter e; furthel' let 
H(z) be the cumulative distribution function for z. 
In order to generate random deviates Y -having 
the frequency function 

- J(y)= 1: u~(y)dH(z) 
one draws a deviate having the cumulative distri­
bution function H(z) i then draws a secon<J sample 
having the probability density function g,(y). 

6. Gen.eration of Random Deviates From Well Known 
Dill'tribu tioDI! 

a. Normal di11'trlhution 

(1) Inverse method: The inverse method depends 
on having a convenient appro~ation to the 
inverse function x=P-1(u) where 

u= (2n-)-1/2 J: rt212dt. 

Two ways of performing this operation are to (i) 

use 26.2.23 with t=(ln t2Y12 

or (ii) approximate 

r=P- 1(u) piecewise using Chebyshev pGlyno­
mials, see [26.54]. 

(2) Sum of urvijorm de·viates: Let U,, U2, .. . , 
Uro be a. sequence of n uniform deviates. Then 
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( 
n n) (n)-u2 

X,.= ~u,-2 12 

will be distributed asymptotically as a normal 
random deviate. When n=l21 the maximum 
errors made in the normal deviate are 9 X to-a 
for 1XI<2, 9Xl0-1 for 2<1XI<3. An improve­
ment can be made by taking a polynomial function 
of X .. (say) 

t 

X:=X,. ::E a2rX!' 
1•0 

as the normal deviate where ~' are suitable 
coefficients. These coefficients may be cf\lcuJated 
using (say) Chebyshev polynomials or simply by 
making the asymptotic random deviate agree 
with the correc normal deviate at certain specified 
points. When n = 12, the maximum error in the 
normal deviate is 8XIO-• using the coefficients 

* ao=9.8746 * as=(-7)-5.102 
* a2 =(-3)3.9439 * as=(-7)1.141 
* a~=(- 5)7.474 • 
(3) Direct method: Generate a. pair of uniform 

deviates (U11 U2). Then 

X 1=(-2ln U1)
112 cos 2rU2, 

X2= ( -2 In U1) 112 sin 2rU2 will be a pair of 
independent normal random deviates with mean 
zero and unit variance. This procedure can be 
modified by calculating cos 2rU and sin 2rU 
using an acceptance rejection method; e.g., 
(1) generate (U1, U2) i (2) if (2U1-l)2+(2U2-1)2 ~ 1 
generate a third uniform deviate Ua, otherwise 
reject the pair and start over; (3) calculate 

u 2-'14 u u 
Yt=(-ln u,)ll2 ;+ 21Y2=±2(-lnua)112 

2+1 \(± u, u; u, u; 
random). Both y1 and y2 are the desired random 
deviates. 

(4) Acceptance-rejection method: 1) Generate a 
pair of uniform deviates (U" U2); 2) compute 

* x = -ln u1 ; 3) if e-H<~-u2 ~~ (or equivalently 
(x-1)2~ -2 (ln Uz) accept x, otherwise reject the 

pair and start over. The quantity will be the 
required normal deviate with mean zero and unit 
variance. 
b . Bivariate normal ddtribution 

Let {X,, Xz } be a pair of independent normal 
deviates with mean zero and unit variance. Then 
{X1, pX1+(1-l)'12X2 } represent a pair of devi­
ates from a bivariate normal distribution with 
zero means, unit variances, and correlation 
coefficient p. 

c . Exponential distribution 

(1) Inverse method: Since F(x)=e- r", X= 
-8 ln U will be a deviate from the exponential 
distribution with parameter 8. 

(2) Acceptance-rejection method: 1) Generate a 
pair of independent uniform deviates ( U0, U,); 
2) if U,< Uo generate a third value Uz; 3) if 
U, + U2< U0 generate a fourth value U3 , etc. ; 
4) continue generating uniform deviates until an 
n ·is obtained such that U,+ U2+ ... + U,. _1 

<Uo<U1+ ... +U,.; 5) if n is even reject the 
procedure and start a fresh trial with a new value 
of U0 , otherwise if n is odd take X-8U0 as the 
desired deviate; 6) in general if t is the number of 
trials until an acceptable sequence is obtained 
X=8(t+ U0). The random deviates produced in 
this way follow an exponential distribution with 
parameter 8. One can expect to generate approxi­
mately six uniform deviates for every exponential 
deviate. 

(3) Discrete Distributwn Method: Let Y and n 
be discrete random variables with point probabili­
ties 

"' Pr{Y=r}=(e-l)e-{r+l) r=O, 1, 2, .. . 

Pr{n=s} = fs/(e-l)j-1 s=1, 2, 3, ... . 

Then X=Y+min(U1, U,, .. , U,.) will follow 
an exponential distribution. The average value 
of n is 1.58 so that one needs, on the average, only 
1.58 u's from which the minimum is selected. 

26.9. Uee and Extension of the Tables 

Uee ol ProbabiUty Function lnequaUtiee 

Example 1. Let X be e. random variable with 
finite mean and variance equal to m and cr, 
respectively. Use the inequalities for probability 
functions 26.1.37, 40, 4l to place lower bounds 
on 

Lower bounds on A(t) =F(t)-F(-t) 

A(t)=F(t)-F(-t)=P{IX-:-m] ~t} 

for t=1(1)4. 

•see oasre u. 

t= 1 

0 

.5556 

0 

t 3 

.7500 .8889 

.8889 .9506 

.8182 .9697 

4 Remarks 

.9375 no knowledge of 
F(t); 26.1.37 

.9722 F(t) is unimodal a.nd 
continuous; 26.1.40 

.9912 F(t) is such ~bat 

P•=3; 26.1.41 
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It is of interest to note that the standard normal 
distribution is unimodal, has mean zero, unit 
variance ~ .. =31 is continuous, and such that 

A (t) =P(t)-P( -f) 

= .6827, .9545, .9973, and .9999 

for t=l, 2, 3 and 4 respectively. 

Interpolation for P(x) in Table 26.1 

Example 2. Compute P(x) for x=2.676 to 
fifteen decimaJ places using a Taylor expu.nsion. 

Writing x=x0+8 we 'have 
(J2 

P (x)=P (Xo)+Z(xo)B+Zm(Xo) 
21 

83 84 

+Z<2l(Xo) 3!+zca>(xo) 4f+ . .. 

Taking x0=2.58 and 9=- 4 X lo-a we calculate 
the successive terms to 16D 

+ .99505 99842 42230 
5 72204 35976 6 

2952 57449 6 
8 63097 8 

1439 4 
9 

.99500 24676 84265 7 

The result correct to 17D is 

P(2.576)=.99500 24676 84264 98 

Calculation for Arbjtrary Mean and Variance 

Example 3. Find the value to 5D of 

P {X< .50} . 1 s·6 e-lt2('~~)zdt 
- 2..J27f' -CD 

using 26.2.8 and Table 26.1. 
This represents the probability of the random 

va.riable being less than or equal to .5 for a Jti0!1Dal 
distribution with mean m= 1 and variance !?=4. 
Using 26.2~8 we have 

P[X~.5} P (
5

2 
1
)=P(-.25) 

Since P (-x)=l-P(x), we have 

P( -.25)=1-P(.25)=l- .59871 =.401~29 

where a two-term Taylor series was used for inter ­
polation. Note that when interpolating for P(x) 
for a value of x midway between the tabulated 

values we can write x=~+.OI and a two-term 
Taylor series is P(x)=P(x0)+Z(x0)10- 2

• Thus one 
need only multiply Z(:llo) by l0-2 and add the 
result to P(xo). 

Calculation of P(x) for x Approximate 

Example 4. Using Table 26.1, find .P(x) for 
x=1.96, when there is a possible error in x of 
±5X lo-s. 

This is an example where the argument is only 
known approximately. The question arises as to 
how maJJ.y decimal places one should retain in 
P(x). If llx and t::J'(x) denote the error in x and 
the resulting error in P(x), respectively, then 

t:.P(x) :::::Z(x)llx 

Hence AP(1.960)=3XlO-i which indicates that. 
P (1.960) need only be calculated to 4D. There­
fore P(1.960)=.9750. 

Inverse Interpolation for P("') 

Example 5. Find t.he value of x for which 
P (x)= .97500 00000 00000 using Table 26.1 a.nd 
determining as many decimal places as is consistent 
with the tabulated function. 

For inverse interpolation the tabulated function 
P(x) may be regarded as having a possible error 
of .5Xl0-15

• Hence 

A t:.P.(x) .5 X 10-15 

u x- Z(x) Z (x) 

Let P(Xo) correspond to the closest tabulated 
value of P(x). Then a convenient formula for 
inverse interpolation is 

where 
t P(:t) -P(xo) 

Z(Xo) 

If only the first two terms (i.e. , x=x0+t) are used, 

the error in x will be bounded by ~ XlO-~ and the 

true value will always be greater than the value 
thus calculated. 

With respect to this example, ./U:::::lo-'i and 
thus the interpolated value of x may be in error 
by one unit in tlle fourteenth pla,ce. The closest 
value to P (x)=.97500 OOOOOOOOOOisP(x0)=.97500 
21048 51780 with x0=1.96. Hence using the 
preceding inverse interpolation formulas with 
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t=- .00003 60167 31129 

and carrying fifteen decimals we have the succes­
sive terms 

+ 1. 96000 00000 00000 
.00003 60167 31129 

+ 12 71261 
68 
0 

+ 1.95996 39845 40064 

Edgeworth Asymptotic Expa118ion 

Example 6. Find the Edgeworth asymptotic 
expansion 26.2.49 for the c.d.f. of cbi-~1quare. 

Method 1. Expansion for x2 

Let 

where 
x~-~~ 

t= (2v)i 

Since the values of 'Y• and 'Y2 26.4.33 are 

'Y1=2-/2fvl 

-y2= 12/v, 

we obtain, by using the first two bracketed terms 
of 26.2.49 

F(t) -P(t) _!_ [.J2 Z12) (t)J 
vi 3 

The Edgeworth expansion is an asymptotic 
expansion in terms of derivatives of the normal 
distribution function. It is often possible to 
transform a random variable so that the distribu­
tion of the transformed random variable more 
closely· approximates the normal distribution 
function than does the distribution of the original 
random variable. Hence for the same number of 
terms, greater accuracy may be acbiev1~d by using 
the transformed variable in the expansion. Since 
the distribution of ~ is more closely approxi­
mated by a normal distribution tha.n X2 itself 
(as judged by a comparison of the v·alues of 'Y• 
and 'Y2), we would expect that the Edgeworth 
asymptotic expansion of ,/2x2 would 'be superior 
to that of X2

• 

N!ethod 2. Expansion for ..J2Y!-. Le1~ 

Q (x'l•l ~ 1-F(t)~ 1-F ((~ ~i)' I)') 

where (2v-l)f and 1-:
11 

are the mean and vari­

ance to terms of order v-2 of ..;zi.2 (see 26.4.34). 
The values of 'Y• and 'Y2 for .,fiX! are 

'Y1Z ~[r+:JI] 
Thus we obtain 

F(t) "'P (t) _!_ [.J2 (1 +l) zm (t)J 
vl 12 8v 

+! [_..!._ Z<3l(t)~ (1+~)
2 

z<sl(t)J 
v 32v 144 811 

For numerical examples using these expansions 
see Exam.ple 12. 

Calculation of L(h, k, p) 

Example 7. Find L(.5, .4, .8). Using 26.3.20 

...jh2-2phk+fc2= ...j.09=.3 

L(.5, .4, .8) =L(.5, 0, O) + L(.4, 0, - .6) 

Reference to Figure 26.2 yields 

L(.5, 0, O)+L (.4, 0, -.6)=.16+.08=.24 

The answer to 3D is L(.5, .4, .8)=.250. 

Calculation of the Bivariate Normal Probability 
Function 

Example 8. Let X and Y follow a bivariate 
normal distribution with parameters mz=3, 
m~=2, u%=4, u 11=2, a.nd p=-.125. Find the 
value of P, {X~2, Y~4} using 26.3.20 and 
Figures 26.2, 26.3. 

(
h-m k-m ) SinceP, {X~h, Y~k} =L ---;;=~~~ p we 

have P{X~2, Y>4} =L(-.25,1, -.125). Using 
26.~.20 

L{-.25, 1, -.125) =£(-.25,0,.969) 
1 

+L(1, 0, .125) - 2 
Figure 26.2 only gives values for h>o, however, 

using the relationship 26.3.8 with k=O, L(-h, 0, p) 
=!-L(h, 0,-p) and thus L ( - .251 0, .969) 
=!-L(.25, 0, -.969). Therefore L(-.251 11 -.125) 
=-L(.25, o, -.969)+L(l, 0, .125)=-.01+.09=.08. 

The answer to 3D is L( - .25, 1., -.125)=.080. 
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Approximating Q(Fjv1, ~) 

Example 23. Calculate Q(1.714/10, 40) using 
26.6.15. 

The approximation given by 26.6.Ui will result 
in a. maximum error of .0005. For tl:lls example 
we have 

(1.714)1/8 (1-~)-(t-~) 
x= [ 2 2 J 6 ·=1.2222 

9(10) + (1.714)
213 

9(40) 

Interpolating in Table 26.1 results in 

Q(l.714/10, 40) :::::Q(1.2222)= 1-P(l.2222) =.1108 

The correct value to 5D is Q(1.714/10, 40) =.11108. 

On the other hand the approximation given by 
26.6.14 which is usually less accura.t•~ results in 

~[2(40}- 1] (!~) (1.714)-~2(1?)--1 
z= -=1.2210 

10 
1+ 40 (1.714) 

and interpolating in Table 26.1 gives 

Q(1.714/10, 40) = Q(1.2210)=1-P(l.2210) = .1112 

Calculation ofF Outeide the Range of Table 26.9 

Example 24. Find the value of J'i' for which 
Q(F/10, 20) = .0001 using 26.6.16 and !~6.5.22. 

·For this problem we have a=i=lO, b=~=5, 

p = .OOOl. The value of the normal deviate which 
cuts off .0001 in the tail of the distribution is 

y=3.7190 (i.e., Q(3.7190) = .0001). Hence sub· 
stituting in 26.5.22 gives 

[ 
1 1]-1 

h=2 19+9 =12.2143 

>..=3.719t-3 1.8052 

= 3 7190 (12.2143+ 1.8052)i 
w 0 12.2143 

-(~-1~) [ 1.8052+ .8333-3(12,;143) J 
W=.9889 

and thus F =e2"'=7.23. The correct answer is 
F = 7.180. 

Approximating the Non-Central F -Dietribution 

Example 25. Compute P (3.71 /3, 10,4) using 
the approximation 26.6.27 to the non-central F­
distribution. 

Using 26.6.27 with 111=3, 112=10, "X=4, F'=3.71 
we have 

x= 

[ ( 3 ) ] ''
3

[ 2 J [ 2 (3+8) ] m (3.71) 1-9(10) - 1-9 t3+4)2 

[
2 3+8 2 [ ( 3 ) ]

2
'311 

9 (3+4)2 I 9(10) 3+4 (3.1l) J 

and interpolating in Table 26.1 gives 

P (3.71 /3,10,4) =P(.675)=.750 

The exact answer is P(3.7l l3,10, 4)=.745. 

=.675 
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12, 15, 20, 24, 30, 40, 60, 120, <X); 1'2=2(2)20, 
241 30, 401 60, 80, 120, 240, a:> and P (F'jva, 112, ,P) 
=.2, .3 where Q(F'j .. ,, ,2)=.01, .05, 3D or 38. 

[26.421 M. Merrington and C. M. Thompson, Tables of 
percentage points of the inver ted beta (F) dis­
tribution, Biometrika 33, 73-88 (1943). T abu­
lates values of F for which Q(Fjv1, v2)= .5, .25, 
.1, .05, .025, .01, .005 ; ,,= 1{1)10, 12, 15, 20, 
24, 30, 40, 60, 120, (X); p~= 1(1)30, 40, 60, 120, co . 

[ 26.43] P . C. Tang, The power function of the analysis of 
variance tests with tables and illustrations of 
their use, Statistical Research Memoirs TI, 126-
149 and tables (1938). P(F'j .. 1, , 2, 4>) for Pa= 
1(1)8, 1'1=2(2)6(1)30, 60, oo a,nd <P=.J'A/va+l)= 
1(.5)3(1)8 where Q(F'I"" "t)=.Ol , .051 3D. 

S tudent'• t and Non-Central t-DiatrihutioiU 

[26.441 E. T. Feder-ighi, Extended tables of the percentage 
points of Student's t-distribution, J. Amer. 
Statist. Assoc. 64, 683-688 (1959.) Values of 

. 1 t for which Q(t j,)= 2 [ l -A(t1~) ]=.25X10- .. , 

.I X10'-n, n=0(1)6, .05X 10-n, n=O(l)5, "= 
1(1)30(5)60( l0)100, 200, 500, 1000, 2000, 10000, 
m; 3D. 

[26.45] Table III of [26.7]. Values oft for which A(tj .. )= 
.1(.1).9, .95, .98, .9.9, .999 and 11=1(1)30, 40, 
60, 120, oo; 3D . 

(26A6] N. L. Johnson and B. L. Welch, Applications of 
the noncentral t-distribution, Biometrika. 31, 
36~389 (1939). Tabulates an auxiliary func­
tion which enables calculation of 8 for given 
t1 andp,ort' for given 8 and pwhere P (t'lv,o)=p= 
.005, .01, .025, .05, .1(.1).9, .95, .975, .99, .995. 

(26.47] J. Neyman and B. Tokarska, Errors of the second 
kind in testing Student's hypothesis, J . Amer. 
StatiSt. AsSoc. 31, 318-326 (1936). Tabulates 6 
for P,(t' lv,6)-=.0l, .05, ~ 1 (.1).9; P=1 (1)30, co; 
Q(t'[v) = .01, .05. 

1 
[26.48) Table 9 of (26.1l].P(tlv)=2 fl+AOiv)] for t= 

0(.1)4(.2)8; v= 1 {1)20, 5D; t=0(,05)2{.1) 4, 5; 
v=20(1)24, 30, 40, 60, 120, m, SD. 

[26.49] G. S. Resnikcrff and G. J . Lieberman, Tables of the 
noncentral t-distribution (Stanford Univ. P ress, 
Stanford, Calif., 1957). C>P(l'lv,6)/bt' andP(t'l v,8) 

for v=2(1)24(5)49, 6= ..;;+i x, where Q(x .. ) = 
p=.25, .15, .1, .065, .04, .025, .01, .004, .0025, 

.001 e.J'l.d t'{..j; covers the range of values such 
that throughout most of the table the entries lie 
between 0 and 1, 4D. 

Rando m. N~ and Normal O..nat-

[26.50) E. C. Fieller1 T. Lewis and E. S. Pearson, Cor­
related random normal deviates, Tracts for 
Computers 26 (Cambridge Univ. Pre11s, Cam­
bridge, England, 1955). 

[26.51] T . E . Hull and A. R . Dobell, Random number 
generators, Soc. Ind. App. Math. • . 230-254 
(1962). 

[26.52) M. G. Kendall and B. Babington Smith, Random 
sampling numbers (Cambridge Univ. Press, 
Cambridge, England, 1939), 
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[26.531 G. Marae.glie., Random variables and .computers1 

Proc. Third Prague Conference in Probability 
Theory 1962. (Also as Math. Note No. 260, 
Boeing Scientific Research Laboratories, 1962). 

[26.54) M. E. Muller, A» inverse method for the genera­
tion of random normal deviates on large scale 
computers, Math. Tables Aids Comp. 63. 167-
174 (1958), 

[26.55) Re..nd Corporation, A million random digits with 
100,000 normal deviates (The Free Press, 
Glencoe, Dl. 1955). 

[26.56] H . Wold, Random normal deviates, Tracts for 
Computers 25 (Cambridge Univ. Press, Cam­
bridge, E~gle.nd, 1948). 
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1 
. . . . . . . . . . . . . . . . . 998 

o e-
n=l{l)4, :r:=0{.1)1.4-(.2)5( .. 5)10, 6D 

27.2. Planck's Radiation Function :z:-6(e1' 21- l) - 1 . 
:r:= .05(.005) .1 (.01) .2{.02) .4 (.05) .9(.1) 1.5(.5)3.5, 3D 
Zmu1 f(:tmu), 9-lOS 

27 .3. Einstein Functions . . ,. . . 

:z:2e" :r: :r: 
(e"-l)a' e"'-1' In (1-·e-z), e"- 1-In (1-e-~ 

:r:=0(.05)1.5(.1)3(.2)6, 5:Q 

27 .4. Sievert Integral i' e-"' aec ·~ • . . . . • . • . 

:r:=0(.1)1(.2)3(.5)10, 8=l0°q0°)60°(l5°)90°, 6D 

27.5. j,.(:r:)= .["' t"'e-'2-7 dt and Related Integra.ls . 

j,.(:r:), m=l, 2, 3; :r:=0(.01).05, .1(.1)1, 4D 

j 8(i:r:), :r:=0(.2)8(.5)15(1)20, 4-5D 

r· e_,ll 
27.6. f(:r:)= Jo t+:r: dt .... 

j(:r:)+ln :r:, :r:=0(.05)1 

j(:r:), :r:=1(.1)3(.5)8, 4D 

27.7. Dilogarithm (Spence's Integral) j(:r:)=-J:" !n ~ dt 

:r:=0(.01).5, 9D 

27.8. Clausen's Integral and Related Summations 

j(8)=- f' In (2 sin~) dt== '£sin 
2
n8 Jo 2 n-1 n 

j(8)+8 ln 9, 8=0°(1°)15° 

j(8), 8=15°(1°)30°(~)90°(5°)180°, 6D 

27 .9. Vector-Addition Coefficie:nts 0damtm2lidaim) 
Algebraic Expressions for i:1=1/2, 1, 3/2, 2 

Decimal Values for j 2=1/2, 1, 3/2, 5D 

' N a.tiona.l Bureau of Standards. 

999 

999 

1000 

1001 

1003 

1004 

1005 

1006 

9117 



27. Miseellaneous Functions 

27.1.1 

27 .1. Debye Functions 

Series Representations 

r1i t"dt 1 x . .. B2.:x2k. 
Jo e'-l=x"[n 2(n+l)+t; {2k+nJ(2k)l] 

(lxl<~~'ll",n~l) 

(For Bernoulli numbers B2~, see chapter 23.) 

27.1.2 

i .., t"dt .. x" nx"-1 (n)(n-l)z:"-2 

e-,-1-~ e--t=[-k +~ + Jc3 
:; 1:.-1 /C-

?l,f + . .. +k,._f.1](x>O,n~l) 

Relation to Riemann Zeta Function (see chapter 23) 

i .. t"dt 
27.1.3 ,--1=n!t(n+l). 

o e-
[27.1] J. A. "Beattie, Six-place tables of the De bye energy 

a.nd specific heat functions, J. Math. Phys. 6, 
1-32 (1926). 

3 r· "'dy 12 f 3 rrdy 32; . 
ziJo e~-1' tel [Jo e•-1-e•-1], z=0(.01)24, 68. 

[27 .2] E. Gruneisen, Die Abhingigkeit des elektrischen 
Wideratandes reiner Met&lle von der Temperatur, 
Ann. Physik. (5) 16, 530-540 (1933). 
20f• ~dt u 
~Jo e1- 1-e•-1' 

z=0(.1}13(.2)18(1)20{2)52(4)80, 48. 

Table 27.1 Debye Functions 

s lf' tdt 
:r: o e1-1 

2 So~ Pdt 
z' o e•-1 

3£•eadt 
ii 4 e•-1 

4 Sa'~ t4dt 
Xi oel-1 

. 
0. 0 1.000000 1. 000000 1. 000000 1. 000000 
o. 1 o. 975278 0. 967083 o. 963000 0. 960555 
o. 2 o. 951111 0.934999 o. 92699·9 0.922221 
0. 3 o. 927498'" 0.903746 o. 891995 0. 88,4994 
o. 4 o . .904437 0.873322 o. 857985 0. 848811 
0. 5 0. 881927 0. 843721 0. 824963 0.813846 
0.6 o. 859964 o. 814940 0. 792924 0. 779911 
o. 7 o. 838545 0. 786973 o. 761859 o. 747057 
0.8 o. 817665 0. 759813 o. 731759 o. 715275 
0. 9 o. 797320 o. 7334.'>1 o. 702615 o. 684551 
1.0 0. 777505 0. 707878 0.674416 0.654874 
1.1 o. 758213 0. 683086 o. t\4'7148 0.626228 
1. 2 o. 739438 0. 659064 o. 620798 o. 598598 
1.3 0. 721173 0. 635800 0. 595351 0. 571967 
1.4 o. 703412 o. 613281 0. 570793 0. 546317 
1. 6 o. 669366 0. 570431 o. 524275 0. 497882 
1. 8 0. 637235 0. 530:404 0. 481103 0.453131 
-2.0 o. 606947 0. 4.93083 o. 441129 o. 411893 
2. 2 0. 578427 0. 458343 o. 404194 o. 373984 
2. 4 0. 551596 0. 426057 0. 370137 0. 339218 
2. 6 o. 526375 o. 396095 o. 338793 0. 307405 
2. 8 0. 502682 0.368324 0. 309995 0. 278355 
3. 0 o. 480435 0. 342614 0. 283580 0. 2518~ 
3.2 o. 459555 o. 318834 o. 259385 0. 2277 
3. 4 0. 439962 0.296859 o. 237252 0. 205915 
3. 6 0.421580 o. 276565 0. 217030 0. 186075 
3. 8 0. 404332 0. 257835 o. 198571 0. 168107 
4.0 0.388148 0. 240554 o. 181737 0. 151855 
4.2 o. 372958 o. 224615 o. 166396 0. 137169 
4.4 o. 358696 0. 209916 0. 152424 o. 123913 
4.6 o. 345301 0. 196361 o. 13970(- o. 111957 
4.8 0. 332713 o. 183860 o. 128129 o. 101180 
5. 0 o. 320876 o. 172329 o. 117597 0.091471 
5. 5 0.294240 0. 147243 0.095241 0. 071228 
6. 0 o. 271260 0. 126669 0.077581 0.055677 
6. 5 o. 251331 0.109727 0.063604 0. 043730 
7. 0 o. 233948 0.095707 0.052506 o. 034541 
7. 5 0.218698 0.084039 0.043655 0.027453 
8.0 o. 205239 0. 074269 0.036560 0. 021968 
8.5 o. 193294 0. 066036 0.030840 0.017702 
9. 0 0. 182633 0. 059053 0. 026200 0.014368 
9. 5 o. 173068 0. 053092 o. 022411 o. 011747 

10.0 o. 164443 o. 047971 0.019296 0.009674 
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Planck's Radiation Function 
/(~) = :r6(ell"-1)-• 

Table 27.2 

2: /(2:) :e f (:e) :z; 

0. 050 0. 007 0. 10 4. 540 0. 20 
0. 055 0. 025 0. 11 6. 998 0. 22 
0. 060 0. 074 0. 12 9. 662 0. 24 
0. 065 0, 179 0. 13 12. 296 0. 26 
0. 070 o. 372 0. 14 14. 710 0. 28 

0. 075 0. 682 0. 15 16. 780 0. 30 
0. 080 1. 137 0. 16 18. 446 0. 32 
0. 085 1. 752 0. 17 19. 692 0. 34 
0.090 2. 531 0. 18 20. 539 0. 36 
0. 095 3. 466 0. 19 21. 025 0. 38 
0. 100 4, 640 0. 20 21. 199 0. 40 

[<-;>2] [<-l>5] 
:z;.,.,.= .20140 52353 /~.,.)=21.20143 58. 

(27.3] Miscellaneous Physical Tables, Planck's radiat ion 
functions and eleotronio functions, MT 17 (U.S. 
Government Printing Office, Washington, D.C., 
1941) . 

RA=ca>--6(e••tl.T -1)- 1, Ro-~= £ R~d>., 

N~= 211'cx-•(ecttl.:r -1)-•, N~~= J:~ N"rl>. 

/ C:z:) 

21. 199 
20. 819 
19. 777 
18. 372 
16. 809 
15. 224 
13. 696 
12. 270 
10. 965 
9. 787 
8. 733 

:z; f(:z;) :z; f(:z;) 

0. 40 8. 733 0. 9 0. 831 
0. 45 6. 586 1. 0 0. 582 
0. 50 5. 009 1.1 0. 419 
0. 55 3. 850 1. 2 0. 309 
0. 60 2. 995 1. 3 o. 233 
0. 65 2. 356 1. 4 0. 178 
0. 70 1. 875 1. 5 0. 139 
0. 75 1. 508 2. 0 0. 048 
0.80 1. 225 2. 5 0. 021 
0.85 1. 005 3. 0 0. 010 
0. 90 0. 831 3.5 0.006 

m,.bl• I .· R~ R~1 N1 N~~ I .... ... --, --· - -· -- or R1 a.aa R~ N). maz N~«> 
XT= [.05(.001) .1 (.005).4(.01).6(.02) 1(.05)2]cm K 0

• 

Table II: R1, Ro-1, NA, N~1 (T= 1000° K ) 
for >-= [.5{.01)1(.05)4{.1)6(.2)10(.5) 20] microns. 

Table I II: N 1 for X=[.25(.05) 1.6(.2)3(1)10) 
microns, T=[l000°(500°}3500° K and 6000° K]. 

Einstein Functions Table 27.3 

:z; 
zte• 2: 1n (1-e-•) e•-1 

:t (e•-:-1)' e•-1 -ln (1-e-•) 

0.00 1. 00000 1. 00000 -«> «> 

o. 05 0. 99979 0. 97521 - a 02063 a 99584 
o. 10 0. 99917 0. 95083 - 2. 35217 3. 30300 
0. 15 0. 99813 o. 92687 - 1.97118 2. 89806 
0. 20 0. 99667 o. 90333 -1.70777 2. 61110 
o. 25 0. 99481 0. 88020 - 1. 50869 2. 38888 
o. ao 0. 99253 o. 85749 -1.35023 2. 20771 
o. 35 0. 98985 0. 83519 - 1. 21972 2. 05491 
o. 40 o. 98677 o. 81330 - 1. 10963 L 92293 
0. 45 0. 98329 o. 79182 -1.01508 1. 80690 
0. 50 0. 97942 o. 77075 - o. 93275 1. 70350 
0. 55 0. 97517 o. 75008 - 0. 86026 L 61035 
0. 60 0. 97053 o. 72982 -0. 79587 1. 52569 
0.65 o. 96552 o. 70996 - 0. 73824 1. 44820 
0. 70 0. 96015 o. 69050 - 0. 68634 1. 37684 
o. 75 0. 95441 o. 67144 -0. 63935 1. 31079 
0. 80 o. 94833 o. 65277 - 0. 59662 1. 24939 
0.85 ()! 94191 o. 63450 -0. 55759 1. 19209 
o. 90 0. 93515 0. 61661 -0. 52184 1. 13844 
0. 95 0. 92807 0. 59910 - o. 48897 1. 08809 
1.00 0. 92067 0. 58198 -o. 45868 1. 04065 
1. 05 0. 91298 0. 56523 - 0. 43069 0. 99592 
1. 10 0. 90499 0. 54886 - 0. 40477 0. 95363 
1. 15 o. 89671 0. 53285 - 0. 38073 0.91358 
1. 20 0. 88817 0. 51722 - 0. 35838 0. 87560 
l. 25 0. 87937 0. 50194 - 0. 33758 o. 83952 
1. 30 0.87031 0. 48702 -o. 31818 0. 80520 
1. 35 o. 86102 o. 47245 - 0. 80008 o. 77253 
1. 40 0.85151 0. 45824 -0. 28315 0.74139 
1. 45 0. 84178 0. 44436 - 0. 26732 0. 71168 
1. 50 0. 83185 0. 43083 -0. 25248 o. 68331 
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Table 27.3 

~~· .:z: 
.:z: 

c~~-1)1 i~·-1 

1.6 o. 81143 0. 40475 
1. 7 0. 79035 o. 37998 
1. 8 0. 76869 o. 35646 
1.9 0. 74657 o,. 33416 
2.0 o. 72406 0 .. 31304 

2. 1 0. 70127 0 .. 29304 
2. 2 0. 67827 0 .. 27414 
2. 3 0. 6.5515 0 .. 25629 
2. 4 o. 63200 0,. 23945 
2. 5 o. 60889 0 .. 22356 

2.6 0. 58589 0 .. 20861 
2. 7 o. 66307 o .. 19453 
2. 8 0. 54049 0,. 18129 
2.9 o. 51820 o .. 16886 
3.0 o. 49627 0 .. 15719 

3.2 0.45363 0 .. 13598 
3. 4 o. 41289 o .. 11739 
3. 6 o. 37429 o .. 10113 
3. 8 0. 33799 0 .. 08695 
4.0 o. 30409 • o. 07463 

4.2 0. 27264 o. 06394 
4.4 o. 243&3 o. 06469 
4.6 o. 21704 0 .. 04671 
4.8 0. 19277 0 .. 03983 
5.0 o. 17074 o. 03392 

5.2 o. 15083 0,. 02885 
5. 4 0. 13290 0 .. 02450 
5. 6 0. 11683 0 .. 02078 
5.8 o. 10247 0,. 01761 
6.0 0.08968 o, 01491 

[27.4) H . L. Johnston, L . Sa.vedoff and J. Belzer, Contri­
butions to the thermodynamic functions by a 
Planck-Einstein oscillator in one degree of h ·ee-­
dom, NAVEXOS p . 646, Office of Naval Re­
sea.roh, Department of the Navy, Washington, 
D .C. (1949). Values of ~e•(e•-1)-s, .:z: (e"'- 1) -t, 
-ln (1-e-•') and .:z:(e•-1)-1-ln (1-e-.o) for 

.:z:=0(.001)3(.01) 14.99, 5D with first differen•cee. 

27 .4. Sievert Integral 

Relation ·to the Error Funetion 

27 .4.1 

J:' e-ueo;#-.Jlz e-~ erf( ~8) (z~m) 

(For erf, see chapter 7.) 

.:z: 
ln (1-e-•) ~·-1 

-ln {1-e-•) 

-o. 22552 0. 63027 
-0. 20173 o. 58171 
- 0. 18068 o. 53714 
-0. 16201 0. 49617 
- 0. 14541 o. 45845 

- 0. 13063 0. 42367 
- 0. 11744 o. 39158 
- 0. 10565 o. 36194 
- 0. 09510 o. 33455 
- 0. 08565 0. 30921 

- o. 07718 0. 28578 
- 0. 06957 o. 264.10 
-o. 06274 0. 24403 
- o. 05659 0. 22545 
- 0. OlH07 0. 20826 

- 0. 04162 0. 17760 
- 0.03394 o. 15133 
_:o. 02110 o. 12883 
- 0. 02262 0. 10958 
- o. 01849 o. 09311 

- o. o1511 0. 07905 
- 0.01235 0. 06705 
- 0. 01010 0. 05681 
- 0. 00826 0. 04809 
- 0.00676 0.04068 

- 0.00553 0. 03438 
- o. 00453 0. 02003 
- 0. 00370 0.02449 
- 0.00303 o. 02065 
- 0. 00248 0. 01739 

Repreaentaiion in Ten:nJJ of Exponential Integrals 

27.4.2 
r 

J:' e-ueo·#= J:' e-o:aeo•dt/1 

- ~ a1 (cos 8)21+1EnH (2....8) t=O cos 

(z~0,0<8<~) 
. _1 ..,...:' 3=-· ..::...5 ..:.._' ·...:...· ..:....(2-:-:=k ~1) ao=1, at ,_ ~ 

2 . 4. 6 ... (2k) 
(For E'uH(z), see chapter 5.) 
Relation to the Integral of the Bessel Function K o(:t) 

27.4.3 
... 

J:'i e-:ruo •dt~J=Ki1 (z)= .["" K 0(t)dtwhere 

zie'"Ki1(z)-(}7r)t{ 1 ! +1;~~2 
2655 301035 } 

- 1024z3+32768z4- • • • 

(For Ki,(z), see chapter ll.) 
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(27.5] National Bureau of Standards, Table of the Sievert 
integral, Applied Math. Series- (U.S. Government 
Printing Office, Waahington, D.C. In press). 

[27.6] R. M. Sievert, Die v-Strahlungsintensitiit an der 
Oberfiache und in der nii.chsten Umgebung von 
Radiumnadeln, Acta Radiologioa 11, 239-301 
(1930). 

x=0(.01)2(.02}5(.05)10, 8=0°(10)90°, 9D. L• e-A ••••d</1,41=30°(1°)90°, A=0(.01).51 3D. 

Sievett Integral i' e-ueHdq, Table 27.4 

x\6 

0. 0 
0. 1 
0. 2 
0. 3 
0. 4 

o. 5 
0. 6 
0. 7 
0. 8 
0. 9 

1. 0 
1.2 
1.4 
1. 6 
1.8 

2. 0 
2. 2 
2. 4 
2. 6 
2.8 

3. 0 
3. 5 
4. 0 
4:. 5 
5. 0 

5. 5 
6. 0 
6. 5 
7. 0 
7. 5 

8. 0 
8. 5 
9. 0 
9. 5 

10. 0 

27.5.1 

27.5.2 

100 20° 30° 

0. 174533 0. 349066 0. 523599 
0. i57843 0. 315187 0.471456 
0. U2749 0. 284598 0.424515 
0. 129099 o. 256978 0.382255 
o. 116754 0. 232040 0. 344209 

0. 105589 0.209522 0.309957 
0.095492 0. 189191 0. 279118 
0.086361 0. 170833 o. 251353 
o. 078103 0. 154256 0.226354 
0. 070634 0. 139289 0.203845 

0. 063880 0. 125775 0. 183579 
0. 052247 0. 102553 0.1.48899 
0.042733 0.083620 0. 120780 
0. 034951 0.068183 0.097979 
0. 028587 0. 055597 0.079488 

0. 023381 0. 045335 0.064492 
0. OHH23 0. 036967 0. 052329 
0. 015641 0.030145 0.042463 
0.012793 0. 024582 0. 034460 
0. 010463 0. 020045 0.027968 

0. 008558 0.016347 0. 022700 
0. 005178 0. 009817 0. 013477 
0. 003132 0.005896 0.008005 
0. 001895 0.003542 0. 004756 
0. 001147 0. 002127 0. 002828 

0. 000694 0. 001278 0. 001682 
0.000420 0. 000768 0. 001001 
0.000254 0.000461 0.000596 
0. 000154 0. 000277 0. 000355 
0. 000093 o. 000167 0. 0002ll 

o. 000056 0.000100 0.000126 
0.000034 0. 000060 0. 000075 
0. 000021 0.000036 0.000045 
0.000012 0.000022 0. 000027 
0. 000008 0.000013 0. 000016 

27 .5. f.,(x)= J:"' t""'e-'2-f dt and 

Related Integrals 

m=O, 1,2 ... 
Differential Equation8 

x];:.' - (m-l)j;,: +2J ,.=0 

J',=-Jm-1 (m=l, 2, ... ) 
Recurrence Rela-tion 

27.5.3 2j,.;;(m-l)f,.-z+~fm-a (m~3) 

I 

40° 50° 60° 75° goo 

0.698132 0. 872665 1. 047198 1. 308997 1.570796 
0.625886 0.777323 0.923778 l. 123611 1. 228632 
0. 56ll59 0. 692565 0.815477 0. 968414 L 023680 
0. 503165 0.617194 0. 720366 0. 837712 o. 868832 
0.451198 0. 550154 0,636769 0. 727031 0. 745203 

0.404629 0. 490508 o. 563236 0. 632830 0. 643694 
0. 362893 0. 437428 0. 498504 0. 552287 0.558890 
0.325486 0.390178 0.441478 0.483134 0. 487198 
0. 291957 0. 34810'9 0. 391204 0. 423535 0.426062 
0.261901 0.310642 0. 346851 0.371996 0.373579 

0.234956 0. 277267 o. 307694 0.327288 0. 328286 
0. 189138 0.221027 0. 242523 0. 254485 0. 254889 
0. 152298 0. 176336 0, 191533 0. 198885 0. 19-9051 
0. 122667 0. 140792 0. 151541 0.156087 0. 156156 
o. 098829 0. 112497 0. 120105 0. 122932 0. 122961 

0. 079644 0. 089954 0. 095342 0.097108 0.097121 
0.064201 0. 071979 0. 075797 0. 076905 0. 076911 
0.051766 0. 057635 0. 060342 0. 061040 0. 061043 
0. 041750 0. 046179 0. 048100 0. 048541 0.048542 
0.0~36!30 0. 037024 0. 038387 0. 038667 0.038668 

0.027177 0.029702 0.030670 0.030848 0.030848 
0.015912 0. 017164 0. 011576 0. 017634 0. 017634 
0.009330 0.009951 0. 010128 o. 010147 0. 010147 
0. 005478 0. 005787 0. 005862 0. 005869 0. 005869 
0. 003221 0.003374 0. 003407 0. 003409 0. 003409 

0. 001896 0. 001972 0. 001986 0. 00198?: 0. 001987 
0. 001117 0. 001155 0. 001162 0. 001162 0. 001162 
0. 000659 0. 000678 0. 000681 0. 000681 0.000681 
0. 000389 0.000399 0.000400 0.000400 0. 000400 
0. 000230 0. 000235 0.000235 0. 000235 0.000235 

0. 000136 0. 000139 0.000139 0. 000139 0.000139 
0. 000081 0. 000082 0.000082 0. 000082 0.000082 
0. 000048 0. 000048 0.000048 0.000048 0. 000048 
0.000028 o. 000029 0.000029 0.000029 0.000029 
0. 000017 0.000017 0.000017 0. 000017 0.000017 

Power Seriea Representations 

... 
27.5.4 2f~(x)=~ (a~ ln x+bt):t' 

- 2a.t-z b _ -2b.t_2-(3k2-6k+2)at 
.t k(k-l)(k-2) ak k(k-1) (k-2) 

ao=a~.=(l ~=-bo 

(For 'Y, see chapter 6-.) 
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27.5.5 

2ft(X) = 1-,fi--;e+ .6342z2+ .5908x'- .1431zt 

-.01968:z:6+.00324z8+ .000188x7 ••• 

-x2 ln x(l- .08333z2+ .00 1389:t- .0000083z&+ ... ) 

27.5.6 

2j2(x)= 'f-x+ f z2-.3225il-.1477xt+.03195x'5 

+.00328x0-.000491x7- .0000235:t . . . 

+x8 ln x(t-.01667r+.000198x'- ... ) 

27.5.7 
..;i x2 

2j3(x)=l- 2 x+2 - .2954x'+.1014x'+.02954x5 

-.00578x0-.00047x7+.000064z! ... 

- x' ln x(.0833- .00278r+ .000025-z4- .. . ) 

Asymptotic Representation ~ 

27.5.8 

fm(x)-.Ji 3 ~vi e-• ( ao+ ~+ ~+ .. . + j I ... ) 

(:z:-+ o:>) 

(x)'J/3 
v=3 2 

1 
ao=l , a1=12 (3m'+3m-l) 

12 (k+2)a.~:H=-(12~+36k-3m2-3m-f-25)a.t+1 

+!(m-2k) (2k+3-m) (2k+3+2m)££J: 

(k=O, 1, 2 ... ) 

27.5.9 

27.5.10 

g,(:z:)=&lfa(ix) gs(x)=-Jfa(ix) 

Asymptotic Representation 
27.5.11 

g,(x)=(i)
112 

~ exp [ -~(i)"] (A sin O+B cos 8) 

27.5.12 

('~~")l's x [ 3 (x)2'a] g2(x)=- 3 2exp - 2 2 (A cos 8-B sin 8) 

3 r;; (x)2/8 8=- "'/3 -2 2 

(2)2 1 [ (2)2/3 (2)i13 A-ao- aa z +2 a1 z -aa x 
-a, - +as - - ... (2)8/8 (2)10/8 J 

:Z: X 

-/3 [ (2)2/S (2)4/3 (2)8/8 B- - a1 - +aa - -at -2 X :Z: X 

(
2)10/3 J - as z + ... 

(x-+ CIO J 

{:z:-+m) 

ao=l at=-972222 ~=.148534 

a.a= - .017879 a,=.004594 as=-.000762 

[27.1) M. Abramowitz, Evaluation of the integral 

1• r,.LaJ•du, J. Math.. Phys. 32,188-192 (1953). 

[27 .8] H. Fax~n. Expansion in series of the integral 

J: exp [ -z(t± r") ]t2d~, Ark. Mat., Astr., Fys. 

15, 13, 1- 57 (1921). 
[27.9] J . E. Kilpatrick and M. F . Kilpatrick, Discrete 

energy levels associated with the Leonard­
Jones potential, J. Chem. Phys. 19, 7, 93Q-933 
(1951). 

[27.10] U . E. Kruse and N. F. Ramsey, The integral 

L• yl exp ( -y1+i D dy, J . Math. Phys. 30, 

40 (1951). 
[27.11) 0. Laporte, Absorption coefficie.nta for t.hermal 

neutrons, Phys. Rev. 52, 72-74 (1937). 
[27. 12) H . C. Torrey, Notes on intensities of radio frf' · 

quency spectra, Phys. Rev. 59, 293 (1941). 
[27.13) C. T . Zahn, Absorption coefficients for thermt' 

neutrons, Phys. Rev. 52, 67-71 (1937). 

1• y•e-r-z/.[r dy for n=O, ! , 1 ; z=O(.Ol) .1 (.1) 1. 
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Table 27.5 

X ft(x) b(x) fa{x) z {J(:r;) j,(x) / a(x) X ft(x) fa(:r:) /J(x) 

0.00 o. 5000 o. 4431 o. 5000 0. 1 o. 4263 o. 3970 0. 4580 o. 6 o. 2255 o. 2415 o. 3025 
0. 01 0. 4914 o. 4382 0. 4956 o. 2 0. 3697 o. 3573 0. 4204 o. 7 0. 2015 0. 2202 0. 2793 
0. 02 o. 4832 o. 4333 o. 4912 o. 3 o. 3238 o. 3227 o. 3864 0. 8 o. 1807 o. 2011 o. 2584 
0. 03 0. 4753 o. 4285 o. 4869 0. 4 o. 2855 0. 2923 o. 3557 0. 9 0. 1626 0. 1839 o. 2392 
o. 04 o. 4676 o. 4238 0. 4826 o. 5 0.2531 o. 2654 0. 3278 1.0 o. 1466 o. 1685 0. 2215 
0. 05 0.4602 o. 4191 o. 4784 

X f,~Ja(i.x) -./J,(i.x) X 1lfa(i.x) -Jfa(ix) t:l;' 1if,(ix) - ./Ja(ix) 

o.o o. 50000 0. 00000 4. 0 -0.2626 0.0430 8. 0 0. 06078 - 0.09808 
0. 2 0. 49019 o. 08754 4. 2 -0. 2552 +o. 0094 8. 5 0. 07562 - 0. 07131 
0.4 0. 46229 o. 16933 4. 4 - 0. 2441 -0.0214 9. 0 0. 08221 - 0. 04496 
0. 6 0. 41950 0. 24139 4. 6 - 0. 2299 -0.0490 9. 5 0. 08191 - o. o2o82 
0. 8 0. 36543 0.30136 4 . 8 - 0. 2132 -0.0734 10. 0 0.07626 - 0.00010 

1.0 0. 30366 o. 34805 5. 0 -0. 1945 -0. 0944 10. 5 0.06684 +O. 01654 
1. 2 0. 23746 0. 38122 5. 2 - 0. 1745 - 0. 1120 11. 0 o. 05507 0. 02889 
1. 4 0. 16972 o. 40127 5. 4 - 0. 1536 -0. 1263 11. 5 0.04224 0. 03707 
1.6 0. 10288 0. 40910 ' 5. 6 - 0. 1322 -0.1374 12. 0 0. 02937 o. 04146 
1. 8 .+0. 03892 o. 40592 5. 8 -0. 1108 -0. 1455 12. 5 0.01727 o. 04259 

2. 0 - 0. 02062 0. 39314 6.0 - 0.0896 -0.1507 13. 0 +O. 00650 o. 04109 
2. 2 -0. 0746 0. 3722 6 .. 2 - 0.0691 -0. 1533 13. 5 - 0.00259 o. 03758 
2. 4 -0. 1221 0. 3448 6. 4 - 0. 0493 -0. 1535 14. 0 -0. 00982 0. 03268 
2. 6 -0. 1629 0. 3122 6 .. 6 - 0.0307 -0. 1515 14. 5 -0.01517 0. 02696 
2. 8 - 0. 1966 0. 2759 &.8 - o. 0132 -0. 1476 15. 0 -0. 01872 0. 02089 

-
3. 0 -0. 2233 0. 2371 7. 0 + O. 00286 - 0. 14211 16. 0 -0. 02118 + O. 00921 
3. 2 -0. 2432 0. 1971 7. 2 0. 01749 -0. 13518 17. 0 -0.01906 - 0. 00022 
3. 4 - 0. 2565 o. 1569 7. 4 0. 03061 -0. 12709 18. 0 -0. 01435 -0. 00650 
3.6 -0.2639 o. 1173 7. 6 0.04220 -0. 11805 19. 0 -0.00879 - 0. 00965 
3. 8 - 0.2657 o. 0792 7 .. 8 0.05224 -0. 10830 20. 0 - 0.00360 - 0. 01021 

. 

CompUed !rom U. E . Kruse &nd N . F . Ralll!ey, The lnUgra~ J: 11• erp ( -11'-·Hi) dp, J . Math. Pb ys. 30, 40 (1961) (With permJsston ), 

27.6. j (z)= J:"' :~: dt 

27.6.1 
Power Series Representation. 

_ _,2 -~ .. z2l+1 

j(z)--e In x+e [..{n-~ k!(2k+I;i 
"' z2.t 'Y 

27.6.2 

-:L>-· --1 
.t•l k!2k 2 

=-e-~ ln x+!. ± (-l):t-Hk+l)l~ 
2 i:• O k! 
+..fn- .. (-2).t;~;2-'+1 

~ 1 ·3·5 ... (2k+ l ) 
(For 'Y and the. diga.m.ma function 1/l(x), see chap­
ter 6.) 

Relation to the Expooeoti~ Integral 

27.6.3 j(z)=-~ e-"2 Ei (XZ)+..fn-e-~ J:" e':1dt 

(For Ei (x) see chapter 5; e-.?-J:'~ e'2 dt, see chapter 

7. 

~ymptotic Repreaentatioo 

27.6.4 

...;:;. 1 1 1·3 1·3·5 
f (:t)"'2 f-;;+2z3+ 4x5+8T+ . .. ] 

1 1 1 21 31 
-2 [z2+ x•+ x8+ :z:B+ · ' .) (X-HX>) 

[27.14] A. Erd6lyi, Note on the paper "On a definite inte­
gral" by R. H . Ritchie, Math. Tablet~ Aids 
Comp. 4, 31, 179 (1950). 

i ,. e-"' 
[27.15] E. T . Goodwin and J. Staton, Table of -+ au, 

0 u !I> 

Quart. J . Mech. Appl. Math. 1, 319 ( 1948) . 
!!:= 0(.02)2(.05)3(.1) 10. Auxiliary funct ion for 
11:=0(.01) 1. 

[27.16] R. H. Ritchie, On a definite integral, Math. Tables 
Aids Comp. 4, 30, 75 (1950). 
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Table 27.6 f .. r•' 
/(z)= Jo t+:z: dt 

% f(rc)+lnz 21 f(x)+ln:z: :z: f(x) :r; /(z) :r; f(x) 

0. 00 -0.2886 0. 50 0. 2704 1.0 0. 6051 2. 0 0. 3543 3. 0 0. 2519 
0. 05 -0.2081 0.55 0. 3100 Ll 0. 5644 2. 1 0. 3404 3. 5 0.2203 
0. 10 -0. 1375 0.60 0. 3479 1.2 0. 5291 2. 2 0. 3276 4.0 0. 1958 
0. 15 -0. 0735 0.65 0. 3842 1.3 0. 4980 2. 3 0. 3157 4.5 o. 1762 
0. 20 -0.0146 0. 70 0.4192 1. 4 0. 4705 2. 4 0. 3046 5. 0 0. 1602 

0. 25 +O. 0402 0. 75 0.4529 1. 5 0.4460 2. 5 0. 2944 5. 5 0. 1468 
0. 30 0.0915 0. 80 0. 4854 1.6 0. 4239 2. 6 0. 2848 6. 0 0. 1356 
0.35 0. 1398 0. 85 0.5168 1. 7 0.4040 2. 7 0. 2758 6. 5 0. 1259 
0. 40 0. 1856 0. 90 0.547.2 1.8 0.3860 2. 8 0. 2673 7. 0 0. 1175 
0.45 0. 2290 0. 95 0. 5766 1.9 0. 3695 2. 9 0. 2594 7. 5 o. 1102 

0. 50 0. 2704 1. 00 0.6051 2.0 0. 3543 3.0 0.2519 8.0 o. 1037 

r· rol CompUed frOm E. T . Goodwin and 1. Staton, Table of Jo u;=i rlu, Qaart. 1. Mech: Appl, MaUl.l, 31~ (IG48) (wtUl permisaio~). 

27.7.1 

27.7. Dilogarithm 

(Spence's Integral for n=2) 

f.£]nt 
j(x)=- -dt 

t~l 

Seriea .Expa:uioa 

27.7.2 j(x)='"£ ( -1)" (x"k~1)" 
.t•l 

Functional Relationships 
27.7.3 

.,-2 
j(x)+f(l - x)=-ln x ln (1-z)+tf 

27.7.4 
1 

j (l-z)+ j (1+ z)=2f(1-z2
) 

27.7.5 j(x)+ j (i)=-~ (1n z) 2 

27.7.6 
w-2 1 

f (x+1)-j(z)=-ln x In (z+1)---- j(z') 
12 2 

{22!: z~O} 

27.7.7 

Relation to Debye Function& 

t
2 i' tdt j(e-')=- j(e')--= -,-

2 0 e -1 

[27 .17} L. Lewin, Dilogarithms and associated functiona 
(Macdonald, London, Eng.land, 1958) . 

fc z - log 11- yl 
[27 .18] K. Mitchell, Tables of the function rl?J, 

0 y 
with an account of some properties of tbis and 

_ related functions, Phil. Mag. 40, 351- 368 (1949) . 
x= -1(.01)1; x=0(.001).5, 9D. 

[27.19} E. 0 . Powell, An integral related to the radiation 
integr&ls, Phil. Mag. 7, 34, 600- 607 (1943). 

J:z log y 
--

1 
dy, :z: = 0(.01)2(.02)6, 7D. 

I y-

(27.20) A. van Wijngaa.rden, Polyloga.rithms, by the Staff 
of the Computation Department, Report R24, 
Matbematiscb Centrum, Amsterdam, Holland ... 
(1954). F,.(z)=~ h-"z~ for z= :t= -1(.01)1; 

t=l 
z=iz, for :z:= O(.Ol) 1; z=eintJ for a = 0(.01)2, 
lOD. 
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Dilogarithm 

f(z)=- p ln t dt J, t-1 

Table 27.7 

X f(z) z /(z) z f(rx) :z:, f (:z:) :z: fl$,) 

0. 00 1.64493 4067 0. 10 1. 29971 4723 0.20 1. 07479 4600 0.30 0. 88937 7624 0. 40 0. 72758 6308 
0. 01 1. 58862 5448 0. 11 1. 27452 9160 0. 21 L 05485 9830 0.31 0.87229 1733 0.41 0.71239 5042 
0. 02 l. 54579 9712 0. 12 1. 25008 7 584 0. 22 1. 03527 7934 o. 32 0. 85542 7404 0.42 0. 69736 1058 
0. 03 l. 50789 9041 0. 13 1. 22632 0101 0. 23 1. 01603 0062 0. 33 0. 83877 6261 0.43 0. 68247 9725 
0. 04 1.47312 5860 0. 14 1.20316 7961 0.24 0.99709 9088 0. 34 0. 82233 0471 0. 44 0.66774 6644 

0.05 1. 44063 3797 o. 15 1. 18058 1124 0. 25 0. 97846 9393 0. 35 0. 80608 2689 0.45 0. 65315 7631 
0. 06 1. 40992 8300 0. 16 1. 15851 6487 0.26 0. 96012 6675 0. 36 o. 79002 6024 0.46 0. 63870 8705 
0. 07 1. 38068 5041 0. 17 l. 13693 6560 0. 27 0. 94205 7798 0. 37 0. 77415 3992 0.47 0. 62439 6071 
0. 08 1. 35267 5161 0. 18 1. 11580 8451 0. 28 0. 92425 0654 0.88 o. 75846 0483 0. 48 0. 6102i 6108 
0.09 1. 32572 8728 0. 19 1. 09510 3088 0. 29 0. 90669 4053 0. 39 0. 74293 9737 0.49 0. 59616 5361 

0. 10 1. 29971 4723 0. 20 1. 07479 4600 o. '30 0. 88937 7624 0. 40 0. 72758 6308 0.50 0.58224 0526 

[<-4)1] [<-g>~J 

Froill K . Mltcllell, Tables or the 1\Jnctton f '-tor ll -rlctr, wttb au acoount of some properties or thl5 aud related functions, Phil. Mile. 40,361-.368 (1949) Jo v 
(wl th permission). • 

27 .8. Oausen's Integral and Relatted 
Swn.mations 

27.8.1 

}(8)=- ln 2 sin- dt= Y'.--i ' ( t) • sin k8 
o 2 r-r p 

Serlea Representation 

27.8.2 

... (-1)~-1 ~+· 

j(B)=-8 lu IBI+B+ ~ (2k) l B2~ 2k(2k+l) 

27.8.3 

FunctionaJ Relationehip 

1 
27.8.4 j('ll'- 8) j(8)-2j(28) 

Relation to Spence'• Integral 

27.8.5 

(o~e<~) 

82 f% dt 
ij(8)=g(e")+4 where g(x)= J

1 
t lnlll+tl 

Suuunable Series 
27.8.6 

• cos n8 ( • 8) ~ --=-ln 2 sm -
n-1 n 2 

• cos n0 r 7r6 IP 
~-=---+-
n-1 '/1.2 6 2 4 

"' COB n8 11'._ r82 1f83 fJ4 
t; ---n'-90- 12+12-48 

± sin n8 =!. (1r-8) (0<8<211') 
n-1 n 2 

"±sin n8 11"8 _11'8
1 4 (0~8~27r) 

n•l n3 6 4 12 

... sin n8 11'48 rea 7!'fJ4 ea 
t; nr= go -36Ts-240 

[27.21] A. Ashourand A. Sabri, Tabulation ofthefunotion 

t/1(8) =±sin ,718
, Math . Tables t\ids Comp. 10, 

n•l n 
54, 57-65 (1956) . 

[27.22) T. ClAusen, tiber die Zerlegung- reeller F;ebrocbener 
Funktionen, J. Reine Angew. Math. 8, 298-300 
(1832). :;=0°(10)180°, 16D. 

[27.23] L. B. W. Jolley, Summation of series (Chapm&n 
Publishing Co., London, EnglAnd, 1925). 

(27 .24] A. D. Wbeelon, A short table of summable series, 
Report No. SM-14642, Dougl.as Aircraft Co., 
Ino., Santa Monica, Calif. (1953). 
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Table 27.8 Clausen's Integral 

so f (B)+B ln B so 

0 0. 000000 15 
1 0. 017453 16 
2 0. 034908 17 
3 0. 052362 18 
4 0.069818 19 
5 0.087276 20 

6 0. 104735 21 
7 0. 122199 22 
8 0. 139664 23 
9 0. 157133 24 

10 0. 174607 25 

11 0. 192084 26 
12 o. 209567 27 
13 0. 227055 28 
14 0. 244549 29 
15 0. 262049 30 

/(8) 

0.612906 
0. 635781 
0.657571 
0. 678341 
0. 698149 
0. 717047 

0. 735080 
0. 752292 
0. 768719 
0. 784398 
0. 799360 

0.813635 
0.827249 
0. 840230 
0.852599 
0. 864379 

i ' t /(B)=- ln (2ain-)<:U 
0 2 

60 f (B) 

30 0.864379 
32 0.886253 
34 0. 906001 
36 0.923755 
38 0.939633 
40 0. 953741 

42 0. 966174 
44 o. 977020 
46 0.986357 
48 0. 994258 
50 1. 000791 

52 1. 006016 
54 L 009992 
56 1. 012773 
58 1. 014407 
60 1. 014942 

so f(B) so /(B) 

60 1. 014942 90 0.915966 
62 1. 014421 95 0. 883872 
64 1. 012886 100 0.848287 
66 1. 010376 105 0. 809505 
68 1. 006928 110 0. 767800 
70 1. 002576 115 0. 723427 

72 0. 997355 120 0. 676628 
74 0.991294 125 0. 627629 
76 o. 984425 130 0. 576647 
78 0.976776 135 0. 523889 
80 0.968375 140 0. 469554 

82 0. 959247 145 0.413831 
84 0.949419 150 0. 356908 
86 0. 938914 r60 0. 240176 
88 0. 927755 170 0. 120755 
90 0. 915966 180 0. 000000 

Compiled from A. Ashour and A. Sabri , Tabulation of tbe lwiGtJon o/-(B)- ± slllnJ 111
, Matb. Tables Aids Comp. 10. M. 67-& (19661 (with permlJsion). 

n~l 

27.9. Vector-Addition Coefficients 

(Wigner coefficients or Clebsch-Gorda.n coefficients) 

Definition 

Conditions 27.9.8 J m,j~j~~ lm2j ~j2, lml ~j 

27.9.2 
. . . n 

(n=integer) J1, J2 , J=+n or+2 
27.9.9 <id2m1 m2liJdm) =0 "mt+m,.~m 

27.9.3 j,+j3+i=n 
Special Values 

27.9.4 j,+j.-j} 
27.9.5 it-i2+i ~0 

27.9.10 0t0mtOijtOjm)=o(jt, j)o(m,, m) 

27.9.6 -j,+j2+j 
27.9.11 CiJ200 jjJJO) = 0 it+i2+j= 2n+l 

27.9.7 
n 

m,, m2, m= ±n or ± 2 27.9.12 (jJ,mtmtliddm) =0 2j,+j=2n+l 
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Sym.metry RelatioDB 27.9.17 

27.9.13 

(jd2m1 m2iid2jm) 

=(-l)Mit-i(jd~-mt-m21jdzj--m) 
27.9.18 

27.9.14 

27.9.15 

27.9.16 

i= 

i= ?ni=l 

j,fl (j,+m) (.i,+m+ 1.) 
(2j,t1)(2j,t2) 

j, -~(j,tm) (j,-m+ 1) 
2it(j,+ 1) 

j,-1 ~(j,-m)(j,-mt l) 
2j,(2i·+ 1) 

~l+~ 
"~+1 

27.9.19 

27.9.20 

m2=0 

J(j,-m+ 1) (j,+m+ 1) 
" (2j.tl)(j,t l ) 

m 
~/j,(j,tl) 

--~(j,-m)(j,tm) 
j,(2j,tl) 

1007 

Table 27.9.1 

Table 27 .9.2 

tn,=-1 

-J(j,-m)(j,-mtl) 
(2j, + 1) (2j,t2) 

~(j,-m)(j,+m+l) 
2j,(}.tl) 

f(j,tmt l )(j,tm) 
2j,(2i·+ 1) 
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T able 27.9.3 

i= m,=* rna=~ 

i·+* 
(j, +m-*> (j,+m+ ~) (j,+m+ ~) .J3(j,+m+~)(j,+m+~)(jl-m+%) 

(2j.+l) (2j,+2) (2j,+3) (2j,+ 1) (2j,+2) (2j,+3) 

i·+* 
-.J3(j,+m-~(j,+m+*)(j,-m+*> 

2j,(2j.+ 1) (2j,+ 3) 
(j 3 +"//.).,j j,+m+* 

- ,- m2j,(2j,+ l )(2j,+3) 

j,-~ .J3(j,+m-*> (j,-m+ 7') (j,-m+ *> 
(2j ,- l ) (2j,+ 1) (2j,+ 2) 

(j 3 Ys>.,j }a-m+* 
- •+ m- (2j,-1)(2j,+ l )(2j,+2) 

;.-~~ -~~-m-~~-m+~~-m+~ 
2j,(2j,-l)(2j,+ 1) 

.J3(j,+m-*)(j,-m-~}(j~-m+ }l) 
2j,(2j,-l) (2j,+l) 

j= m,=-Ys ffl2=-* 

i·+~ 
_,j3CJ,+m+*)(j,-m+*)(j,-m+*> 

(2j,+ 1) (2j,+2) (2j,+3) 
.J~-m-~~-m+~~-m+~ 

(2j,+ 1) (2j,+2) (2j,+3) 

i ·+* (j +3m+*l.,j j ,-m+Ys 1
2j,(2j,+1){2j,+3) 

..J3(j,+m+*)(j,-m-'/s)(j,-m+~ 
2j,(2j,+ l ) (2j,+3) 

j,-~ - (j, -3m-~).J j,+m+~ 
(2j,-l) (2j.+ l) (2j,+2) 

..J3(j,+m+*)(j,+m+%)(j,-m-'/s) 
(2j,-1)(2j,+ 1)(2J,+ 2) 

j,-* -.J3(j,+m-Ys) (j,+m+ 'Is) (j,-m- '/s) 
2j, (2}t -1) (2j, + 1) 

..J(j,+ m-Ys)(J,+m+ *)(j,+ m+*) 
2j,(2j,- l) (2j,+ 1) 



Table 27.9.4 

i= m1=2 

;.+2 
f(j,+m- l)(j,+m)(j,+m+l)(j,+m+2) 

(2j,+ 1) (2j,+2) (2j,+3) (2j,+4) 

ir+ l 
-,j(j,+m- 1) (j,+m) (j,+m+ l )(j,-m+2) 

2j,(j,+ 1) (j,+2) (2j,+ 1) 

j, .J3(j,+m- l )(j,+m)(j,-m+1) (j,-m+2) 
{2j,- 1)2j,(j,+ 1) (2j,+3) 

j,- 1 
- .J(j,+m- 1)(j,-m)(j,-m+I)(j, - m+2) 

2(j,-1)j,(j.+ 1)(2j,+ 1) 

j,-2 
.J(j_,-m-1)(j,-m)(j,-m+ l)(j,-m+2) 

(2j, - 2) (2j,-l) 2.ia(2j, + 1) 

i= m,=-1 

j,+2 (j,-m+2)(j,-m+ l ) (j,-m) (j,+m+2) 
(2j,+ l )(j,+ 1) (2jt+3)(j,+2) 

j,+l (j + 2 + 2>-J. (j,-m+l)(j,-m) 
1 111 

j,(2j,+ 1)(2j,+2)(j,+2) 

j, (2m+l).J 3(j,- m)(j,+m+1) 
(2j,- l )j, (2j,+2) (2j,+3) 

j ,- 1 (j 2 1)-J (j,+m+ l)(j,+m) 
- •- m- (j,- l )j ,(2j,+1)(2j,+2) 

j,-2 - .J(j, - m-l) (i,+m+l)(j,+,n)(j,+m-1) 
(j,-1) (2j,-l)j,(2j,+l) 

m,= 1 

~-m+~~+m+~~+m+O~+~ 
(2j,+ 1)(j,+l) (2j,+3)(j,+2) 

(j 2 +z>.J (j,+m+ 1)(j,+m) 
- ,- m 2ir(2j,+l)(j,+l)(j,+2) 

(l-2m).J 3(j,-m+ I)(j,+m) 
(2j,- 1)j,(2.i.+2) (2j.+3) 

(j +2m- 1).J (j,-m+ 1)(j,-m) 
' (j,- l )j, (2j,+ I)(2j1+2) 

- .J(j_.-m+ l ) (j,-m) (j,- m- l)(j,+m- 1) 
(j, - 1) (2j,- l )j,(2j.+ 1) 

I m,=-2 

,j(j,-m- l)(j,-m)(j,-m+ 1) (j,-m+2) 
(2j,+ 1) (2j ,+2) (2j,+3) (2j,+4) 

..J(j,-m- l)(j,-m)(j,-m+ 1) (j,+m+2) 
j,(2j,+ 1) (j,+ 1) (2j,+4) 

3(j,-m-l )(j,-m) (j,+m+ l )(j,+m+2) 
(2j,- l )j,(2j,+2) (2j,+3) 

.J(j,-m-.- 1) (i,+ m) (j,+m+ 1) (i,+m+ 2) 
?J,- 1)j,(2j, + 1) (2j.+2) 

..J<i•+ m-1) (j,+ m) (j,+ m+ 1) (j,+m+ 2) 
(2j,- 2) (2j,- 1)2j,(2j,+ 1) 

m,=O 

3(j,-m+2)(j,-m+ 1)~,+m+2)(j,+m+ 1) 
(2j,+ 1) (2j.+ 2) (2j,+ 3) (j,+2) 

~3(j,-m+ l )(j,+ m + l ) 
j 1{2j1+ 1) (j,+l) (ia+2) 

3m1- j ,(j, + 1) 

~(2j,-1Jj,(j,+ 1) (2j. + 3) 

-~ 3(j, - m) (j,+ m) 
(j,- l )j,(2j,+ l ) Ci·+ 1) 

,;a(j,- m) (j,-m-1) (j,+m) (j,+m-1) 
(2j,-2)(2j,- l )j,(2j.+ 1) 

-0 
0 
co 
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Table 27 .9.5 [By use of symmetry relations, 
coefficients may be put in standard form j1~j2~j 
and m>O] 

7n2 I m I h 

-~ 0 ~ 

~ 0 ~ 1 

-1 0 1 
0 0 1 
1 0 1 
0 1 1 
1 1 1 
0 ~ ~ 
1 ~ * 1 * -1 0 1 
0 0 1 
1 0 1 
0 1 1 
1 1 1 
1 2 1 

-* ~ 1 

~ ~ 1 
~ 1 

·~ * 1 

* 1 
- X 0 ~ * 0 

* 1 X 

~ 1 X 
2 * -* 0 * -~ 0 ·~ % 0 ~ 

* 0 * -~ 1 * * 1 ~ •s 1 

~ 2 ~ 2 
-% * 1 
~ * 1 

* X 1 
% * l 

~ ~ 1 
1 

j 

i2=X 

1 
1 
1 

i2=l 

1 
1 
1 
1 
1 

* ~ 
* 2 
2 
2 
2 
2 
2 

~ 

~ 
* * 2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

~ 
* * ~ 

v'~ o. 70711 
v'~ o. 70711 

L 00000 

v'}~ o. 70711 
0.00000 

-v'~ -0. 70711 
v'~ 0. 70711 

- v'~ -0. 70711 
v% 0.81650 
v'~ 0. 57735 

1. 00000 
v% 0. 40825 
v'% 0. 81650 
v'~ 0. 40825 
v'% 0. 70711 
v* 0. 70711 

1.00000 

v'~& 0. 73030 
- v'~& -0.·25820 
-v's -0. 63246 

v'% 0. 63246 
- -v-16 -0. 77460 

v* o. 70711 
v'% 0. 70711 

*V3 o. 86603 
- 0. 50000 

1. 00000 
0. 50000 
o. 50000 

-0.50000 
-0.50000 

v'X 0. 70711 
0. 00000 

- -v'X -0. 70711 
v'X o. 70711 

--v'X -0. 70'711 
v'~o 0. 54772 
v'% 0. 77460 
v'Xo o. 31623 
v'% 0. 77460 v% o. 63246 

1. 00000 

• 

Compiled ltom A. Simon, Numerical tables or th·e Clebscb-Oorda:o coe11L­
c!en~, Oa,lr: Ridge NaUooa.l La.bora.tory Report 1718, Oak Ridge, Tenn. 
(19M) (With permtsaiao). 

[27.25] E. U. CondOill and G. A. Shortley, Theory of 
atomic ,spec~;ra (Cambridge Univ. Press, Cam~ 
bridge Englli.Dd, 1935). 

l27.26] M . E. Ro~e1 ]glementa.ry theory of angular mo-
. memtum ~Joohn Wiley & Sons, Inc., New York, 

N.Y., 1955). 
l27.27] A. Simon, Numerical tables of the Clebsch-Gordan 

coefficients, Oak Ridge NationaJ Laboratory 
Report 1718,, Oak Ridge, Tenn. (1954). 
C(jJ,j; m1~tm) for all angular moments <~, 
IOD. 

•see page n. 
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29. Laplace Transforms 
29.1. Definition of the Laplace Transform 

One-dimeneional Laplace TrllllB(orm 

29.1.1 j (s)=!f'{F(t)}= .("' e-"F(t)dt 

F (t) is a function of the real variable t and s is a 
complex variable. F(t) is called the original func.­
tion and j(s) is called the image function. If the 
integral in 29.1.1 converges for a real s=s0, i.e., 

lim f
8 

e-•u'F(t)dt 
A-+0 JA 

function of s in the half-plane r!is>s0• 

Two-dimensional Laplace Transform 

29.1.2 

j (u, v)=.!i' { F(x, y)} = 1• .("' e-w:-orF(x, y)dxdy 

29.1.3 

Definition of the Unit Step Fu.nction 

u(t)={; (t<O) 
(t=O) 
(t>O) 

8-+m 
In the following tables the factor u(t) is to be 

exists, then it converges for ail s with !Jls>so, and ~ understood as m ultiplying the original function 
the image function is a single valued analytic F (t). 

29.2.1 

29.2.2 

29.2.3 

29.2.4 

29.2.5 

29.2.6 

29.2.7 

29.2.8 

29.2.9 

29.2.10 

29.2. Operations for the Laplace Transfol'm 1 

Original Function F (t) I mage Fundwn f(s) 

F(t) 

lnveraion Formula 

1 ft+fCD 
- . e''f (s)ds 
2,-t c-t ... 

j(s) 

Linearity Property 

AF(t)+BG(t) Aj(s)+Bg(s) 

Di.fl'e"'ntiation 

Bj(s)-F(+O) F' (t ) 

F("l(t) s"j(s)-s"- 1F(+O)-s"-'F'( +O)- ... -F("- u(+O) 

Integration 

l' F(r)dr 

i'i'" F(>.)d>.d-r 

1 
ij(s) 

1 
82j(s) 

Convolution (Faltung) Theorem 

l ' Fl(t--r)F2(r)dr=F1•F2 j 1(s)j2(s) 

- tF(t) 

(-l }"t"F(t) 

f' (8) 

f"l(s) 

/ 

Dift'eren tiation 

1 Adapted by permission from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New 
York, N .Y., 1958. 

1020 



Original Function F(t) 

29.2.11 f F(t) 

29.2.12 etltF(t) 

29.2.13 ~ FG) <c>o) 

29.2.14 

Translation 

29.2.15 F (t - b)u(t - b) (b>O) 

Periodic Functions 

29.2.16 F(t+a)=F (t) 

29.2.17 F(t+a)=-F (t) 

LAPLACE TRANSFORMS 

Image Function f(~) 

l n tegration 

J."' f(x)dx 

Llnear Transformation 
f (s-a) 

j(cs) 

j(cs-b) 

ia e-31F(t)dt 

l -e-a• 

Half-Wave Rectification of F(t) in 29.2.17 I 

ia e-•eF(t)dt 

1 +e-~· 

29.2.18 
CD 

F(t ) :L: (-l )"u(t-na) 
11• 0 

f(s) 
l -e-ar 

F ull,.. Wave Rectification of F('t) in 29.2.17 

29.2.19 jF(t ) I 

29.2.20 

29.2.21 

Heavieide Expansion T h eorem 

as j(s) cotb 2 

p(s) 
- ( )' .q(s)=(s-aJ)(s-a!!) . .. (s-am) q .s 

p(s) n. polynomial of degree<m 

p(s) 
(s - a)' 

p(s) a polynomial of degree<t 

29.3. Table of Laplace Transforms 2• 
3 

1021 

For a comprehensive table of Laplo.ce and other intf'gral tro.nsforms s(•c (29.9). For n tn.bll' of t"·o­
dimensionaJ Laplace transforms see (29.11]. 

/(8) /i' (t) 

29.3.1 1 -
8 

29.3.2 1 
82 

t The numbers in bold type in the f(s) and F(t) columns indicate the ohnpters in \\'hich the proportic;; of the respective 
higher mathematical functions are given. 

1 Adapted by permission from R. V. Churc.hlll, Opcra.t ional mathematics, 2d. ed., .McGraw-Hill Book Co., Ln c., :-< cw 
York , N.Y., 1958. 
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f(s) 

29.3.3 
1 

(n=l , 2, 3, ... ) 
s" 

29.3.4 
1 

-{s 

29.3.5 8-a12 

29.3.6 s-ln+t> (111=1,2, 31 .. . ) 

29.3.7 
r (k) 
7 (k>O) 

29.3.8 
1 

s+a 

29.3.9 
1 

(s+a)2 

29.3.10 
1 

(n=l, 2, 3, ... ) 
(s+a) " 

29.3.11 
r (k) 

(k>O) (s+a)t 

29.3.12 
l (a.¢b) 

(s+a)(s+b) 

29.3.13 
8 (a¢b) 

(s+a)(s+b) 

29.3.14 
1 

(s+a) (s+b) (s+c) 

(a, b, c distinct constants) 

29.3.15 
1 

sz+a2 

29.3.16 
8 

sz+a2 

29.3.17 
1 

s2-az 

29.3.18 
8 

s2·- a2 

29.3.19 
s(s2+a2) 

29.3.20 s2(sz+az) 

29.3.21 
1 

(sz+a2)2 

LAPLACE TRANSFORMS 

F(t) 

t n-l 

c~-1) ! 

1 
-r;i 

z.Jti; 

1 · 3 · 5 ... (2n-l) {;-

ae-at_ be- bt 
a-b 

(b- c)e-41 +(c-a) e-bt-t(a-b)e-•1 

(a-b) (b-e) (c-a) 

1 . 
-smat 
a 

cos at 

.!. sinh ai 
a 

cosh at 

1 
- (1-t•os at) a2 

\ (at-sin at) 
a 

2~3 (sin at- at <lOS at) 



/ (B) 

29.3.22 
8 

29.3.23 

29.3.24 

29.3.25 
8 

29.3.26 

29.3.27 

29.3.28 

29.3.29 

29.3.30 

29.3.31 

29.3.32 

29.3.33 

29.3.34 

29.3.35 

29.3.36 

29.3.37 

29.3.38 

29.3.39 

29.3.40 

LAPLACE TRANSFORMS 

F (t) 

t . 
2a sm at 

2~ (sin at + at cos at) 

t cos at 

cos at-cos bt 
b2-a2 

!. e-at sin bt 
b 

e-41 cos bt 

( 
at~ . at~) e-"1-ei<JI COS -

2
- - -.{3 SID -

2
-

sin at cosh at-cos at sinh at 

1 . . h 
2
a2 sm at. sm at 

2~ (sinh at-sin at) 

1 
2
a2 (cosh at-cos at) 

L,.(t) 

-
1- - aea't erfc a,fi 

..;:;t 

1023 

22 

7 

7 

7 

7 
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f (s) F(t) 

29.3.41 
1 2 iG~ 2 

.y8(s+a2
) 

- e-a2t e). d>.. 7 
a..fi o 

29.3.42 
b2-a2 

ea2t[b-a erf avft]-beb~t erfc b..[t 7 
(s-a2

) (b+vs) 

29.3.43 
1 

e421 eric a..[t 7 
..[s(-/B+a) 

29.3.44 
1 

..j 
1 

e-111 erf (../b-a..[t) 7 
(s+a) ../s+b b-a 

29.3.45 
b2-a2 

ea21 [~ erf (a..[t)-I]+e~21 erfc b..[t 7 
..{s(s- a2) (..fs+b) 

29.3.46 
(1-s)" nl H (..[t) 1.2 s"+t (2n) !fit 2n 

29.3.47 
(1-s) " nl H (..[t) 22 

s"+i (2n+l )!..j; Zn+t 

29.3.48 .Js+2a 1 ae-a'[I I (at)+Io(at)] 9 r-
...;s 

29.3.49 
1 e-Ha+b>t] ca-b t) 9 

../s+a..Js+b 
~ 0 2 

29.3.50 
r (k) 

(k>O) 61 _,f; ( a t b y-t e-t !<•+b>'f .t-l ( a 2 b t) 10 
(s+a)1(s+b)~> 

29.3.51 
1 

te-Fa+bll [Io ( a 
2 

b t)+I1 ( a 
2 

b t)] 9 (s+ a)t(s+ b)l 

29.3.52 
.Js+2a- ..[s { r 4111 (at ) 9 
.Js+2a+..fs 

29.3.53 
(a- b)k 

(k>O) ~ e-t<~JH> 'J" ( a 2 b t) 9 
(.Js+a+ ../s+b)21> 

29.3.54 
(.Js+a+ {8)-h 

(v>- I) 
1 

9 
..[s,fs+a 

-; e-ia'J.(!at) 
a 

29.3.55 
1 

J o(at) 9 --
.../s2+a2 

29.3.56 
(.Js2 +a.2-s)• 

(v>-1) a•J.(at) 9 
~sz+a2 

29.3.57 
1 

(k>O) ~~ ( t y-! 6,10 
(sll+a~).t r(k) 2a J~:-;(at) 



LAPLACE TRANSFORMS 1025 

f(s) F(t) 

29.3.58 ( ,Js2+a2-s)k (k>O) 

29.3.59 
(s-,Js2 a2)' 

(11>-1) 
,Js2 a2 

a•I.(at) 9 

29.3.60 
1 

(k>O) 
(s2-a2)~ 

r~) (2~) k- t I~t4(at) 6, 10 

29.3.61 1 -kl -e s u(t - k) ~ 
o I 

29.3.62 1 - u -e 
82 

(t - k)u(t-k) 

29.3.63 
1 _., 

(1-'>0) -e 
el' 

29.3.64 
1-e-~· 

8 

(t-;:~;-
1 

u(t -k) b_ 
0 • 

6 

u(t) -u(t-k) 

29.3.65 
1 t +coth !ks 

s(l- e-~') 2s 
.. 

2: u(t-nk) 
11-• 0 

29.3.66 
1 

s(ekl-a) 
.. 

2: a"-1u(t-nk) 
'll•l 

29.3.67 
1 
-tanh ks 
8 

. 
u(t)+2 ~ (-l )"u(t-2nk) 

~-I 

29.3.68 
1 

S\l+e ~·) 

.. 
2: (- l )"u(t - nk) h 
~~-o ~ D 

k Cit l)i 

29.3.69 ~tanh ks 
8 

tu(t)+2 t. (- l ) "(t-2nk)u(t-2nk) bA/ 
D 2~ &'f. 8• 

1 
29.3.70 s sinh ks 

1 
29.3.71 

8 cosh ks 

2 iJ u[ t- (2n+l)k] ldit 
n.-o : 

' I : 
0 II !~ 54! lo D "' 2 ~ (-l)"u[t- (2n+l )k] 

n• O 
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29.3.72 

29.3.73 

29.3.74 

29.3.75 

29.3.76 

29.3.77 

29.3.78 

29.3.79 

29.3.80 

29.3.81 

29.3.82 

29.3.83 

29.3.84 

29.3.85 

29.3.86 

29.3.87 

29.3.88 

f(s) 

1 
- coth k8 
8 

k 11'8 
sZ+Jc2 coth 2k 

1 

1 _! 
- e • 
8 

1 --.! 
-e • 
{8 

1 _! 
(~>O) -e • 

8~' 

1 ! 
~ e • 
S" 

-Jr. .[I e 

1 -l< r; - e v• 
{8 

1 _.r; 
- e'"'• sl 

c~>o) 

(k>O) 

(k?:. 0) 

(k?:. O) 

1 -k...;; 
sl+i" e (n=0, 1 , 2, ... ; k?:. 0) 

n - 1 
- -k-{i 

s 2 e (n=O, 1,2, .... ; k>O) 

(k?:. O) 

•-see page u. 

F (t) 

CD 

u(t)+2 ~ u(t-2nk) 
~-1 

)sin kt) 

.. 
~. (-l)"u(t-11.'11') sin t 
·n-o 

b. cos 25t. 
yrrt 

~cosh 2-/kt 
-y7rt 

-ksin 25f, 

..};rc sinh 2{E 

(t) jl-t 
Tc -2 Jl>-1 (2...{fi) 

(t)"-1 Tc 2 /1'-1 (2..Jkt) 

k ( k
2

) 
2..j;"ii exp - 4t 

erfc _!_ 
z{t 

_1 exp (-kZ) {;i . 4~ 

2/; exp ( -!:)-k erfc 2~t=2{i. i erfc 2~ 
(4tW' i" erfo _!_ 

2{i 

exp ( -!:) ( k ) 
2"~ H .. 2-/i 

- exp -- - aeaJt.ea 1 erfc a-vt+-1 (p) 2([; k) 
..;:;i ' 4t 2-/i 

* 

9 

9 

9 

7 

7 

7 

22 

7 
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/(•) F(t) 

29.3.89 ae-1t.~ 
~e"e021 

erfc ( a{i+ 2~)+erfc 2~ (k;::: O) 7 
s(a+{i) 

29.3.90 -~ 
ea1r.ea2

t erfc ( a.Jt+_!_) e (k;:::O) 7 
..[s(a+ ..[s) 2.[i 

29.3.91 e-.t.l•<•+o> 

../s(s+a) 
Ck;:::o) e-+&[0(!a../t2 kl)u(t-k) 9 

29.3.92 -~ e 
(k~O) J 0(a../t2 k2)u(t-k) 9 

../s2+a2 

29.3.93 e-h/•2-at 

../s2 a2 
(k~O) l a(a../t2-k2)u(t-k) 9 

29.3.94 -~( -./•'+o2-•) e 
(k~O) J 0(a../t2+2kt) 9 

.Js2+a2 

29.3.95 -kt -~.Jw'~-+ol ak e -e (k>o) ~ J 1 (a../t2 lc2)u(t-k) 9 
TcZ 

29.3.96 e-11: -.1•'-a'-e-Ju (k>O) 
ak 
~l1(a../t2 k2)u(t-k) 

2 
9 

a' e -k -l;q::;, 
e-ky· 29.3.97 

....js2+a2(../s2+a2+s)' 
(v>--1,k~O) t+Tc J ,(a..jtz k2)u(t-k) 9 

29.3.98 
1 
- lns 
8 

-..,.-In t('Y=-57721 56649 ... Euler's constant) 

29.3.99 
1 
Silns (k>O) 

tl-1 
r(k) [1/i(k)-ln tJ 6 

29.3.100 
lns 
s-a (a>O) e4 '[ln a+E1(at)] 5 

29.3.101 
ln s 

cos t Si (t ) -sin t Ci (t) 5 
s2+ 1 

29.3.102 slns -sin t Si (t)-cos t Ci (t ) 5 
s2+1 

29.3.103 
1 

(k>O) E1 (f) 5 - In (1 +lcs) 
8 

29.3.104 1 s+a 
0

s+b 
! (e-o•-e-a') 
t 

29.3.105 
1 

(k>O) - 2 Ci (~) 5 - ln (1 +k2s2) 
8 

29.3.106 
1 
-ln (s2+ a2) 
8 

(a>O) 2 ln a-2 Ci (at) 5 
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f(s) F(t) 

29.3.107 
1 

(a>O) ~[at ln a+sin at- at Ci (at)) 5 2 ln (s2+a2) 
s a 

s'+a2 2 
29.3.108 In-- - (1-cos at) sa t 

82-0,2 2 
29.3.109 In-- t (1-cosh at) 82 

k 1 . k 29.3.110 arctan- -srn t s t 

29.3.111 
1 k Si (let) 5 - arctan-
8 8 

29.3.112 e~112 eric ks (k>O) 7 1 ( t2) 
k,fi exp - 4k2 

29.3.113 ! ek'•' erfc ks 
8 

(k>O) 7 
t 

erf 2lc 7 

29.3.114 e"" erfc..[ki (k>D) 7 .Jli 
?r..jt (t+k) 

1 .Jks (k~O) 
1 

29.3.11$ {8 erfc ks 7 -'U(t-k) 
.f;t 

_..!_ et• erfc .Jks (k~O) 7 
1 

29.3.116 
..(s ..j?r(t+k) 

k 7 ~sin 2k{i 29.3.117 erf-
• ..[s 

1 ~ k 
1 1 -2JI...ff 

29.3.ll8 - e' erfc - --:= e 
{8 {8 ..J7rt 

(k>O) 
1 

29.3.119 Ko(ks) 9 ~u(t-k) 
I 

29.3.120 K a(k-{8) (k>O) 9 1 ( k
2

) 2t exp - 4t 

29.3.121 1 - ~Kt(ks) 
8 

(k>O) 9 ~..jt(t+2k) 

29.3.122 1 (k>O) 9 1 ( k) .f8 Kt (k{S) k exp -4t 

29.3.123 1 k (k) (k>O) 9 .J;r, Ko(2..J2kt) 9 -e1 Ko -
.[8 8 t 

29.3.124 ?re-"'1 0(ks) (k> D) 9 
1 

..jt(2k-t) [u(t )-u(t-2k) ] 

29.3.125 e-""It (ks) (k>O) 9 k-t . )] . [u(t)-u(t-2k 
7rk..jt (2k-t) 
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/(a) F (t) 

29.3.126 eiU E1 (M) (a>O) 5 
1 

t+a 

29.3.127 ! - se'"E1 (as) (a>O) 5 
1 

a (t+a) 2 

29.3.128 a1-"e.uE,.(as) (a>O;n=0,1,2, .. . ) 5 
1 

(t+a)" 

29.3.129 [~-Si (s) J cos s+Ci(s) sin s 5 
1 

t 2+1 
29.4. Table of I. .. aplace-Stieltjes Transforms 4 

cl>( s) 

29.4.1 i "' e-"diP(t) 

29.4.2 e-tt (k>O) 

29.4.3 
1 

(k>O) 1- e-kl 

29.4.4 
1 

(k>O) I+e-A:s 

29.4.5 
1 

(k>O) 
sinh ks 

29.4.6 
1 

(k>O) 
cosh ks 

29.4.7 tanh ks (k>O) 

29.4.8 
1 

(k>O) sinh (ks+a) 

29.4.9 
e-"' 

(k>o, k>o) 
sinh (ks+a) 

29.4.10 
sinh (ks+b) 

(O<h<k) sinh (ks+a) 

... 
29.4.11 L::: a,.e-~n' 

n-o 

For the definition of the La.place-Stieltjes 
transform see [29.7] . In practice, Lo.place-Stielt jes 
transforms OJ'e often writt en as ordinary ]Laplace 
transforms involving Dirac1s delta functi,on 8(t). 
This "function" may formally be consid.ered as 

<P(t) 

iP(t) 

u(t-k) 

... 
~ u(t - nk) 
n-o 

... 
~ (-l)"u(t-nk) 
,. .. o 

"' 2 ~ u[t-(2n+l)k] 
n-o 

"' 2 ~ (-l)"it[t-(2n+l )k] 
n-o 

.. 
u(t)+2 ~ (-1) "u(t-2nk) 

11•1 

"' 2 L::: e-<2"+ 0 au[t-(2n+1)k] 
n•O 

"' 2 ~ e- <2n+llau[t-h- (2n+l)k] 
n=O 

... 
~ e-121l+lla { e0u[t+ h- (2n+ l)k] 
n .. o 

- e-0u[t-h- t2n+ l)k] } .. 
L::: a,.u(t-k,.) 
t~•O 

the derivative of the unit step function, du(t) =o(t) 

fr f z { 0 (x<O) 
dt, so that - ... du(t)= - = o(t)clt= 1 (:r:>O). 

The correspondence 29.4.2, for instance, then 

assumes the form e-k~= i "' e-"o(t-k)dt. 

• Adapted by permission from P. M. Morse .a.nd H. Feshba.ch, Methods of theoretical physics, vols. 1, 2, McGra.w­
H iU .Book Co., Inc., New York, N.Y., 1953. 
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tion>-- -- - - -------------------------------
D,(x) parabolic cylinder function (Whittaker's 

foriD)- -- -- - ----- -- - - --- - - - ---------------
e~o e~. ea roots of a polynomial (Weierstrass form) __ 
e• e:q>onentia.l function ____ _____ . __ __________ _ • 
e.,(z) truncated exponential function__ __ ________ _ 
E( .p\a) elliptic integral of the second kind _____ _ 
E(a,z) parabolic cylinder function __ ___________ _ 
E,(z} Weber's function __________ _____________ _ 
E,<m>(z) Weber parabolic cylinder ftmction _____ _ 
E(m) complete elliptic integral of the second 

kind----- - - - -----------------------------
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Ei(x) exponential integraL---------------- - ---
E, (z) exponential integraL _________________ __ _ 
E[g(X)] expected value operator for the funC'tion 

g(x)·-------------------- -----------------
Ein(z) modified exponential integraL __ ._ . ___ _ •• 
E,. Euler number _________ ___________________ _ 
FJ,.(a:) Euler polynomiaJ. ______ ________ ____ ___ _ 
E,.(z) exponential integral ____ ______________ __ _ 

erf z error function ___ ____ .·-·-·--------- ----_ 
erfc z complementary error function • •• - -- - -----
exp z=e• exponential function ________________ _ 

exsec A, exsecant A- --------------------------
f,,., ! •. , joining factors for Mathieu functions ___ _ 
F(a, o; c; z) hypergeometric function __ ---------
F(tp\a) elliptic integral of the first kind ________ _ 
Fr.(fl,p) Coulomb wave function (regular) ______ _ _ 
F·PP fundamental period parallelogram_. ---- --­
.. F ,..(a11 ••• , a,.; b11 ••• , b.,; 1) generalized hyper-

geometric function _______ - ----- - - - ---------
g2, g~ invariants of Weierstra&! elliptic functions __ 
g,., g... joining factors for Mathieu functions __ _ 
g(a;, y, p) bivarjate normal probability function ... 
Gi(z) related Airy function. _____ ----- ____ . __ ,..-
GL('I!, p) Coriiomb wave function (irregular or loga-
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G,.(p, q,x) Jacobi polynomiaJ_ __ __ _______ __ ____ 774 
gd(z) GuderiDannian ___ ---- _____ . ____ . __ _____ . 77 
h~O(z) sphericaJ Bessel function of the third kind_ 437 
hav A haversine A-------._ - ------- - -----.___ 78 
H ,(z) Struve's function .• _ .•. ----- __ .-------__ 496 
Hi(z) related Airy functio!L.----- - ----- ~ ------ 448 
He,.(z) Hermite polynomiaL__________________ 775 
m•'(z) Bessel function of the third kind (Hankel) _ 358 
Hh,.(x) Hh (probability) function __________ ___ 300,691 

H,. (x) Hermite polynomial_. ------------------ 775 
H(m, n, a:) confluent hypergeometric function__ __ 695 
I . (z) modified Bessel function ________ _____ ____ _ 374 
../irfzl .. +K(z) modified apherical Bessel function 

of the first kind . ___ .----------______ : .... 443 
..fh/tl-,.-H(~) modified spherical Be81!el function 

of the second kind----------------- - ------- 443 
l(t~, p) incomplete gamma function (Pearson's 

form). ----------------_ •.• __ • • - ----- __ __ _ 
J~(a, b) incomplete beta function __ _______ ___ __ _ 

J• imaginary part of z(=fl>---------- - -- - -- ----
i• erfc z repeated integral of the error function __ _ 
j,.(z) sphericaJ Bessel function of the first kind __ _ 
J ,(1) Anger's function _______________________ _ 
J ,(z) Bessel function of the first kind. _______ __ . 
k modulus of Jacobian elliptic functions ___ _____ _ 
k' complementary modulus ________________ ___ _ 

k,(z) Bateman's function·--·---------------- - - -
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Ki.(z) repeated integrals of K 0 (z) _. _. ___ . _____ _ 

-./i1r/z K,.+J-S( z) modified spherical "Bessel func-
tion of the third kind. ____ ____________ • __ _ 

K,(z) modified Bessel function ________________ _ 
K(m) complete elliptic integJ:al of the first kind __ 
ker.x, kei.x Kelvin functions __ _____ ____ _______ _ 
lj(:r:) logarithmic integral _____________ _________ _ 

lim linlit--- ----- ----------------------------
log1o;c common (Briggs) logarithm ___ ----- - - ___ _ 
log.z logarithm of z to base~~--- --------------­
ln z ( =log,z) natural, Naper ian or hyperbolic 

logarithm _________ --- ____ ____ _ • _____ . ____ _ 
..!ift/i'(t) }=f(s) Laplace transform. _____________ _ 

L(h, k, p) cumulative bivariate normal proba-
bility function _____ - ----- ---------- - ------

L,.(z) Laguerre polynomiaL _____ • ____________ _ 
L,.< .. >(z) genera,lized Laguerre polynomiaL __ ____ _ 
L ,(z) modified Struve function __ ___ ___________ _ 
m= 1-11' mean ________ ----- ___ __ ____________ _ 

m parameter (elliptic functions~------ - ---------
m1 complementary parameter_. _____ . ____ _____ _ 
M (a, b, z) Kummer's confluent hypergeometric 

function __ __ . ____ . ______ . ___ __ .. --- • . ____ _ 
Mc,<•J(::, q) tnodified Mathieu function ________ _ _ 
Ms ,W(z, q) modified Mathieu function _________ _ 
M •. ,..(z) Whittaker function __________________ _ 

n characteristic of the elliptic integral of the third kind ____ __________ __ ____________________ _ 
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. u,. 
o(v,.) =u .. , lim ;-=0---------- -----_____ . _ ____ 259 _ ..... 
O,.(z) Neumann's polynomiaL_______ _______ ___ 363 
p(n) number of partitions .•.•.• _._ .• __________ 825 
{J'(z) Weierstrass elliptic function______________ 629 
ph z phase of the complex number z____________ 16 
P(a,x) incomplete gamma 'function_ ___ ______ ___ 260 
P(x!j.,.) probability of the x2 - distribution __ ___ 262, 940 
P~(z) associated Legendre fu_nction of the first 

kind______ ____ ___ ________________________ 332 
P (z) normal probability function_______________ 931 
P.(z) Legendre function (sphericalpolyno:mials) .333, 774. 
P!(x) shifted Legendre polynomiaL___________ 774 
P,.<•.Pl(z) Jacobi polynomiaL___________________ 774 
Prt X :5:r:J probability of the event X 5:z .. ____ • _ 927 
q nome·----- --------- ----- ----------------- 591 
Q(x) = 1 - P(:r:) normal probability function (tail 

a~ea) __ ------------------- --------------- 931 

Paee 
q(n) number of partitions into dist inct integer 

summands •.. ----------------------------- ~25 
Q~(~) associated Legendre function of ..the second 

kind .••.•• ------------------------------- 332 
Q,.(z) Legendre function of ~he second kind______ 334 
f!Jz real part of :(=:r:)________________________ 16 
R!:Hc, ~) radial spheroidal wave function___ _____ 753 
S,.,..,> Stirling number of the first kind___ ___ _____ 824 
~ .. < ... ) Stirling number of the second kind________ 824 
se.(z, q) Mathieu function_ ___ _____ -- --------- 725 
sn Jacobian elliptic function____ _________ ______ 569 
S(z) Fresnel integraL___ ______ _____ _____ _____ 300 
S1(z), S2(z) Fresnel integrals___ ___ _____________ 300 
Se.(z, q) modified Mathieu function_____ _______ 733 
S(z, a) generalized Fresnel integraL --- - -------- 262 
Shi(.z) hyperbolic sine integraL_ _______________ 231 
Si(z) sine integraL. ____ • ______ . _. __________ .• 231 
S"(z) Chebyshev polynomial of the first kind._ __ 774 
Sib (:) hyperbolic sine integral._ ------------___ 231 
S!,:~(c, 'I) angular sph~roidal wave function. •.. ___ 753 
si(z) sine integral_______ ____ _______ _________ 232 
sin z, cos z, tan z circular !unctions.____________ 71 

cot z, sec z, esc z__________________________ 72 

sinh z, C{)sh z, tanh z hyperbolic functions____ ___ 83 
coth z, sech z, csch Z------------------~---- - 83 

T(m,n, r ) Toronto function_ __________________ 500 
T,.(:r:) Chebyshev polynomial of the first kind____ 774 
T;(:z:) shifted Chebyshev polynomial of the first 

kind.----------- - --- -------- ---- - -------- 774 
U(a, b, ~) Kummer's confluent hypergeometric 

functioDL.--- ----------------- - - ---- - - - --- 504 
U,.(:r:) Chebyshev polynomial of the second kind. 774 
U:(:r:) shifted Chebyshev-polynomial of the second 

kind ..•..• -------------- - - -- - ------- - ---- 774 
U(a, x) Weber parabolic cylinder function_ ___ ___ 687 
versA, versine A _______ _____ __ _________ : ___ _ 78 

V(a, :r:) Weber parabolic cylinder function_. ___ . 687 
w(z) error function. ______ •.. __ .. __ .. __ . ~-- --- 297 
W(a, x) Weber parabolic cylinder fu_nctio_n. _. _.. 692 
W~e.~(z) Whittaker function __ _ . _-------------- 505 
Wlf(z), g(z) J(=j(%)g'(:r:)-f'(:r)g(:r:)) Wronskianre-

lation ... ___ , ____ ••. ------ ____ . _ ... ____ - -- - 505 
[xo, Zt1 • • • 1 xi] divided difference_______________ 877 
y.(:z) spherical Bessel function of the second kind. 437 
Y,(t) Bessel function of the second kind__ ______ 358 
1':(8, 'Pl surface harmonic of the first kind __ .... 332 
Z(:r:) normal probability 'density function .... ____ 931 



Notation- Greek Letters 

a modular angle (elliptic function) ____________ _ 

a" (z) = J
1
"' l "e-' 1dL.----- - ------------------­

p,.(z) =J1 
tne-••dL .-------------- - -- -------

-1 

"' {J(n) = ~( -1) A1(2k+ 1)-n -- - ---- _ ----- ____ ----
A:-0 

B .. (a, b) incomplete beta f.uoction ____ _________ _ 
B(z, w) beta function ____________ .---------- _ 
'Y Euler1s constant __ _ - ----------------------- -
y(a, z) incomplete gamma function (normalized)_ 

-y1=~ coefficient of skewness __ _________ __ ___ _ _ 
ITJ 

-y~=~-3 coefficient of excess _________________ _ 
IT 

r(z) _gamma function _________ __ _____________ _ 
r (a, z) incomplete gamma funct ion_ __________ _ 
4ii Kronecker delta (=0 if iF-k; =1 if i = k) ___ _ _ 
8~{!,.) central difference __ - - _------ - ------: . .. _ 
~ difference operator_ _ __ -- --_------ --- --- ---
A discriminant of Wejerstrass' canonical form __ _ _ 
A(/,.) forward difference . ___ . _______ _ • . ___ -·--
6JL absolute errOl'-- ----- ~ ----- - - - -- - -- - -----­
r (z) Riemann zeta function -- - --- ------- - -----
t (z) WeierstrMS zeta function _____ ____________ _ 

·· Z(ulm) Jacobi's zeta function_ _______ ______ ___ _ 
"' . 

"(n) =~ (-l) i -Ir ____ ___________________ _ 
k=t 

"• =r(w.) Weierstrass elliptic function __ __ ___ _ 
H (u), H

1
(u) Jacobi's eta function __________ ___ _ 

.,,.(z) theta. function. __ .-- . - - __ -- - ----.--- - .-. 
"·(e\a},t1,(E\ a ), NevUle's notation .. ----_.---- -

for 
""(e\ a),t1,(E\a) theta functions 
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255 
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14 
807 
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578 

807 

631 
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576 
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E)(ulm) Jacobi's theta function _________ ___ ____ _ 
•• nth cumulant _________ ____ ------ - - --------
"~; joining factor for spheroidal wave functions ..• 

X(n)--~(2k+ l)-"~------ - --------- --~- - ------
i•O 

>.,... chiiJ'acteristic value of the spheroidal wave 
equation. ___ --------------------- •• __ _ 

Au(~\a) Heuman's lambda funetion.--------- - ­
p.(j,.) mean difference.- ----- - - ------ - -- - ------
~o~ (n) Mo!2ius function __ ____ _______________ ----
p.,. nth central moment ___ ____ _____________ _ 

,p.' ,. nth moment about the origin _____ ~----- -- - -

r(3:) number of primes ~Z- - -- ------- - ----- ---
~.(z)=(z-zo)(Z-Zt) ... (:r:-z,.) ____________ __ _ 
U(n;~\a) elliptic integral of the third kind ___ __ _ 
U(z) factorial function_ ________ ___ ___ ____ _ ---
P correlation coefficient _______ _ . . _. _ .. __ _____ _ 
p,.(z0,x11 ••• ,z .. ) reciprocal difference __________ _ _ 
p"(11, z) Poisson-Cbarlier function ______________ _ 
a standard deviation'----------------- ---------
a' variance. --- __ _. ___ - ----••• - - ---------- •. --
a (z) Weierstrass sigma function __________ ___ __ _ 
a.(n) divisor function _______________ _____ ____ _ 

T,.(z) tetrachoric function. __ .-------. --- - -• _. -
rp= am u , amplitude, _ __ ____ ____ __ ____ ___ ______ _ 
.,(n) Euler-Totient function ___ _ -: ______ _____ _ 
~(t) =E(e11~) characteristic function of X~_ . -- --
4>(a; b; z) confluent hypergeometric function ____ -
ojt(z) logarithmic derivative of the gamma 

function ____ _______ _____ ______ ___ ____ ____ _ 

v (a ; c; z} confluent hypergeometric function ___ _ _ 
w. period of Weierstrass elliptic functions ____ __ _ 
w, .• (:r:) Cunningham function. _________________ _ 

Miscellaneous Notations 
[a;•] determinant-- ____ _________ -- - -_-- -- - _ •• L 

[a;] column matrix--- - -- ---------------------
V" Laplacian operator ______ .---.------_ -----· 6.: forward difference operator ___ _________ . ___ _ 

C) • I d . t· bz partta ertva 1ve _ -- _ •. - ----_ -- ---.- - - _---- . 

i (= y-1)-----------------------------------(;) binomial coefficient _____ ___________ ____ ___ _ 

n! factorial function •• . __ .-------- --------._ . 
(2n)ll =2·4·6 .. . (2n)=2"nL ___ ______ _____ _ 
(m,n) greatest common divisor _____ ___________ _ 

r (}H-n+k) , 
(n, k) = lclrGi+n-k) {Hankel s symbol) _____ _ _ 

(n; n,, n11 . .. , n,.) multinomial coefficient _____ . 

[z] largest integer ~Z-- --- - --------------- - - --
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<z> nearest integer to Z---------------------
i complex conjugate of z (=x-iy) _____ _______ _ 
z=x+iy complex number (Cartesian form) _____ _ 
= r.:if (polar form) ____ . __ --------------------

lzl absolute value or modulus of z _______ _____ - -
ll overall summation _____________________ ____ _ 
l:' restricted S\lmiDation ____ _________ ________ _ 

:z: n sum or product taken over all prime munbers P-, . 
:z: n sum or product overall positive divisors d of n __ 
•i• .,. 

J Cauchy's principal value of the integraL __ _ _ 

""' approximately equaL--------- - - -----------
""' asymptotically equaL ______________ _ -- ----
<, >, ~ :C inequality, inclusion _____________ _ 

~ unequal------ ----------------------------
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